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PREFACE 


Tue following pages are the result of a course in Differential Equa- 
tions which the author has given for some years to classes comprising 
students intending to pursue the study of Engineering or some other 
Physical Science, as well as those expecting to continue the study of 
Pure Mathematics or Mathematical Physics. 

The primary object of this book is to make the student familiar 
with the principles and devices that will enable him to integrate 
most of the equations he is apt to come across. As much of the 
theory is given as is likely to be comprehensible to the student who 
has had a year’s course in the Differential and Integral Calculus, 
and yet is sufficient to form a harmonizing setting for the numerous 
and otherwise apparently miscellaneous classes of equations, and 
the disconnected methods for solving them. It is intended to have 
the work sufficiently broad to make it a handy book of reference, 
without affecting its utility as a text-book. A number of footnotes 
and remarks have been put in, which, without breaking the continu- 
ity of the practical side of the subject, must prove of interest and 
value. Numerous historical and bibliographical references are also 
made. 

* * * * * * * * * * * * * 

The author has had in mind continually the necessity of systema- 
tizing the various classes of equations that can be solved by elementary 
means, and of minimizing the number of methods by which they can 
be solved. To enable the student to get a better general view of the 
subject, the summaries at the ends of the various chapters and the 
final general summary must prove of great value. 

Numerous applications to problems in Geometry and the Phys- 
ical Sciences have been introduced, both in the body of the text and 
in the form of exercises for the student. 

Although a large number of the problems have been published 
before, many are new, and all have been chosen to bring out the 
various methods of the differential equations, and of the integral 
calculus as well. Many of the examples worked out in the text were 
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chosen to recall some of the more important methods of the latter; 
for while the use of tables of integrals is recommended, the student 
should not feel absolutely dependent upon them. Most of the solu- 
tions have a simple form or an interesting interpretation. Great care 
has been taken to avoid typographical errors. The author shall be 
very glad to learn of any that still exist. 

The method of undetermined coefficients for finding the particu- 
lar integral in the case of linear equations with constant coefficients 
is believed to be presented here for the first time in its complete form. 

The subject of Partial Differential Equations is so vast that it was 
decided to present only a few topics, which, in all probability, will 
suffice for the needs of the students for whom this book is intended. 

It was only after considerable thought that the author refrained from 
adding a chapter on the Lie Theory. It is hoped to present that im- 
portant branch of the subject in a separate volume. 

In conclusion the author takes great pleasure in expressing his 
appreciation of the valuable suggestions made by Professor F. 8. 
Woods of the Massachusetts Institute of Technology, as well as of 
those by Professor L. G. Weld of the University of Iowa and Professor 
E. J. Townsend of the University of Illinois. 


ABRAHAM COHEN 
Tur Jonns Horxins UNIVERSITY 
Baltimore, Maryland 


PREFACE TO THE COMPLETELY 
REVISED EDITION 


TuE general plan of the original edition has been retained. How- 
ever, important changes have been made in the order and in the man- 
ner of presentation of certain topics. Where experience has shown it 
to be desirable, exercises have been revised and their number increased. 
This is especially true of those affording interesting and important 
applications of both ordinary and partial differential equations to the 
Physical Sciences. The chapter dealing with solution by means of 
series has been largely rewritten. 

Constructive suggestions for improving the original work have come 
to me from many sources. I am very grateful for these, and have 
taken advantage of many of them. I am especially indebted to Dr. 
John Williamson of the Johns Hopkins University and to Dr. Teresa 
Cohen of Pennsylvania State College, who have carefully read the 
proofs and have made most valuable suggestions. I am also deeply 
indebted to Mrs. Inez T. Loewus for material aid in the preparation 
of the manuscript. 
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DIFFERENTIAL EQUATIONS 


CHAPTER I 
DIFFERENTIAL EQUATIONS AND THEIR SOLUTIONS 


I-1. Differential equation. A differential equation is an 
equation which involves differentials or one or more derivatives. 

Equations of this type arise in the analytic statement of prob- 
lems in many fields. For example, any geometric problem in- 
volving the slope or curvature of a curve, when expressed in 
analytic form, gives rise to a differential equation. Thus, if a 
curve is defined by the property that its tangent at any point 
(x, y) is perpendicular to the radius vector to the point, the 
analytic expression of this fact takes the form 
(1) ata -2, or xzdx+ ydy = 0. 

If the tangent is not perpendicular to, but makes a constant 
angle, a, with the radius vector, the analytic expression is 





(2) , =m, where m= tana. 
i+“ 
a 


Cleared of fractions, this may be written 
(2’) ma+y —(c— my)y’ =0, or (ma-+ y)dx — (x — my)dy = 0. 


If polar coérdinates are employed, equation (2) takes the simpler 
form 


mdp _ do. 


(3) ; 


=m, or 


1 


YI > 
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The fact that all the tangents to a certain curve are at the 
same distance k from the origin is expressed by the differential 
equation 


(4) Ya hl's zy or (y— ay’)? = k(1+ y”) 
Vi+y” ? y y y ¢ 

If a curve has the property that its radius of curvature is con- 

stant, the analytic expression of this fact takes the form 
12\3/2 
(5) CY =k, or Ky = + 99) 

In many fields, capable of being treated mathematically, 
differential equations arise when their laws are expressed in 
analytic form. Thus, consider the motion of a particle along 
a straight line, when subjected to a force which produces an 
acceleration proportional to the distance of the particle from a 
definite point on the line and always directed towards the point. 
The analytic expression of this law is 


2, 
(6) oy = — u's, 
when the definite point is taken as the origin. Here yu is a 
constant. 

In the field of chemistry we may cite as an example the fact 
that in the case of certain reactions the rate at which a sub- 
stance is transformed is proportional to the quantity of the 
substance existent at that instant. If x is the amount of the 
substance that has been transformed up to a given time t, and 
a is the original amount of it, this law is expressed by the dif- 
ferential equation 


(7) dx 


di = k(a ve x), 
where k is a constant. 

The property that the normal at each point (z, y, z) of a sur- 
face should meet the plane z = 0 in a point (20, yo, 0) such that 


1:3 SOLUTIONS 3 


ro/Yo = x/y is expressed by 
Oz Oz 
8 Se pn 
I Hae Th oy 
In the case of the motion of a stretched elastic string, the 
law of motion, under certain hypotheses, is given by the differ- 
ential equation 
0°y ee) 0°y = 
(9) a2 a ja? =' (). 


0. 


Here x is the codrdinate measured along the line joining the 
extremities of the string, and y is the displacement of the point 
from its position of equilibrium. 


I-2. Classification of differential equations. Differential 
equations, in which there is a single independent variable (and 
which, therefore, involve ordinary derivatives only), are known 
as ordinary differential equations. Examples of these are equa- 
tions (1), (2), (3), (4), (5), (6), and (7). 

If an equation involves more than one independent variable, 
so that partial derivatives enter, it is known as a partial differ- 
ential equation. Equations (8) and (9) are of this type. 

By the order of a differential equation we mean the order of the 
highest derivative involved. Thus, (1), (2), (3), (4), (7), and (8) 
are of the first order; (5), (6), and (9) are of the second order. 

By the degree of a differential equation we mean the degree of 
the highest derivative eritering, when the equation has been 
rationalized and cleared of fractions. Thus, (1), (2), (3), (6), 
(7), (8), and (9) are of the first degree; (4) and (5) are of the 
second degree. 


1-3. Solution. By a solution of a differential equation we 
mean a relation,* connecting the independent and dependent 


* A relation of this type is frequently called an integral of the differential 
equation, and the term solution is restricted to the form obtained by solving 
for the dependent variable, thus giving its value explicitly. This custom is 
quite general throughout Continental Europe. But the nomenclature em- 
ployed in this book has been in consistent use in England and America for a 
long time. 
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variables, which satisfies the differential equation identically, 
ie., for all values of the independent variable. 

The satisfying of the differential equation by a solution may 
be shown in various ways, as is illustrated below. The general 
method consists in calculating the values of the dependent 
variable and its derivatives, as functions of the independent 
variable, and substituting these in the differential equation. 
The result is an identity. 

The relations 22 + y? = 1 and 2? + y? =c, where ¢ is any 
constant, are solutions of (1), as may be verified at once by 
differentiating them. 

Again, p = e’/™ and p = ce’/™, where c is any constant, are 
solutions of (3), as may be verified by differentiating and sub- 
stituting the values of p and p’ in the equation. 

In the case of equation (4), y —cx =k V1 +c’, where ¢ is 
any constant, is readily seen to be a solution on differentiating 
and substituting the resulting value of y’ in the equation. But 
x? + y®? = k? is also a solution, as may be verified readily. 

From the way in which the differential equation (5) was 
formed, it is evident that the equation of the family of circles 
(x — a)? + (y — b)? = k’, where a and 6 are any constants, will 
satisfy (5). It will be left as an exercise for the student to 
verify this by differentiating twice, solving for y’’ in terms of 
y’ and y, and for y’ in terms of e and y. Substituting these in 
the differential equation, one obtains either an identity or a 
relation consistent with the equation of the family of circles. 

Differentiating twice, we see that x = sin ut, or x = cos uf, 
or + = @ sin pt, or x = b cos wt, or x = a sin pt + b cos ut, 
where a and 6 are any constants, will satisfy equation (6). 

In the case of the partial differential equation (8), z = 2? + y? 
and z= aVx? + y? +b, where a and b are any constants, 
and z = f(x? + y*), where f(a? + y’) is any function of x? + y?, 
are readily seen to be solutions, by finding 0z/dx and dz/dy, 
and substituting them in the equation. 

Similarly, y = «+ at,y =x —at,y = f(x + at) + $(z — at), 
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where f and ¢ are any functions of their respective arguments 
(x + at) and (a — at), are solutions of (9). 

From the illustrations given above we see that a differential 
equation has an indefinite number of solutions. This is exactly 
what may be expected, for the student has already learned to 
add a constant of integration when integrating a function. 
Thus, if cos zdx = sinx +c, where c is the constant of in- 
tegration. 

The problem of integration studied in the Calculus is only a 
very special case of the general problem of solving a differential 


equation. To integrate af cos xdz is to find a function, sin + ¢, 
whose derivative is cosz. As a process in the Differential 
Equations, this amounts to finding y = sin x + ¢ as the general 
solution of y’ = cos x. 

A constant in a solution is said to be arbitrary, if any value 
whatever may be assigned to it. Thus, y = sin x + cis a solu- 
tion of y’ = cos x, no matter what value may be assigned to c. 
In the illustrations of solutions given above, it should be noted 
that in the case of ordinary differential equations of the first 
order, the solutions mentioned involve either one or no arbitrary 
constant; for those of the second order, the solutions mentioned 
involve two, one, or no arbitrary constants. 

To be distiienished from the arbitrary constants appearing 
in the solutions of differential equations are lteral constants, 
such as m in (2) and (38), kin (4) and (5), win (6), k and ain (7), 
ain (9). While any desired value may be assigned* to each of 
these in stating the problem, once chosen, the value is fixed and 
that value alone can be used in the solution. 

In the case of partial differential equations, arbitrary func- 
tions may appear in the solution, as illustrated above. The 
study of partial differential equations will be taken up in Chap- 
ter XII. For the present we shall restrict ourselves to the con- 


* In specific problems, the values of these constants are prescribed. Thus, 
in (2) or (3) the value of m is known when that of @ is given; in (6) the value 
of w is determined by the nature of the apparatus used; and so on. 
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sideration of ordinary differential equations. The question 
naturally arises, what is the maximum number of arbitrary 
constants that may appear in the solution of a given ordinary 
differential equation? 


I-4. Derivation of the differential equation from its primitive. 
Starting with the relation 
(1) y = acosa, 
where a is an arbitrary constant, we have, on differentiating it, 
(2) y' = —asin x. 
Eliminating a between these two relations, we obtain 
(8) y’ + ytanz = 0, 


which, by definition ($I-3), is a differential equation, having (1) 
for a solution. 

But this is not the only differential equation that can have 
(1) for a solution. Thus, differentiating (2), we find 


(4) y’’ = —acosz. 
Eliminating a between (1) and (4), we obtain 
(5) y" + y = 0, 


which is a differential equation of the second order having (1) 
for a solution. 
Or, eliminating a between (2) and (4), we find 


(6) y'’ — y' cotz = 0, 


which is another differential equation having (1) for a solution. 
Or, differentiating (3), we obtain still another differential 
equation of the second order 


(7) y+ y' tanza+ ysec? xz = 0, 


which must have (1) for a solution, since (3) does. 
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Again, differentiating (4) and eliminating a between the re- 
sulting relation and each one of (1), (2), or (4), we obtain three 
differential equations of the third order, each having (1) for a 
solution. 

This process may be continued indefinitely. 

Starting with 


(8) y = acosz+ bsing, 
where a and 6 are arbitrary constants, we have, on differen- 
tiating it, 
(9) y’ = —asinz+ beosa. 
In general, in order to be able to eliminate two quantities, 


such as a and 8, three relations involving them are required. 
In this case we must differentiate (9), obtaining a third relation 


(10) y’’ = —acosz — bsinz. 
We can now eliminate a and b, and find the resulting differential 
equation 
(11) y' +y = 0, 
which, by definition, has (8) for solution. 
Differentiating (10), we have 


(12) y’’' = asin x — bcos @. 


Using this relation with (9), we find, on eliminating a and }, 
(13) yl paiyliee O; 


a differential equation of the third order having (8) for a solution. 

This process also may be continued indefinitely. 

In order to make the matter precise, we shall say that, start- 
ing with a given relation involving one or more arbitrary con- 
stants, the differential equation corresponding to it as a primitive 
is the one of lowest order which has it as a solution. Thus, (3) is 
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the differential equation having (1) as a primitive, and (11) is the 
differential equation having (8) as a primitive. 

In the general case, starting with a relation involving n inde- 
pendent* arbitrary constants, we obtain n additional relations by 
differentiating the relation n times. For, in general, it is neces- 
sary and sufficient to have (n + 1) independent relations from 
which to eliminate n independent quantities. This process is 
unambiguous. Owing to the fact that the primitive must be 
differentiated precisely n times, it results that a primitive in- 
volving n independent arbitrary constants gives rise to a unique 
differential equation of the nth order. 

To illustrate, find the differential equations corresponding to 
the following primitives: 


Exercise 1. y = ae~* + be?*. 


Here a and 0 are the arbitrary constants. Differentiating twice, 
we have 

y’ = —ae* + 2be*, 

y’’ = ae * + 4be*, 


From these three equations we must eliminate a and b. «Adding 
the second and third, also the first and second, we obtain 


y"’ + y! = bbe, y’ + y = 3be*, 


* The criterion as to when the arbitrary constants appearing in a relation are 
independent is too complicated to be given here. Frequently, inspection or 
other elementary means will enable one to detect when a set of constants is not 
independent. For example, in y = ae? sin 2, ae? is no more general than the 
single arbitrary constant a. Again, in the relation ax? — 2by +c = 0, only 
two independent constants appear, and not three, for an arbitrary choice of all 
three is no more general than an arbitrary choice of the ratios of two of them to 
the third. Again, the relation aa? — 2b2y + y? = 0, when solved for y, viz. 


y = (b+ Vb? —a)z, 


is seen to involve only one arbitrary constant, not two, for the expression is no 
more general than 


y = cx. 


t A precise statement of the conditions under which this is true is too com- 
plicated to be stated here. 
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pee relations involving 6 only. Eliminating b between these, we 
ave 


yet y= 2y'+y), or y” ~y! — =O, 
the desired differential equation. 
Exercise 2. (x — cc)? + y? = r?, 

Here c is the arbitrary constant. Differentiating once, we have 
CC yy — 0, 

From these two equations we must eliminate c. Now 
ad Ra elt Fe 

Substituting this in the original equation, we have 
Tae PR Pa N is 


8. y=cr+ V1—?. 8. y = aek* + belx 

4. (x —a)?+(y—b)2 =r? [aand 6 are the arbitrary 
[a and b are the arbitrary constants]. 
constants]. 9. z* = 2cy + c?. 

5. y= a2? + o. 10. y? = 4c(a+ c). 

6. 2+ ytcr = 0. 11. y=sin(¢#+c). 

7. cyt? + ay? = 1. 12. y = sincz. 


I-5. General and particular solutions. If we start with a 
differential equation, its solution involving the maximum num- 
ber of independent arbitrary constants is the primitive which 
gives rise to the differential equation. For, this solution cannot 
contain more than n arbitrary constants, by the theorem in 
§I-4. Besides, it must contain as many as 7; otherwise it would 
be the primitive of a lower ordered equation. 

A solution involving the maximum number of arbitrary con- 
stants is called the general (or complete) solution. 

A solution which is derivable from the general solution by 
assigning fixed values to the arbitrary constants is called a par- 
ticular solution. Thus, y = cosx and y = cosx — sing are 
particular solutions of y’’ + y = 0. 

As mentioned in §1-3, the problem of the Differential Equa- 
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tions includes that of the Integral Calculus as a special case. 
Thus, in the latter, the general problem consists in solving 


ou — (2). 


This is only a special case of the problem of finding the solution 
of the differential equation of the first order involving two 
variables, 


where f(z, y) may be a function of both the variables. We 
speak of integrating or solving the equation in the general case, 
and at times refer to the simpler problem of the Integral Cal- 
culus as that of performing a quadrature. 

While the problem of finding the differential equation corre- 
sponding to a given primitive is a direct one, and can be carried 
out according to a general plan, involving only differentiation 
and elimination, there is no practical general method for the 
inverse problem of finding the primitive or general solution of a 
given differential equation. 

In the following chapters we shall discuss, in as systematic 
a manner as possible, some of the classes of equations whose 
general solutions can be found. In this elementary treatise 
we shall be concerned primarily with those types of differential 
equations whose solutions can be obtained by means of quad- 
ratures. 

In actual practice, differential equations arise which do not 
yield to these elementary methods. Often the powerful 
methods of the theory of functions are required to treat such 
cases. ‘These are beyond the scope of this treatise. However, 
we shall consider some of the simpler types of differential equa- 
tions whose solutions can be obtained as infinite series. 

In many cases, where the differential equation arises in study- 
ing a special problem, it is some particular solution satisfying 
the peculiar conditions of the special problem that is desired. 
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When the general solution can be found, it is often possible to 
obtain from it the desired particular solution. However, such 
special solutions can be found at times, even when it is not 
possible or practicable to find the general solution. 

Again, especially in the case of partial differential equations 
where the general solutions involve arbitrary functions, the 
latter are so general in character, that the desired particular 
solutions cannot always be obtained readily from the general 
solutions. In such cases, the desired special solutions are 
sought independently of the general solutions. 


CHAPTER II 
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


II-1. Variables separated or separable. A _ differential 
equation of the first order, when solved for dy/dz, takes the 
form 


or, when cleared of fractions, it may be written in the more 
symmetrical form 


M(x, y)dx + N(a, y)dy = 0. 
If M* is a function of x only, and N one of y only, ie., if 
M(zx)dx + N(y)dy = 0, 
the variables are said to be separated. In this case the solution is 


obtained by integrating each term and equating the sum of the 
integrals to an arbitrary constant, thus 


{i M (x)dx + i ‘N(y)dy = c. 


Frequently the variables can be separated readily. This is 
the case when M = fi(x)fo(y) and N = ¢1(x)¢o(y). For, di- 
vided by ¢1(x)fo(y), the equation takes the form 


AON re, S 
CHEN gee 


in which the variables are separated. 








* Throughout this book it will be understood that a function of a specified 
set of variables need not involve all of them. It may be a constant, not involving 
any of them. Thus M(z, y) may involve both z and y, it may involve only 
one of them, or it may be a constant and not involve either. Similarly, M(x) 
may involve z or it may be a constant; but it does not involve y. 

12 
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The solution may frequently be expressed in one of several 
forms. No general rule can be given as to which is the most 
desirable. In general, however, we may say that an algebraic 
form is preferable to one involving transcendental functions, 
and that a rational form is preferable to one involving radicals. 
Moreover, it is preferable to replace a function of the arbitrary 
constant by a single letter when possible. 

Exercise 1. xydx — (1+ 2*)dy = 0. 

Dividing by y(1 + 2’), we obtain 

SERS 9p Ke BUM 
ite da Ff 0. 
Integrating, we have 
4 log (1+ 2?) —logy=c, 
or 
2 
(1) log es == 


, 


which is the general solution. 
Since, by the definition of the Naperian or natural logarithm, 
which we are using here, el ¥ = wu, we can write (1) in the form 


Mer 
y 


e. 


(2) 


Here our variables enter algebraically. Since ¢ is an arbitrary 
constant, e¢ is also one, and we may represent it by a single letter C. 
The solution can then be put in the form 


(3) V1i+ x? = Cy. 


Or we may replace e¢ by the reciprocal of an arbitrary constant and 
write it 1/k. Then the general solution takes the form 


(4) y=kvV14 2’. 


Moreover, replacing C? by ci, and k? by cz, we can write (3) and (4) 
in the forms 
(5) 1+22=cy? and y?= a(1+ 2’) 


respectively. 
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Any of these forms, (1), (2), (3), (4), or (5), may be selected as 
the general solution. 


Exercise 2. (1+ y?)dx + (1+ 2?)dy = 


Separating the variables, we have 


dx dy _ 
fe i+y¢ 





Integrating, we obtain 
tan!2+ tan“!y =e. 


We can express this in terms of algebraic functions of « and y by 
taking the tangent of each member, thus 


pre = tanc, or simply, pte = C1. 
The student should show that another form for the general solu- 
tion is 
Ci = 
1 + Cir ; 
Exercise 8. e*y®dx — a?dy = 0. 





i 


Separating the variables and integrating, we find the solution in 


the form 
fs det 55> c 


The result of the first quadrature involved here cannot be expressed 
in terms of elementary functions. At times, in a case of this sort, 
when an approximate solution is sought satisfying, to within a 
given error, the conditions of a given problem, it is convenient to 
express the result of the quadrature as an infinite series. Here, 
noting that 


2 3 4 
a ee x x x oe e@ 
CSR iat a oaes tea) aa ’ 
we can write the solution in the form* 


—Gtloget Ft stat gt: toe 


* Integration, term by term, is permissible in the case of a series whose terms 
are integral powers of the variable. 


ma 1Cy 
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4. sydz-+V1+ 2?dy = 0. 

5. (« — ry”)dx + (y + ay)dy = 0. 
6. (y+ 3)dx + cot xdy = 0. 

7. sin x cos ydx + cos x sin ydy = 0. 
8. sin x cos? ydx + cos? xdy = 0. 


II-2. Homogeneous equation. A frequently occurring class 
of equations in which the variables can be separated, not by 
inspection, but after a simple transformation of variables, is 
one in which M and WN are homogeneous functions of x and y 
and of the same degree. Then M/N is a homogeneous function 
of degree zero, and is, therefore, a function of y/z.* 

Our equation can now be written 


dy =l M = y . 
(1) dz N r(#) 
Let y/zx be a new variable, viz.v. Then 
i: Opi dv 
y = vz, and Ape as 
and the differential equation takes the form 
(2) v— FQ) +22 =0, 


in which the variables are separable. 


* A homogeneous function of x and y of degree r is such a function of these 
variables that, when in it x and y are replaced by tx and ty respectively, where t 
is any multiplier whatever, the result will be the original function multiplied 
by i”. (This definition can be extended at once to a function of any number of 
variables. It is obviously consistent with the definition of a homogeneous 
polynomial.) ‘This definition can be formulated thus: If f(x, y) is a homoge- 
neous function of degree r, then 

f(tx, ty) = f(z, y), 
where the symbol = is used to indicate that the relation is not merely an equa- 
tion, but an identity, holding for all values of x and y. 
If, now, we put ¢ = 1/z, we have 


f (2) = Sa, y), or f@,y) = wi(1,") = uF (4): 


y 
In particular when r = 0, we have f(z, y) = F ahi 
Compare §113 of the author’s Calculus. 
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Integrating this, and then replacing v by its value in terms of 
x and y, we have the general solution. 


Exercise 1. (xe?/* + y)dx — «dy = 0. 
Put y = vx. Then dy = vdx + adv, and the differential equation 


takes the form 
x(e’ + v)dx — avdx — x*dv = 0, 
or 


Integrating, we have 
logt+te*=c, or logrz+e%*=c, 


Exercise 2. + y = 2V ay. 


Put y = vz. Then dy/dz = v+ «x dv/dz, and the equation takes 
the form 


32 UB 2Qxv = 2aVv, 
dz 
or 


dv dz 
2(v — eget ipa : 
To integrate the first term, let +/v be a new variable. Performing 
the integration, we have 
(3) log \/v — 1) + logz =e. 
A simple reduction leads to 
wv—-2= Gx, (ove Viy — x= Cy. 
Rationalizing, we have finally 
(4) x? — cy + 2cx+ c? = 0. 

Here c is used instead of c; for the arbitrary constant. It is not 
the same constant c that appears in (3). Since (4) is an alter- 
native form for the solution, there is no danger of confusion, and 
certainly no error, in using c, the initial letter in the word constant, 


to represent the arbitrary constant in either of the expressions for 
the general solution. 


3. (y?— ay)dx + ax*dy=0. 4. ro — y+ Vip a= 0. 
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5. (2x*y + 3y')da — (a? + Qay2)dy = 0. 
6. (2+ ycos”) de - cos ¥ dy = 0. 
7. (x? + y?)dx — axydy = 0. 
8. (y? — 2? + 2mary)dz + (my? — mz? — 2xy)dy = 0. 
II-3. Equation in which M and WN are linear but not homo- 
geneous. If M and WN are both of the first degree, but not 


homogeneous, we can, in general, make them homogeneous by a 
transformation of variables. If the equation has the form 


(ayx + bry + c1)dx + (ax + bey + m)dy = 0, 

z=Xt+a, y= YH+8. . 
The equation then takes the form 

(aX + bY + aya + bi B+ c1)dX 
+ (@X + bY + ma + kB + ~)dY = 0. 

If a and B are so chosen that 

gqathbBt+a=0 and ama+ hB+ ~ = 0, 
the equation becomes homogeneous, and the method of §II-2 
applies. 


Exercise 1. (4a + 8y+ 1l)dex+ (a+ y+ 1)dy = 0. 


The equations 


4a+ 38+1=0 and a+6+1=0 


have the solution 


put 


6 = eine! fei ay 
Hence the transformation 
2=X+2, y= Y-3 
reduces the differential equation to the homogeneous form 
(4X + 8Y)dX + (X + Y)dY = 0. 
Putting Y = vX, we obtain 
dX 


1+ ae 
GE 0. 


18 DIFFERENTIAL EQUATIONS II-3 


Noting that 
1+» _2+t9-1_.1... 1 
(2-0)? (@2-F 0)? S.2-he ree)" 


we can easily perform the quadratures involved. Doing this, we 
have 





log 2+») + =7—+ log X =o, 








or 
Aeon OS: 
log X(2+v) =c are 
whence 
loh(2X Go y= ot. 
_ 2xa+ry 
Passing back to x and y, we find 
Ce 


108, On IG Uma) Stem 1: 


2, (42 — y+ 2)dx+ (a4 + y + 3)dy = 0. 

8. Qa = y)dz + (a: 2yr— 3)dy =0. 

This method breaks down when ab. — abi = 0. But, in 
this case, we can find a transformation which will separate the 
variables at once. For we have a2/a; = bo/bi = k, a constant, 
and the equation takes the form 


(aye + byy + c1)dx + [k(aiw + biy) + eldy = 0. 


If, now, we put ay + by = v, whence dy = (dv — aidx)/by, 
our equation takes the form 


bi(v + c1)dx + (kv + c)(dv — aydx) = 0, 


from which the variable x is absent, and consequently the vari- 
ables are separable; for it is evident that, whenever one of the 
variables 1s absent from both M and N, the variables are separable. 

4, (20+ y)dx — (4a + 2y — 1)dy = 0. 

6. (22 — y+ 3)dx + (4¢% — 2y + 7)dy = 0. 

6. (152 + 6y — 7)dx + (52 + 2y — 3)dy = 0. 


IT-4 FIRST ORDER 19 


* IL-4. Isobaric equation. Extending the definition of homo- 
geneous function given in the footnote of §II-2, we shall define 
f(x, y, y’)* as an isobaric function of weight r, if a number m can 
be found such that the result of replacing x by tx, y by ty, 
y’ by tly’ is the original function multiplied by ’; that is, if 


(ta, ty, ™~Iy') = f(a, y, y’). 
In particular, if t = 1/z, this reduces to 


y’ 1 
iQ = eas) 7 xr f(a, Y, y’); 





or 

(1) fe vv) = #f (5 4), 
or, finally 

(2) f(a, y, y’) = vF (4 es) ; 


i.e., the isobaric function may be written as the product of 2’ 
and a function of y/2™ and y’/z”—}. 

A differential equation obtained by equating an isobaric 
function of the form (1) to zero will be said to be an zsobaric 
differential equation. Given such an equation, we see from (2) 
that it can be put into the form 


F (4 a) = 0. 
Solving this for y’/z”—!, and then multiplying by ~~, we have 
the equation in the form 


(3) ya Bao (S 





* Sections indicated by a > may be omitted in a short course. 


d 
* Here, as throughout this book, y’ denotes es R 
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Introducing the new variable v = y/x™, whence y = vx™, we obtain 
the equation in the form 


um + mam—ly = 2m p(y), 


in which the variables are separable. 

The homogeneous differential equation, considered in §II-2, 
is a special case of this type of equation, when m = 1. 

A little experience will enable one to detect when a given ex- 
pression in z, y, and y’ isisobaric. If the weights mand m — 1 
are assigned to y and y’ respectively, the term x*y’y’* evidently 
has the weight a + bm + c(m — 1), where a, b, and c are any 
numbers, positive or negative, integral or fractional. The weight 
of x is always 1. 

If an expression is to be isobaric, all its terms must be isobaric 
and of the same weight. Thus the terms of 

Qx?y! — ay? + 2ry + 1 
have the weights 
2-- (2 —A) = m= 1, 2--2m, 1+ m, 0 


respectively. Each of these is equal to zero if'm = —1. Hence, 
for m = —1, the expression is isobaric of weight zero. 

Again, the terms of the differential equation 
(4) ory cy yO 


have the weights 
4+ 2(m— 1)=2m+2, 1+ (m—-—1)=m,m 


respectively. Setting these equal to each other, we find that 
each of them equals —2 if m = —2. Hence, for m = —2, the 
equation (4) is seen to be isobaric of weight —2. 

If the equation is solved for 2y’, it becomes 


ae see 
(5) spe weereah 
x x 
and is still isobaric for m = —2, as may be seen by replac- 


ing x by tz, y by y/t?, y’ by y’/t. Or we may note that 2?y 
has the weight 0; hence, 1+ 42?y has the weight 0, and 
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V1 + 4x*y/z* has the weight —3, which is also the weight of 
y’ and 1/z3, 

Since the differential equation is isobaric form = —2, the 
introduction of the new variable v = xy enables one to separate 
the variables. 

In the case of the differential equation 
(6) 2Qayy’ = y+ Vyt — 42? 
the term Vy — 42? is isobaric if 4m, the weight of y4, is equal 
to 2, the weight of x; i.e., if 4m = 2, or m = 3, in which case 
the term has the weight 1. For m = 3, each of the other terms 
also has the weight 1. Hence the introduction of the new 
variable v = y/./z enables one to separate the variables. This 
being true, the introduction of the square of this as a new vari- 
able, namely, v = y?/z, will be equally effective and much 
simpler in execution. See Exercise 6 below. 


Exercise 1. 2a7y’ — a?y? + 2ay + 1 = 0. 
Since this was found to be isobaric when m = —1, let v = zy. 
Then y = v/x and xy’ = xv’ — v, and the differential equation 


becomes 
dv 





22— — # +1=0. 
dz 
Separating the variables, we have 
2 dv (hp 
1— <r of a 


Integrating this, we obtain 


log(j=*) + loge = ¢, or cee) = C1. 





(fy I 
Replacing v by its value, we have the solution in the form 
z+ v’y = (1 — zy). 
2. vy! — ay + y* = 0. 3. wy’ + 4e%y+1=0. 
4, (a+ 2x?y)y’ + 2y + 32y? = 0. 
2a'y’ = 1-+ Vit 4x%y. 6. 2ryy’ = y?+ V yt — 42. 


Show that yfi(cy) + af2(zy)y’ is isobaric for m= —1. 
Here f(xy) and fo(zy) are functions of the product zy. 


a oc 
. . 
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II-5. Equation of the form y’ = F(ax + by +c). Another 
type of equation, in which the variables can be separated by 
the introduction of a new dependent variable, is of the form 
(1) y’ = Flax + by + ¢), 
which is characterized by the fact that y’ is equal to a function 
of the linear expression ax + by +c. Put ax + by +c =v. 
Then by’ = v’ — a, and the differential equation becomes 

dv 


(2) v=o =a + bF(v), 


in which the variables are separable. 


1. (2+ y)*dx — dy = 0. 2. y’ = («#—yt+a)*. 
8 (Qa+y— 2)y’ = 4. 4. y’ = sin*(% — y). 


II-6. Exact differential equation. Integrating factor. Up 
to this point we have employed the very serviceable method of 
solving a differential equation of the first order, by which 
the introduction of a new dependent variable transforms the 
equation into one in which the variables are separable. How- 
ever, this method is not always practicable. A second and also 
widely used method results from the following considerations: 

If the general solution of the differential equation 


(1) Mdz + Ndy = 0 

is solved for the constant of integration, it takes the form 
(2) u(x, y) =". 

The differential equation having this as primitive is evidently 
(3) Gaenlancac ens vale ow 


* In the case of a function of a single variable, y = f(z), the differential of y 
is defined as 
dy = f'(x)dz. 


So, in the case of a function of several variables, u = f(a, y), the differential of u 
is defined as 


Ou Ou 
du ghana 


For example, see the author’s Calculus, $106. 
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Only one differential equation of the first order can correspond 
to a primitive involving a single arbitrary constant. Hence, 
either (1) and (3) must be identical, or their coefficients must 
be proportional, i.e., 

du Ou 


4 0 
ma sea Y= w(x, y). 


This common ratio is, at most, a function of z and y; it may be 
a function of one of the variables only, or simply a constant. 
Calling it u, we have 


0 0 

55 = uM, oa uN; 
whence 
(5) u(Md« + Ndy) = du. 


We shall speak of an expression which is the differential of a 
function of one or more variables as an exact differential. Thus, 
u(Mdx + Ndy) in (5) is exact, since it is the differential of a 
function u(x, y). We shall further speak of a differential 
equation as an exact differential equation if, when all the terms in 
it are brought to one side, that member is an exact differential.* 
The above result can now be stated as follows: Whenever the 
general solution of the differential equation (1) can be written in 
the form (2), a factor u(x, y) exists which, when introduced, will 
make the equation exact. 

This multiplier is known as an integrating factor because, as 


* A differential equation in the form 
mM+w%#=o or M+ Ny’ =0 


will also be said to be exact, if the left-hand member is the total derivative of 
some function u(x, y) with respect to «. Thus, since y + ay’ is the derivative 
of xy with respect to z, the differential equation 


y + xy =0 
is said to be exact as well as the equation 
ydx + «dy = 0. 


. 
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we shall see (§II-8), when the equation is exact, its integration 
can be effected by a general method. 


It is interesting to note that once an integrating factor has been found 
for the differential equation (1), an indefinite number of them can be found 
(whenever the quadratures involved in determining u can be effected). 

Suppose that » is an integrating factor. Then 


p(Mdz + Ndy) = du(z, y), 


where the sign of identity = means that »M = du/dx and »N = du/dy. 
Now, if F(w) is any function of u, whose indefinite integral, ¢(u), is 
known, we have 


uP (u)Mdz + uP (u) Nady = Pu) % de + Fw) $* dy = F(u)du = do(u). 


Hence, »F(u) is also an integrating factor. Since /(w) may be chosen in 
an indefinite number of ways, we see that the number of integrating factors 
is infinite. Thus, it is obvious on inspection that edy — ydx = 0 has 1/2? 
for an integrating factor. We have, actually, (wdy — ydx)/z? = d(y/z). 
Here » = 1/22, u = y/x. Then (1/2?)F(y/z) is an integrating factor. In 
particular, more or less obvious integrating factors are obtained by putting 
yY\_<& ce x3 2x 
1 er ar 
giving, respectively, the exact differentials , 


dog (¥), a(-£), dtan%, dlog ==. 





II-7. Condition that a differential equation be exact. If the 
equation 
(1) Mdz + Ndy=0 


is exact, a function wu exists such that 
= gy eteyptnde 
Mdz+ Ndy = du= Ax dx + ay oe 
or 


(2) Lite nent Mah ype Otte 
Ox 


From these relations it follows that 
(3) aM _ aN 


dy, Oz. 
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For, from (2), we have on differentiating 
(4) OM _ Ou nd to ee 

Oy dydx Ox dxdy 

07u 07u 
’ aydx ~ axdy" 

(1) leads to the relation (3), which is thus seen to be a neces- 
sary condition for the exactness of equation (1). 

It is also a sufficient condition for the exactness of (1). In 
proving this, we shall actually find a function u whose differ- 
ential is Mdx + Ndy when the relation (3) holds. That is, 
assuming (3), we shall find a function wu such that 

te) 0 


ue Ou 
(2) ae M and ay 





But, in general, —— Hence, the exactness of equation 


In order that the first equation of (2) may be satisfied, we 
must have 


(5) u= [Mae + Y(y),* 


where Y is a function of y only, and plays the réle of a constant 
of integration, since y is considered a constant in the process 
of integration involved in (5). The value of wu given by (5) 
will satisfy the first equation of (2), provided Y(y) is not a 
function of xz. It may.be any function of y. In order that 
u satisfy the second equation of (2), we must have 


du d ¢® ia 
—=5 aT ———— —_ = N; 
aya ad Mda + 7 
that is, Y must satisfy the equation 
dY fs) (x) 
Cea N= Sh (Maz. 
(6) a N ay z 


Since the left-hand member of (6) is a function of y only, the 
same must be true of the right-hand member; that is, the latter 


(x) . . . . 
* By vf Mdzx we mean the result of integrating Mdzx considering y as 
a constant, 
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must be free of zx, or, in other words, it must be a constant as 


far as x is concerned, and its derivative with respect to x must 
a oM 

be zero. As a matter of fact, that derivative is A _ ma 

which is zero because of (3). We can then find Y to satisfy (6) 


by a quadrature, viz., 


and the resulting value of wu in (5) will satisfy both equations (2). 


Exercise. Using the fact that (3) is the necessary and sufficient 
condition for exactness, prove that if mw is an integrating factor, 
such that u(Mdz + Ndy) = du, uF (u) is also an integrating factor. 
Compare §II-6, small type, also Theorem II below. 


Several other facts may be mentioned here: 
Theorem I. Jf u(x, y) = const. is a solution of the equation 


(1) Mdzx + Ndy = 0, 
then wu satisfies the equation 


Ou Ou 
and conversely. 
For, as noted in §II-6, if w = const. is a solution of (1), the differential 
equation 


(8) an Ot +5, dy = 


must be the same as equation (1), their left-hand members differing possibly 
by a factor which does not involve dy/dx; that is, 


du du 
) de _ 8y 
M” WN’ 


* Since, in general, the order of differentiation is immaterial, 
00 (x) 00 (x) 
aeahahe Maz = a5, f Mdxzx. 


0 (x) 
Moreover, 57, J Mdx = M, since, in both of the processes involved, y is 
considered constant, 
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or 
(7) ve = uw. 


May 


To prove the converse, we note that if w satisfies (7), the relation (9) 
follows. But (9) means that the equations (1) and (8) have the same 
solutions, and w = const. is evidently a solution of (8). 

We can now prove 

Theorem II. Jf yu and us are two independent* integrating factors of the 
equation (1), ui/u2 = const. is a solution of (1). 

Since »; and y2 are integrating factors of (1), we have 


O(uiM) _ O(u N) O(u2M) _ O(u2N) 


dy iuialeeiiews (nd a = 9 
in 0 0 OM ON 
Bi KA oN \ _ 
M— a co Nc iar slate 0 
“aa 0 0 OM ON 
OMe ‘hae OL = 
ay maps bie a be Oy Dx 0. 


Multiplying these by 2 and pi ey eee and taking the difference, we 


have 
0 0 0 
M(m Fy ay Mt a) af (m3 ree aay =: 
Dividing by u2?, we ee 


US [EL 
Ms, ANE y, Ava, e 


Comparing this with equation (7) and using the previous theorem, we see 
that 1/2 = const. is a solution of equation (1). 


Il-8. Exact differential equation. The proof of the sufficiency 
of the condition (3) of §II-7 suggests a method of solving an ex- 
act differential equation. For, in this case Mdx + Ndy = du, 


where 
pie fo Maz + fw 5 [> Mae | ay, 


Hence, the general solution is 


fo Mac +f = 2 fac | dy = ¢. 


* Independence implies that p2 is not equal to m1 multiplied by a constant, 
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This formula appears quite complicated; but, in actual prac- 
tice, the processes involved are not difficult to remember. 


(x) 
1° First we evaluate f Mdz. 


2° Then we take the partial derivative, with respect to y, 
of this partial integral, with respect to z, and subtract it from 
N, thus 


0 rr) Ly 
veoh Mdz = Rly). 
3° This remainder, R(y), is either zero, a constant, or at 


most a function of y. Hence the solution of the differential 
equation is 


f ies i R(y)dy = ¢. 


As an exercise the student should show that the general solu- 
tion may also be obtained in the form 


(y) a pw 
(i Nay + f[w- 5. f Nay | az = c. 
Exercise 1. tay dx + ey = Q. 


: Of 2ey i 1. 0 fy-—2z wt 
Since 5 (“ *) = -2=3( - ),, the equation is exact. 





fo Pt taa e+e. 
y y 


From this we find readily R(y) = and (| R(y)dy = log y. 
Hence 

we aT logy=c 
is the general solution. 


9 Oo oe 2 
Exercise 2. au dx + a een d 
ay? — x8 ys — wy 
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It will be left as an exercise to show that this is exact. Here 


(x) y2 — Qy? F OL ae) Nie ag a @) dx ) xda 
—— r= a 
fates 5a lis teegameenpen A mg if wi gras 
= log « + § log (y? — 2”). 





The partial derivative of this with respect to y is y/(y? — 2°). 
Hence 


ACI ery 


oes gy? y 
and the solution is 
logx + $log (y?— 2?) + logy=c1, or 2y2(y2— 22) =. 
Exercise 3 se Sia ghey C- Jaen) ay = 0: 
(Vvety! \y yvetye) 
This should be shown to be exact. Here 


(x) dz , DON aoe 5 
ee og (« ror y*). 


The partial derivative of this with respect to y is 


et te rea ay 
Vet Pet Vat y) 


Multiplying numerator and denominator of this by x — Vx? + y?, 
we find that it reduces to the value of N. Hence, R(y) = 0, and 
the solution is 


log («4 + V+ y%) = C1, or y?+ 2cx = ce’, 


4. (x+ y)dx + ady = 0. 
5. (62 — 2y+ 1)dz — (24 — 2y+ 3)dy = 0. 
(a+ y)de — (e — y)dy _ de 2_\/z Priecegys 
SS ar re a wetG i) 
8. xt y? [(5cy — 3y*)dx + (322 — Txy?)dy] = 0. 
9. (Qry—3 — 3x7)dx + 3(1 — 2”)y~‘*dy = 0. 


ne Ya a cos % dy = 0. 
10. (22 sind y cos” Li ae) 
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II-9. Linear differential equation of the first order. A linear 
differential equation (of any order) is one which is of the first 
degree in the dependent variable and all of its derivatives. 
Thus, the general type of a linear differential equation of the 
first order is 

Xoy' + My = Xo, 


where the coefficients Xo, X1, X2 are functions of x only. This 
includes the possibility of any of them being constant. Divided 
by the coefficient of y’, this may be written in the form 


(1) yt Py=Q or B+ Py=9, 


where P and Q are functions of x only. 


Assuming the existence of an integrating factor for this 


differential equation, one can show readily that el’ Par is such a 


factor. In doing this, we shall endeavor to find an integrating 
factor u(x), which is a function of x only. Our problem, then, 
is to find p(x) such that 


by’ + pPy — uQ = 0 
will be exact. 


In §II-7 we saw that the condition for exactness of M + Ny’ is 
aM _ aN 


ay ae In our case 
M=yPy—pQ and N=u. 
Here 
OM _ ON _ du 
Oy ae : Ox dx’ 


since uw is a function of x only. Hence the equation will be 


exact if 
du du 


pP = —,- or \—— = Pdz. 
dx M 


Solving this, we find p = cel Vor ¢ = 1 we have the 
integrating factor u = Pad 
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Making use of the fact that 
3 [ve id Sp J Pax ens if Pata 


we see that, on multiplying both members of the differential 
equation (1) by the integrating factor oJ Pax 
members, one obtains the solution in the form 


yes Pax = flr" dz +c. 


and integrating both 


Methods applicable to the solution of linear differential equa- 
tions of any order are available for solving a linear differential 
equation of the first order.* But the method of introducing 
a known integrating factor is undoubtedly simplest in practice 
and, besides, has the advantage of being readily retained in 
mind. 


* One of these methods (given in §VII‘1) is the following: 
Temporarily let Q = 0. Equation (1) then becomes 


dy J 


in which the variables are separable. It is readily seen that y = onl, Ps is 
a solution of (2). Represent it by y = y1. 
Now ae a new dependent variable v by letting y = yw. Then 


dy = ne Si v an , and equation (1) becomes 
xt dx 


d 
d 
ne + (G+Pn)s =@. 


Since y; is an integral of (2), this equation reduces to 


ee faa hee Q, or dv= el Pa at, 


A quadrature gives 
v=f gel Pac + c. 
Finally, from y = yiv, we have 
ye eo [Pat fg, f Parag ft ce J Pde 


The solution of (1) by a second general method applicable to linear differ- 
ential equations of any order will be found in §V1L-9. 
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Exercise 1. xy’ + (1+ 2)y = e*. 


Divided through by the coefficient of y’, our equation takes the 
form 


y+Gti)jy=S. 


Here P= 1/2+ 1. Hence f Paz = log x + a, and the integrat- 


ing factor is eloex +=, or ze*, Using this, we have the solution in 
the form 


yxe* = | e*da = ge +c, or 2cy = e* + cre. 
2. y’ + ycot x = secz. 3. (22+ 1)y’ — zy = 1. 
4. (2+ 1)y’ —2y=(@1)*. 5. (e+ 2*)y’ + 427y = 2. 
6. xy! + (1 — 2z)y = 2. 7. (x2 — 1)y’ — zy = 2° — Qe, 


8. ydx — (3a-+ y*)dy = 0. Let x be the dependent variable. 


II-10. Equation reducible to a linear equation. At times an 
obvious transformation will change an equation into a linear 
one. An equation, of frequent occurrence, for which this is 
true, is 

y Py Qyr* 
where, as before, P and Q are functions of x only, and & is any 


number, 

Dividing by y*, we have 

y ty Py ee, 
Let y**! =v, Then (1 — k)y*y’ = 0’, and our equation 
becomes 
o + (1— k) Pv = (1— &)Q, 

which is linear. 

Occasionally, inspection will suggest a transformation of the 


dependent variable that will reduce a given equation to a linear 
one. ‘This is true in the case of Exercises 2, 3, and 4 below. 


* This is known as Bernoulli’s equation, after James Bernoulli (1654-1705). 
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Exercise 1. 3(1 + 2*)y’ + Qary = 2Qzy!. 
Dividing by y*, we have 
3(1 + a?)y—4y’ + Qry- = 2x. 
The combination y~‘*y’ suggests the derivative of y~%, which also 


appears in the equation. Putting y~? = v, whence —3y-ty’ = v’, 
and dividing by —(1 + 2z?), we obtain 
Py ety igh go 

1+ 2? 1+ x?’ 


a linear differential equation. An integrating factor is 1/(1 + 2”). 
Introducing this and integrating, we have 


v 


v 
ree- —J ate te 


Letting 1 + zx? = u, the integral to be evaluated becomes — f x , 


which is equal to ‘, and our solution takes the form 


ae oz 
en =e pre orgy = l= el yn"). 
Exercise 2. xy’ — y log y = z’y. 


If we write this in the form 


the combination y’/y suggests the derivative of log y, and log y also 
appears in the equation. If we let log y = v, the equation takes 
the form 

sv — v= 2, 


which is linear. The solving of this equation will be left for the 
student. 
3. yy’ + ry? = 2. 4. sin y+ y’ + sin x cos y = sin 2. 
6. 4ay! + 38y + e*xtyi = 0. 6. (1 — #8)y’ — 211+ a)y = y®. 
t (et Dy =yt1t@t+ivyti. 
8. (zy? + zy)y’ = 1. Let y be the independent variable. 
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9. Show that the introduction of the new variable yt? = v 
reduces the equation 2’y°(mydx + nady) = f(x)dz to a linear differ- 
ential equation. 

10. Show that the introduction of a new variable w’t! = uw re- 
duces the equation x’y5(mydz + nady) = f(y)dy to a linear differen- 
tial equation, if y is taken as the independent variable. 


II-11. Integrating factor for the homogeneous equation, 
§II-2, and the isobaric equation, $II-4. 

1° An integrating factor for Mdx + Ndy = 0, when M and 
N are homogeneous and of the same degree 7, 1s 


1 
tM + yN © 
To verify this, we shall show that 
(1) BL pa apa cA A ie he 


OyrtM+yN dxxM-+yN 


If we actually perform the operations indicated in the left-hand 
member of (1), the latter is seen, after simple reductions, to take 
the form »* 





N (ooh y )— (e+ ot 
(2) Ox = 
Celt sects 
By Euler’s theorem for homogeneous functions,* 
OM OM _ ON ON _ 
fe ee ee and ea reo 


It follows therefore that (2) vanishes. Hence, 1/(~M + yN) is 
an integrating factor. 

2° We saw that the isobaric equation, studied in §II-4 
(which includes the homogeneous equation for the special 
value m = 1), takes the form 


* For example, see the author’s Calculus, $113, pp. 366-368. — 
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when solved for dy/dz. Clearing of fractions, we may write 
this in the form Mdz + Ndy = 0, where 


M = amg ce) AN ee. 


An integrating factor for this equation is 


1 
zM + myN~° 


To verify this, one must show that 


This is not difficult, and is left as an exercise. 

Remark. These methods cease to apply if <M + yN = 0 
in the first case, and if <M + myN = 0 inthe second. But in 
either of these cases the solution of the equation is effected 
directly with ease. For, if xM + yN = 0, the equation takes 


the form y’ = — = = 2 and its solution is y = cz; on the 
other hand, when <M + myN = 0, the equation takes the form 
=— x = a , and the solution is y = cx”. 


Leibniz (1646-1716) and his school endeavored to solve all 
equations of the first order by introducing new variables which 
are separable in the transformed equation. Euler (1707-1783) 
and his school tried to solve all equations of the first order by 
finding integrating factors. As a matter of fact, these are fre- 
quently spoken of as Huler factors or multipliers. But the idea 
of an integrating factor seems to be due to a contemporary of 
his, Clairaut (1713-1765). Indeed, it is interesting to note that, 
just as, in general, every differential equation of the first order, 
Mdzx + Ndy = 0, has an integrating factor, so it can be proved* 


* For example, see the author’s Lie Theory of One-Parameter Groups, Chap. 
II. In particular, see §§12, 15, 20. 
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that by a proper change of variables every such equation can be 
transformed into one in which the variables are separable. 
But in actual practice it would be awkward and difficult to 
carry out this method in all cases, just as it would be inadvisable 
to insist upon finding an integrating factor in every instance. 

The two classes of equations mentioned above™% are of particu- 
lar interest as affording examples of cases where both the general 
methods of solution can be applied readily. 


Exercise. Solve the exercises of §§II-2 and II-4 by finding integrat- 
ing factors for them. 


* 11-12. Equation of the form 
x'y’(mydx + nxdy) + xy’ (uydx + vxdy) = 0. 
Since d(xty’) = x2—ly’-!(aydx + bady), the equation 
xy’ (mydx + nady) = 0 

is seen to have an integrating factor of the form x%y®, where 
atr=m-—1 and B+s=n-1. 

More generally, it may be noted that an equation of the form 

x’y’(mydz + nady) + xy’ (uydx + vady) = 0 

also has an integrating factor of the form xy. 

Thus, multiplying by xzy* and rearranging the terms, we have 

(maetryB+s+1 + paceteyB+o+l) da 
4- (nawtr+lyb+s +. peetetlybto) dy = 0. 

ait : oM oN 

This is exact, provided EES 


mB + s+ l)axtrybts + w(B +o + l)aeteyste 
= nat r+ lyeatrybts + va + p+ l)cateybte 


for all values of x and y; that is, provided 
mG 8-1) = nla -P L) and 2 ue ol) =e (aep-). 


* While the two methods of this section can only be verified at this time, 
they are suggested as special cases of a general theory, due to Sophus Lie, 
already referred to in the previous footnote. 

* This section may be omitted in a short course. 


nae ei 
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These two linear equations can be solved for a and B, except 
when 


=k. 


S/F 
sis 


But, in this exceptional case, the equation reduces to 


(1) (xty’ + kay?) (mydx + nady) = 0, 
or simply to 
(2) mydzx + nady = 0, 


in which the variables are separable. 
A special solution of (1) may be obtained by equating its 
other factor to zero, thus 


xy’ + kaye = 0. 


While this solution is not to be ignored, it usually has no 
connection with the general solution obtained by solving (2). 


Exercise 1. xty(3ydx + 2rdy) + x?(4ydx + 32dy) = 0. 
Multiplying by z-y8 and rearranging the terms, we have 
(Baet4yb+2 + 4yat2ybtl)\ dx + (Qret5y8t+1 + 8rer3y8)dy = 0. 


This is exact if 


(38 + 6)aet4y6+1 + (48 + 4)aat+2y8 
= (2a + 10)zet4y6t1 + (Za + 9)xet+2y8, 


i 38 +6= 2a+10 and 468+4= 3a+ 9; 


ie., ifaw = 1,8 = 2. An integrating factor is thus found to be zy”. 
Introducing it, we have 
(8a5y4dx + 2a6y3dy) + (4a°y%dx + 3xty*dy) = G. 
Each group of terms is separately exact. The solution is 
Zyby4 + z4y3 = c, or ay* + 2aty? = c. 

2. 2ydz + xdy + «xy(3ydx + 2xdy) = 0. 

3. x?y(ydx + 2xdy) — (ydx — xdy) = 0. 

4. y*(8ydz — 6ady) — x*(ydx — 2ady) = 0. 
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5. 243 (ydx — ady) — y(ydx + xdy) = 0. 
6. «y(10ydx + Yardy) — (2ydx — 3ady) = 0. 


*II-13. Other forms for which integrating factors can be 
found. In applying the test for exactness (§II-7), the value of 
oe — = is obtained. If this is found to be zero, the equation 
is exact. If not, it may contain either M or N as a factor. In 
particular, 


1°57 oy — 2 = N - f(x), where f(x) is a function of x only, 
eff@ae is an integrating factor; 
2° ye = a = M - $(y), where o(y) is a function of y only, 


eS PO is an integrating factor. 
To establish the truth of the first statement, we shall show 
that the equation 
(1) Mdx+ Ndy=0 
has an integrating factor u(x), which is a function of x only, 


when M and N satisfy the condition expressed in case 1°. 


Multiplying (1) by u(x) and expressing the condition for 
exactness, we have 


or 


Comparing this with the condition on M and N, we see that we 
may take 


dlog u 


dx =f(x), or p= eS ila)de, 


* This section may be omitted in a short course. 
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The establishing of case 2° will be left as an exercise. 


Exercise 1. (3x? + 6xy + 3y? + 2y)dx + (2x2 + 382y + x)dy = 0. 
2. 2rydx — (a2? + y? — a®)dy = 0. 
3. (y* + 2y)dx + (xy® + 2y* — 4x)dy = 


II-14. Integrating factor by inspection. Integrating factors 
can frequently be found by inspection on closely examining the 
terms appearing in the equation. No general rule can be given. 
But certain combinations often suggest more or less obvious 
integrating factors. 

A commonly occurring group of terms is 


ydx — xdy. 


igs Papa 
27 9? ) ry > 42 ae x? + y?? a? 
to be factors tf make this combination exact. ae 


ye — ey _ ee —a(¥ ) ydx — xdy att = =a(2 2), weet Paci ) 
y 


ws a oo aeer ot = =d tant =—d tan, we at = st et i 
Hence, 1/z? is an integrating factor for an expression of the 
form ydx — zdy + f(a)dx; and 1/y? may be used for one of 
the form ydx — xdy + f(y)dy; similarly, 1/zy may be used for 
an expression of the form ydx — xdy + f(xy)(ydx + ady), and so 
may 1/(x? + y’) be used in the case of 


yda — ady + f(x? + y?)(adx + ydy). 
If f(x, y)dx + $(z, y)dy is known to be exact, let it be repre- 
sented by du. Then an equation of the form 
f(x, ydx + (2, y)dy = F(u)®(x)dax [or = F(u)®(y)dy] 


By inspection, spa nd P are all readily seen 


has the obvious integrating factor 1/F(u). 
Other combinations will occur to one in actual practice. 


Exercise 1. (y? — x?y)du + xdy = 0. 
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Writing this in the form 
y2dx — x?(ydx — xdy) = 0, 


we see that 1/2’y? is an integrating factor. Using it, we obtain 


dx ydx — rdy _ 9. 
Berea 


whence 


Lee 
oly Iegarng or 2) -Pcry yy = 0. 


Exercise 2. (mx + y)dx — (x — my)dy = 0. 
Writing this in the form 
mada + ydy) + ydx — xdy = 0, 


1/(x? + y?) is seen to be an integrating factor.* Using it, we ob- 
tain the solution in the form 


m log V 2? + y? — tant 4 = fs 


Exercise 8. xdy — ydxt = & V2 y*dy. 
Writing this in the form 
ady — ydx_ —_—xdy — ydx 


= <== = ody, 
V 7? =a YP 24/1 a (XY y 
x 





we see that 1/x is an integrating factor. Using it, we find the so- 
lution to be 


sin! =yte. 


Exercise 4. (24° — y? — 3x)dx + 32y2dy = 0. 
If this is written in the form 
(20° — 32)da — (y*dz — Say7dy) = 0, 


the new variable v = y® suggests itself. The second set of terms 
then takes the form 


—(vdx — xdv), 


* Method 1° of §II-11 suggests the integrating factor 1/m(a? + y?). 
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Because of the form of the rest of the equation, 1/x? is the inte- 
grating factor to be used. Introducing it, we have 


(2x = ) dz — ara Ay - aoe 0. 
x £ 


Integrating, we obtain 
x — Sloge += c 


Replacing v by its value and clearing of fractions, we have finally 
z — 3xlogz+ y?— cx = 0. 

ady — ydx = (2? + y*)dx. 6. adx — ydy = x Vz = y?dax 

(x — y*)dz + 2xydy = 0. 

(y — ry®)dx + ady = 0. 

(x?y? — y)dx + (2a%y + x)dy = 0. 

10. (a? — y? + a*)dz + 2zrydy = 0. 


Peas 


II-15. Other forms for which integrating factors can be found. 
In addition to the types of equations, already noted, for which 
integrating factors have been found, others are occasionally 
met. The general problem of finding an integrating factor for 
a given differential equation leads to the solution of a linear 
partial differential equation of the first order (see §XIII-3). 
Occasionally, this general method suggests a practical way of 
finding an integrating factor. 


II-16. Transformation of variables. In a number of cases 
we have already made use of the fact that the introduction of 
a new variable changes the form of the differential equation. 
As a general mode of procedure, it is advisable to find, if possible, 
a transformation of variables that will reduce the equation to 
a known type or that will simplify its form. No general rule 
can be formulated. In §§II-2, II-3, I1-4, I1-5, [I-10 serviceable 
transformations were used. Also, in other cases, the form of the 
equation may suggest the transformation to be tried, The 
following exercises illustrate this. 
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Exercise 1. xdy — ydx = (x? + y)*dz. 
The combination ady — ydx suggests the transformation y = va. 


For then 
ady — ydx = x*dv. 
After this transformation, the differential equation becomes 
dv 
a = (+0), 
which is the type of equation considered in §II-5. Its solution will 


be left as an exercise. 

Exercise 2. xdy + ydx = (xy? — x)dz. 

The combination rdy + ydz suggests the transformation v = zy. 
Using this, we find that the equation takes the form 

dv = x(v? — 1)dz, 

in which the variables are separable. The finding of the solution 
will be left as an exercise. 

Exercise 3. y?(ada + ydy) + x(ydx — xdy) = 0. 

Here xdx + ydy suggests d(x? + y?), while ydx — «dy suggests 
This combination suggests polar coérdinates, where 


d(y/x). 
22+ y?=p? and tan71© = 6. 


Differentiating these, we have 
xrdx + ydy = pdp and ydx — xdy = —p?dé. 


Hence, when the new variables p and @ are introduced, the differen- 


tial equation takes the form 
p” sin? 0+ pdp — p cos 0+ p*dé = 0, 


or 
dp — £89 ap = 0, 
p sin? 6 D 
Integrating, we have 
or psindé+1=csin@. 


p+ csc0 =, 
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Passing back to the original variables, we find that this becomes 


yt1=— 2 _ 


ay’ 





or, finally 
(2? + y*)(y + 1)? = eny?. 


Exercise 4. (x — y*)de + y(1+ 2)dy = 0. 

Because y and dy occur only in the combinations y? and ydy, 
the new variable y* = v is suggested. 

On the other hand, writing the equation in the form 


zdx + ydy — y(ydx — xdy) = 0 
suggests the introduction of polar coérdinates. 
It is recommended that the equation be solved by the use of 

each of these changes of variables. 

5. (x — y*)dx + y(1 — x)dy = 0. 

6. xrdy — yde + x?(2y — x)dx = 0. 

7 (2? — y? — 1)zdx + (2? + y? — 3)ydy = 0. 

8 yte=Vety. Letety= wv. 


I-17. Summary. In actual practice, when the equation 
Mdzx + Ndy = 0 is to be integrated, we proceed as follows: 
By inspection we can tell when 


1° the variables are separable (§II-1), 

2° M and NW are homogeneous and of the same degree 
(§$II-2, II-11), 

3° the equation is linear or readily reducible to one that is 
(§§II-9, II-10), 

4° Mand N are linear but not homogeneous (SII:3), 

5° the equation is of the form y’ = F(ax + by + c) (SII-5), 

6° the equation is of the form (§II-12) 


arys(mydx + nady) + «ey? (uyde + vady) = 0. 


If, on inspection, the equation cannot be classified in any of 
these ways, the following possibilities should be considered: 
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7° The equation may be exact, i.e., A — = 0 (SII-8). 
> OM aN 

8 Sr pho N+ f(x) ($1118). 
5 ON. OM ae 

OF igs sta ape M - $(y) §U-13). 


10° The equation may be isobaric (§$§II-4, I1-11). 
11° An integrating factor may be found by inspection, or by 
the general method of §XIII-3 (§§I1-14, I-15). 
12° It may be possible to find a transformation that will re- 
duce the equation to a known type, or simplify it (§II-16). 
Additional methods for the solution of differential equations 
of the first order are given in Chapter IV. 


Exercise 1. xV1 — y?dx + yV1 — x’dy = 0. 
2. V1 — yde + V1 — a2dy = 0. 





3: y' — xy = x°. 4, (y — x)?y’ = 1. 
5. xy’ + y+ 2*y%e* = 0. 6. (1 — 2)ydx + (1 — y)ady=0. 
%. (y — a)dy -- ydx = 0, 8. ady — ydx = Vet y?dx. 
9. ay’ — y= V2 — y?. 10. (@+a)y’ — 3y = 2(a+a)5. 
Alek (« sin Z — y cos Yee +2 cos & dy = ()} 
- x x 


12. (« — 2y+ 5)dx+ (Q2 — y+ 4)dy = 0. 
18. (2? -+ y?)dx + 2ydy = 0. 
14, (247 — 1)ydx — (a? — 1)rdy = 0. 
d 4 x 1 — 2?)1/2 
15. Sh aaa a z+ OS. 
16. (1 — 2*)y’ — zy = azy’. 
*17. xy?(3ydx + xdy) — (2Qydx — xrdy) = 0. 
*% 18. (5xy — 3y%)dx + (82? — 7xy?)dy = 0. 
19. ydx — x(1+ 2y*)dy = 0. 20. (1+ 2*)y’ + y = tan—z, 
21. y’ + 4Y cos x = sin 27. 22. - (ry? + y)dx — rdy = 0. 
23. 32?ydx — (x? + y*)dy = 0. 24. 32?yda + (x? + y?)dy = 0. 


* This exercise may be omitted in a short course. 
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25. 
26. 
27. 
28. 
29. 
30. 
* 31. 
32. 
34. 
36. 
37. 
38. 
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(a? + y?) (ada + ydy) = (a? + y? + 2) (ady — ydz). 

(22 + 3y — 1)dx + (22+ 3y — 5)dy = 0. 

(2a3y? — y)dx + (2x?y — x)dy = 0. 

(y® — 22?y)dx + (2ry? — 2°)dy = 0. 

edy + (y — y* log x)dz = 0. 

(a? + y?) (ada + ydy) + (1 + 2? + y?)1/2(ydx — ady) = 0. 
fe ek ea ae eee eye ty) =O), 
(2ry — x)dy + ydx = 0. 33. 427y*dx + (2a°y — 1)dy=0. 
(et + 3y?)dx + 2aydy = 0. 35. y’ + 2ry = 2ax*y?, 

yd + (2V xy — x)dy = 0. 

3a — 2? + 2y? — zy? + 2ryy’ = 0. 

(Va? + y? — 2) (ade + ydy) — y(wdy — ydx) = 0. 


* This exercise may be omitted in a short course. 


CHAPTER III 
APPLICATIONS 


IlI-1. Differential equation of a family of curves. A 
differential equation of the first order and degree 


(1) f(x,y, y') = 0, 
when solved for the derivative 
(2) y’ = F(z, y), 


is seen to determine a unique value of the derivative, correspond- 
ing to any given pair of values of the variables for which F(z, y) 
has a definite value.* 

If x and y are the rectangular coérdinates of a point on a curve 
y = y(a), the value of the derivative y’ is equal to the slope of 
the tangent to the curve} at the point (x, y). Thus, the differ- 
ential equation of the first order and degree (1) determines a unique 
direction at each point (x, y) of the plane where F(a, y) has a definite 
value. Since an infinite slope corresponds to a definite direction, 
points at which F(x, y) becomes infinite need not be excluded 
here. 

If 


(3) $(z, y,c) = 0 


is the general solution of (1) or (2), particular solutions are 
obtained from it by assigning special values to c. Thus, - 


putting c = c, a definite constant, we have the particular 
solution 
(4) (2, Y; Co) = 0. 

* For exceptional pairs of values of x and y, F(x, y) may become indeter- 
minate. This occurs, for example, in the case of y’ = y/x, when x = 0, y = 0. 


+ We shall, at times, use the briefer expression ‘slope of the curve” at the 
point (x, y). 
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The value of y’, obtained from it, corresponding to a given pair 
of values of x and y satisfying (4), must be the value of y' deter- 
mined by the differential equation. The curve (4) is said to be 
an integral curve of the differential equation, and is characterized 
by the fact that at each of its points (a, y) tt-has the direction 
determined by the differential equation at that point. 

Fixing our attention upon any particular point (x, yo), where 
F(a, yo) has a definite value, we can find the integral curve 
through it by solving the equation 


(5) (xo, Yo, c) = 0 


for c, and substituting this value in (8). 

If the differential equation (1) is of the second degree, F(z, y) 
will be a two-valued function, so that to each pair of values of 
x and y there will correspond, in general,* two values of y’; that 
is, the differential equation determines, in general, two directions 
at each point of the plane. Through such points two distinct 
integral curves will pass (except. for points at which an integral 
curve has a double point). The equation (3) thus determines 
two values of c, in general, corresponding to a given pair of 
values of x and y. Hence, if ¢(a, y, c) is a polynomial in ec, it 
is of the second degree in c. 

Extending this reasoning to the case of a differential equation 
of the first order and nth degree, we can establish the 

Theorem. The general solution ¢(a, y, c) = 0 of a differential 
equation of the first order and nth degree is of the nth degree in c if 
$(2, y, c) ts expressed as a polynomial in c. 

There is no corresponding theorem for differential equations 
of higher order than the first, except in the case of linear differ- 
ential equations. 

Another very important idea may be developed from the 
following considerations. 

* Corresponding to those pairs of values of x and y for which the polynomial 


f(x, y, y’) is a perfect square, the two values of y’ will coincide. The loci of 
such special points will be seen later (Chapter V) to play an important réle. 


48 DIFFERENTIAL EQUATIONS Ut 


The general solution (3) represents a family of curves, where 
to each value of c there corresponds a definite integral curve. 
Since any one of an indefinite number of values may be assigned 
to c, (3) may be said to be the equation of a family of a single 
infinity of curves, or simply, a family of 1 curves. Since (3) is 
the primitive of (1), the latter is known as the differential equa- 
tion of the family of curves (3). We thus see that (3) and (1) 
are two ways of expressing the equation of a family of a single 
infinity of curves, the one involving an arbitrary constant, the 
other being a differential equation of the first order. 

In an analogous manner we shall say that 


(6) (x, Y, C1, C2,+ + + Ck) ai 0, 


involving k arbitrary constants, is the equation of a family of 
oo * curves, and the differential equation of this family is the differ- ° 
ential equation of the kth order 


(7) f(D, Us Ue. ts eee en, 


which has (6) for its primitive.* 

Starting with the form (3) [or (6)], we can always proceed to 
(1) [or (7)] by a direct process. A problem of frequent occur- 
rence is that of determining the form (3) [or (6)] when (1) 
[or (7)] is given. 

The following exercises illustrate the first type of problem 
mentioned here. The second type for families of 01! curves 
will be considered in §III-2. 


Exercise 1. Find the differential equation of all circles through 
the origin with their centers on the axis of z. 
The equation of this family of circles is evidently x?+-y?—2cz=0. 
Here c enters to the first degree. Differentiating, we have 
z+ yy’ —c=0. 
Eliminating c, we obtain 
2xyy’ + 2? — yr = 0, 


* Similar discussions apply to families of curves given in other systems of 
codrdinates. In later sections, families of curves in polar coérdinates will also 
be considered. 
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which is of the first degree. [As an exercise, the student should 
integrate this. ] 


Exercise 2. Find the differential equation of all circles of fixed 
radius r, with their centers on the axis of x. 
The equation of this family of circles is 


@— oP? t yar, 
Here c enters to the second degree. Differentiating, we have 
(e©—c)+ yy’ = 0. 
Eliminating c, we obtain 
apy alae are 
which is of the second degree. 
3. Find the differential equation of the system of confocal conics 


whose axes coincide with the axes of coédrdinates. 


Hint. Since the distance of a focus of the conic 2?/a?+y?/b?=1 
from the center is Va? + 6°, it is quite clear that all the conics 
x?/c + y*/(c — dX) = 1 have the same foci, no matter what c may 
be. Hence, this is the equation of a system of confocal conics 
whose foci are at the points (+Vd, 0). Here c is the arbitrary 
constant to be eliminated. 

4. Find the differential equation of the system of parabolas 
whose foci are at the origin of coérdinates and whose axes coincide 
with the axis of z. 

5. Find the differential equation of the family of straight lines 
tangent to the circle 





e+y=r’, 


6. Find the differential equation of the family of straight lines, 
the sum of whose intercepts on the codrdinate axes is a constant. 


7. Find the differential equation of the family of nodal cubics 
(y — c)? = 2a(x,— 1)’, 
each curve of the family being tangent to the axis of y and having 


its node at the point (1, c). 
8. Find the differential equation of the family of nodal cubics 


y? = 2r(x — c)?, 
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each curve of the family being tangent to the axis of y at the origin 
and having its node at the point (c, 0). 
9. Find the differential equation of all the straight lines in the 

plane. 

10. Find the differential equation of all circles tangent to the 
axis of y. 

11. Find the differential equation of all central conics whose 
axes coincide with the axes of codrdinates. 

12. Find the differential equation of all central conics whose 
axes are parallel to the codrdinate axes. 

13. Find the differential equation of all parabolas whose axes are 
parallel (a) to the axis of 2, (b) to the axis of y. 

14. Find the differential equation of all circles of the same 
radius 7. 


15. Find the differential equation of all the circles in the plane. 


IiI-2. Geometrical problems involving the solution of differ- 
ential equations. Differential equations of the first order arise 
and must be solved in geometrical problems when a curve 
is given by properties whose analytic expression involves the 
derivative of one of the codrdinates with respect to the other. 
Several exercises will illustrate this. 


Exercise 1. Find the family of curves such that the tangent at 
each point of any one of them and the line joining that point with 
the origin (which we shall call the radius vector to that point) 
make an isosceles triangle with the axis of x, the latter forming the 
base. 

The tangent of the angle which the tangent line makes with the 
axis of a is y’, while that of the angle which the radius vector makes 
with the axis of x is y/x. Hence, we must have 


dy 
ha ys at or «dy + ydz = 0. 
Integrating, we have 
LY = ¢, 


which is the equation of a family of equilateral hyperbolas. 
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A particular solution is obtained when a definite curve of the 
family of integral curves is selected by some special condition it 
must satisfy, such as passing through a given point. A selective 
condition of this sort, which must be satisfied by a particular solu- 
tion, is known as a boundary condition or an initial condition. 
Thus, that curve of the family of hyperbolas which passes through 
the point (1, 2) is obtained by putting « = 1, y = 2 in the equation 
of the family. This determines the value of c to be 2. Hence, 
xy = 2 is that curve of the family passing through the point (1, 2). 

Exercise 2. Find the family of curves such that the perpendicular 
distance from the origin to each tangent is equal to the abscissa of 
the point of contact. . 

Using formula (k) below, we find the differential equation of the 
family of curves to be 

cy east Ne 
ViFy? 
or, clearing of fractions and radicals, 
y? — 2? — Qryz’ = 0. 
Integrating this, we find the equation of the family of curves to be 
oo y= co — U, 
a family of circles. 

In particular, that circle of the family which passes through a 

given point (Zo, yo) is readily found to be 
ae yy — io Aye ee 

From the above simple exercises, the general method of pro- 
cedure may be seen: 

First, we express analytically the given property of the 
curve family (this gives rise to a differential equation). 

Then, we solve this equation. 

Finally, we interpret geometrically the result obtained. 

If a particular curve is to be found, its equation is obtained 
by finding that value of the constant of integration for 
which the boundary condition is satisfied. 


In the Differential Calculus certain properties of curves in- 
volving differential expressions are usually studied, and their 
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knowledge is presupposed here. For purpose of convenient 
reference, the following list is given: 


I. RECTANGULAR COORDINATES. 

(a) y’ is the slope of the tangent to the curve at the point (z, y); 

(b) —1/y’ is the slope of the normal at (x, y); 

(c) Y—y = y'(X — 2) is the equation of the tangent at the 
point (x, y) on the curve, X and Y being the coérdinates of any 
point on the tangent; 

(d) X—2+y'(Y — y) = 0 is the equation of the normal at 
(x,y); 

(e) « — y/y’ and y — xy’ are the intercepts of the tangent on the 
axes of x and y respectively; 

(f) «+ yy’ and y+ 2/y’ are the intercepts of the normal on the 
axes of x and y respectively; 

(g) (y/y’) VIi-+ y2*andzV1-+ y” are the lengths of the tan- 
gent from the point of contact to the axes of x and y respectively; 

(h) yV1 + y? and (x/y/)V1 + y? are the lengths of the normal 
from the point on the curve to the axes of x and y respectively; 


/ —— —$$ $< 
(t) Ny Le y’ is the length of the tangent intercepted by 














/ 
y 
the codrdinate axes; 


Auctick: YY ee aes 
(7) y 1+ y’? is the length of the normal intercepted by 


the coérdinate axes; 
k ey Seiya is the di ooh un 
(k) Vipy? is the distance of the tangent from the origin; 
(l) y/y’ is the length of the subtangent; 
(m) yy’ is the length of the subnormal; 


(n) ds = Vda? + dy? = Vi + ytde = \/ ia (8) ay is the 


element of length of arc; 
(p) ydx or «dy is the element of area. 





* Expressions involving a radical give the numerical value only. When any 
of these enter into an equation, the proper sign to be prefixed must be deter- 
mined by the nature of the problem. Thus, see Ex. 5 below. Frequently it is 
not necessary to consider the algebraic sign. This is true when its identity 
is lost in rationalizing the resulting differential equation. 


III-2 APPLICATIONS 53 
II, Pozar CoédrpinatEs. 


dp 
(q) tan = p/p’, where p’ is 75 j and y is the angle which the 


tangent at (p, 0) makes with the ee vector to that point; 

(r) r= 6+ y, where 7 is the angle which the tangent makes 
with the initial line; 

(s) ptany = p/p" p is the length of the polar subtangent; 

(t) p cot Y = p’ is the length of the polar subnormal; 

(u) ds = Vdp? + p2d@ = Vp? p? + p’*d@ is the beMent of length 
of arc; 

(v) 3p?d@ is the element of area; 


aa Ree eal Ur ida aes 
(w) p = psiny = p? rk Papas ~ oA is the length of the per- 








pendicular from the pole to the tangent. 


Exercise 3. Determine the curves such that the length of the 
normal (from a point on a curve to the axis of x) varies as the square 
of the ordinate of the point. In particular, find that curve which 
cuts the axis of y at a distance b from the origin. 

Using (h), we find the differential equation of the family of 
curves to be 


yVI+ of? = ky®, or y(1+ y'? — By?) = 0. 
Equating the factor y? to zero leads to the trivial special curve 


y = 0, which obviously satisfies the requirements, but is of little 


interest. 
Using the remaining factor in which z is absent, we obtain, upon 


integrating, 
log(ky + Viey? — 1) =k(e+ec), [or coshky = k(x + ¢)]; 
whence 


1 1 peel 
y= xe | oer? +. xo | [or y= 7 cosh [k(x + |, 


a family of catenaries. 
To find the particular curve, we must find that value of ¢ which 
satisfies the equation 


il 1 
emi ok Poe [ 
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Solving this, we find that c may have either one of the two values 
rlog (vk + Ve? — i) . 


We thus see that two curves of the family satisfy the condition. 
This is consistent with the facts brought out in §III-1, since the 
differential equation is of the second degree. 

Exercise 4. Determine the curves such that the area included 
between an arc of any one of them, a fixed ordinate, a variable 
ordinate and the axis of x is proportional to the length of the corre- 
sponding are. 

Using (n) and (p), we have 


fi yae =k fivit vac. 


Differentiating both members, we have 
y=kVity?. 


This is the same differential equation that arose in Ex.3. Hence, 
the catenary has this property also. 

Exercise 5. Determine the curves such that the part of the tan- 
gent between the codrdinate axes is bisected at the point of tan- 
gency. 

Since, from the nature of the problem, y’ is negative when 2 and y 
have the same sign, and positive when the latter have opposite 
signs, y/y’ and x are always opposite in sign. Hence, using (g), 
we must put 


UViF yt = -avit 


in order to obtain the differential equation of the curve family. 

6. Determine the curves such that the x-intercept of the normal 
at the point (x, y) is equal to & times z. 

7. Determine the curves such that the x-intercept of the tangent 
at any point on a curve is equal to the y-intercept of the normal 
at that point. 

8. Determine the curves such that the lengths of tangent and 
normal at any point on a curve, intercepted by the coérdinate axes, 
are equal. 
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9. Determine the curves such that the angle between the tan- 
gent and normal at each point of a curve is bisected by the radius 
vector to that point. 

10. Determine the curves whose subnormals are constant. 

11. Determine the curves whose subtangent at each point is 
equal to the square of the abscissa at that point. 

12. Determine the curves such that the perpendicular from the 
origin upon each tangent is equal in length to the ordinate of the 
point of contact. 

13. Determine the curves such that the polar subtangent is 
constant. 

14. Determine the curves such that the polar subtangent at any 
point on a curve is proportional to the radius vector to that point. 

15. Determine the curves such that the polar subtangent at any 
point on a curve is proportional to the polar subnormal at that 
point. 

16. Determine the curves: such that the polar subnormal is 
constant. 

17. Determine the curves such that the angle which the tangent 
at any point on a curve makes with the radius vector to that 
point is equal to the vectorial angle. 

18. Determine the curves such that the angle which the tangent 
makes with the radius vector to the paint of contact is twice the 
vectorial angle. 

19. Determine the curves such that the angle which the tangent 
takes with the radius vector to the point of contact is equal to 
one half the vectorial angle. 

20. Determine the curves such that the tangent at each point 
makes an isosceles triangle with the axis of x and the radius vector 
to the point. of contact, the tangent forming the base. 


IIl-3. Orthogonal trajectories. A curve which cuts every 
member of a family of curves according to some law is called 
a trajectory of the family. Thus, it may cut every curve at a 
constant angle,* in which case it is said to be an zsogonal trajec- 


* By the angle between, two intersecting curves is meant the angle between their 
tangents at the point of intersection. ‘ 
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tory. If, in particular, the angle is a right angle, the trajectory 
is said to be orthogonal. 

Similarly, if each curve of a second family of 01 curves is 
an orthogonal trajectory of the given family, each family is 
said to be a set of orthogonal trajectories of the other. 

Starting with the first family whose equation is 


(1) (x, y, c) = 0, 
we find the corresponding differential equation 
(2) fy’, x, y) as 0, 


which, as we have noted before, determines y’, the slope of the 
curve (or curves) of the family through the point (z, y). Obvi- 
ously the differential equation 


(3) i(-F,2,y)=0 


determines, at each point (2, y), the same value (or set of values) 
for —1/y’ that the equation (2) does for y’; i.e., an integral 
curve of (3) passing through a point (z, y) has its slope at that 
point equal to the negative reciprocal of the slope of an integral 
curve of (2) passing through that point. Hence, each family 
of integral curves is a set of orthogonal trajectories of the other. 

The general solution of (8) will then be the equation of the 
orthogonal trajectories of (1). 


Exercise 1. Find the orthogonal trajectories of a family of 
concentric circles. 
If the common center is taken as origin, the equation of the 


circles is x? + y? = c®, and their differential equation is x + y wu = 0. 
Hence the differential equation of their orthogonal trajectories is 
dz aces ay 


eae Woes 
x y 
Integrating, we have 

y = ca, 


a family of straight lines through the center of the circles. 
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Exercise 2. Find the orthogonal trajectories of the family of 
circles through the origin, with their centers on the axis of z. 

The equation of this family of circles is 22 -+ y? — ce = 0. We 
have seen (Ex. 1, $III-1) that the corresponding differential equa- 


eon d 
tion is 2xy + 2x?— y?=0. Therefore, the differential equation 


of the orthogonal trajectories is 2ry i — 2? -+ y2= 0. 


As this equation is obviously sais from the other by inter- 
changing z and y, its solution must be 2? + y? — cy = 0, the family 
of circles through the origin with their centers on the axis of y. 

[The student should verify this result by actually integrating the 
equation. | 

Exercise 3. Show that a family of confocal central conics is self- 
orthogonal. 

The equation of such a family of conics with their axes taken 

2 2 
for axes of coérdinates is (Ex. 3, §III-1) = ats — = 1, and its dif- 
ferential equation is zyy’? + (x? — y* — A)y’ — zy = 0. 

Since this remains unaltered when we replace y’ by —1/y’, we see 
that the family of curves is self-orthogonal. As a matter of fact, 
it is well known that a system of confocal central conics is made up 
of ellipses and hyperbolas such that through any point there pass 
one ellipse and one hyperbola, and these cut each other at right 
angles. 

4. Prove that a family of parabolas having a common focus 
and a common axis is self-orthogonal. 

5. Find the orthogonal trajectories of the family of circles 
through the two points (a, 0) and (—a, 0). 

6. Find the orthogonal trajectories of the parabolas y? = cz. 

7. Find the orthogonal trajectories of the equilateral hyperbolas 
a y= 

8. Find the orthogonal trajectories of the equilateral hyper- 
bolas 22 — y? — cz = 0. 

9. Find the orthogonal trajectories of the similar central 
conics az? + by? = c, where a and b are fixed constants and c is 
the arbitrary constant. 
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10. Find the orthogonal trajectories of the curves ax” + by" = c. 
Here n $¥ 2. 
11. Find the orthogonal trajectories of the central conics 
az? + y2 —cx = 0. Distinguish between the casesa # 2 and a=2. 
12. Find the equation of the family of involutes of the circle 
e+ y? =a’, 
Hint. We saw (Ex. 5, §III-1) that the differential equation of 
the family of tangents to this circle is 
y= ay + avy 
The involutes of the circle are the orthogonal trajectories of these 
tangents. Hence the differential equation of the family of in- 
volutes is 
a+ yy! = aVi+ y?. 
To solve, pass to polar codrdinates. 
13. Prove that the differential equation of the family of trajec- 
tories which cut the integral curves of f(y’, z, y) = 0 at a constant 


angle ais ; 
yo — m 
(i igh y) = 0, 
where m = tana. 


In particular, show that the trajectories which cut the lines 
y = cx at a constant angle a are the logarithmic spirals 


1 
4 log (2+ y2) +kh= Sine or p = ced/m, 


14. Find the trajectories which cut at a constant angle a the 
circles through the origin with their centers on the axis of 2. 


~16. Find the trajectories which cut at a constant angle a (other 
than a right angle) a system of concentric circles. 


In polar coérdinates, the equation of a family of curves may 
be written as 


(1’) $(p, 8, c) = 0 
and its differential equation as 
(2") 5 JP De 0 ea 0. 


The latter defines p’(i.e., dp/d@) at each point (p, 6). 
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We have noted, §III-2(q), that, if y is the angle which the 
tangent at (o, 6) makes with the radius vector to that point, 
tan Y= p/p’. If, now, y: is the corresponding angle for the 
curve cutting this one at right angles at the point (p, 6), we 
have ¥i = ~+7/2. Hence, 


tanyi = —coty = —1/tany. 


Using the subscript 1 for quantities referring to the second 
curve, we have 


pi/p1’ = —p'/p, whence p’ = —ppi/py’. 


At the point of intersection of the two curves pi =p, 4 = 8. 
Hence 


(3’) =p pr, Pp, 6) = 0 
is the differential equation of the orthogonal trajectories of 


(1’), since the value of p/p’ given by it equals that of — p’/p 
determined by (2’). 


16. Find the orthogonal trajectories of the family of lemnis- 
cates p? = c cos 20. 

Differentiating this equation and eliminating c, we find the differ- 
ential equation of the family to be p’/p = —tan 20. Hence the dif- 
ferential equation of the orthogonal trajectories is p/p’ = tan 20, or 


a = cot 20d0. 
p 


Integrating, we find p? = ¢ sin 20, a second family of lemniscates, 
whose common axis makes an angle of 45° with that of the first 
family. 

17.. Find the orthogonal trajectories of the family of cardi- 
oids p = c(1 — cos 6). 

18. Find the orthogonal trajectories of the family of logarith- 
mic spirals p = e®. 

19. Find the orthogonal trajectories of the family of curves 
p™ sin m0 = c. 

In particular, assign to m successively various particular values, 
such as 1, 2, —1, —2, 3, —%, and interpret the results. 
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20. Find the orthogonal trajectories of the family of curves 
1/p = sin? 6+ ¢. 

21. Find the orthogonal trajectories of the family of curves 
(0 + 1/p) cos0 = c. 


IlI-4. Additional exercises giving rise to the solution of 
differential equations. Problems frequently arise in the physi- 
cal sciences whose solution involves that of differential equa- 
tions. As in the case of geometrical problems, the mode of 
procedure is 


first, the analytic expression of the given facts of the prob- 
lem (this gives rise to a differential equation) ; 

then, the solving of this equation, with an interpretation of 
the result; 

finally, the additional step of determining the value of the 
constant, or constants, of integration so as to satisfy the 
requirements of the problem, i.e., the initial or boundary 
conditions. 


The following exercises will illustrate: 


Exercise 1. A particle falls vertically, acted upon by gravity 
only. If it has an initial velocity vo, what will be its velocity at any 
given instant, and what will be its position at that instant? 

The motion being rectilinear, a single coérdinate, x, will be 
sufficient to determine the position of the body. Suppose the 
position of the body at the time t = 0 to be 2p (this is called its 
initial position). 

The velocity, which we shall eitape: by v, is dx/dt, and the 
acceleration, represented by a, is dv/dt. In case gravity acts alone, 
the Hoe Ee is constant, oa this constant is designated by —g. 
The negative sign is used here because distances, velocities, and 
accelerations are taken as positive when measured upward. We 
have now 

dv _ 
de ee: 
Integrating this equation, we obtain 
v= —git+e. 
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Since v = v when ¢ = 0, it follows that c = vo, and the answer to 
our first question is given by 


v= — gt + v. 

To find the position of the body at any instant we must integrate 
dx 
Hae —gt + 0. 


The general solution of this is 
x= —igt+ ot +. 


Since t = z) when t= 0, we must have c= 2. Hence at any 
instant t, 

c= —igt? + Vot + Xo, 
and the distance of the particle from the starting point at any time 
tis 

Ls to = —i gi? + Uot. 

2. A particle descends a smooth plane making an angle a with 
the horizontal plane. The only force acting is gravity. If the par- 
ticle starts from rest, find the velocity at any moment ¢, and the 
distance traveled in the time ¢, [Hrnr. Here the acceleration is 
g sin a, the component of g in the direction of the motion.] Prove 
that, if a particle starts at rest from the highest point of a vertical 
circle, it will reach any other point of the circle when moving along 
the chord to that point in the same time that it takes to drop to the 
lowest point of the circle. — Tair anp SreELe, Dynamics of a 
Particle. 

3. A particle falls from rest through a resisting medium (such 
as air) in which the resistance is proportional to the square of the 
velocity; what is its motion? 


+i aint 
The differential equation of motion is = k*y* — g. 


Here k? is positive, since the resisting force is in the opposite 
direction from that of the falling* body. Separating the variables, 
we have 


* If the body is given an initial velocity upward, a separate treatment of the 
problem during the period of rising must be made. For example, see the 


author’s Calculus, §80. 
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where gk? = r*. Integrating, we have, after simple reductions, 





area he ey 
ware 
Since v = 0 when t = 0, it follows that c = —1; whence 
a =" J = — ett, 
veg 
Solving for v, we have 
we os De eee WO eee 
Sad rite “++ er 
.2= ~ Fog (e+ e-*) +, 


To determine c, we make use of the fact that x = x when ¢ = 0. 
Hence 


to = + Flog 2+ o, 
and — alo 
g er ere g 
X- 2 = 72108 —5 — = 72 108 cosh rt 


is the distance the particle falls in the time f. 


4. If a particle sinks slowly in a liquid, the resistance is pro- 
portional to the velocity. If the particle starts from rest, find the 
distance it falls in an interval of time t. 

5. The acceleration of a particle moving in a straight line is 
proportional to the cube of the velocity and in the opposite direction 
from the latter. Find the distance passed over in the time ¢, the 
initial velocity being vo, and the distance being measured from the 
initial position of the particle, i.e., xo-= 0. 

The differential equation of motion is 


d 

= THe, or scien fin 
1 1 Vo dx 
St a ae 2 SO = 8 
y2 Vo2 2k Or _v Vk =e a 


and 
pla fT yaa ara 
k?u9 
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6. Find the distance passed over in the time ¢, if the accelera- 
tion is proportional to the velocity. Consider both cases where the 
acceleration and.velocity have the same sign and where they have 
opposite signs. 

7. One of the important differential equations in the Theory of 
Electricity arises in the case of an electric circuit with constant 
total resistance R, containing a source producing an electromotive 
force # and a coil of constant self-inductance L. As soon as the 
circuit is closed, the current begins to flow. If 7 is the value of the 
current at any time t (¢ = 0 when?t = 0), the induced electromotive 
force is Ldi/dt. This opposes EZ. The net electromotive force is 
thus EH. — Ldi/dt. Hence 


dt. : 

or - 
di, R._ &E 

GAL AD? 


which is the differential equation determining 7 as a function of ¢. 

Find 7 (a) if # is constant, (6) if H = Epo sin wf, where Ey and w 
are constants, (c) if # is a given function of the time, viz. E(é), 
(d) if, after an interval tp) when the current is %, the source of the 
electromotive force is removed, so that from then on H = 0. 

Case (b) plays such an important réle in the Theory of Elec- 
tricity that. its solution is given here in detail. This equation 
arises in the case of alternating currents, where the electromotive 
force is a periodic function of the time, the period being 27/w, 
and the maximum value of the electromotive force is Ep. 

di. Ry. Hoi. 
Ls 5 pics 9 sin wt. 
An integrating factor is e®//L, 
J. TeRVL = ” eRt/L sin wtdt + c. 
a sin wt — w COS wt pay 
a? ae w? ’ 
ir dhe ss 
RE, 2 wt — w@ COs wt 
ieR/L = 29 4, ___-_ ¢RUL $, 
L R we" 

yt e 


Since f e* sin widt = 
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or 
jeRV/L = Ey R io ones ot pls 
Ey Rsin wt — wl cos wt 
"JPienh Veter ° Te 
Rt/L 
= 7 sin (wt — ) + ¢, 
where 
(10 _ woth earpalaed tomers oot Rec 
Bnei TEAR Te Ve tol 
i- eon sin (at — ¢) + ce~Ri/L, 


Since 1 = 0 when ¢ = 0, it follows that 


Eo 
~ TR + wil? : = Sin ; 
whence 
Eo 


i Vite eae (wt — d) + sin d ert | 


The term ce-R//L usually becomes negligible after a very short in- 
terval of time. The current then becomes periodic with the same 
frequency as the electromotive force. But the two are not in the 
same phase, the current lagging behind by the angle ¢. 

If, now, we impose the more general initial or boundary condition 


that 
t= 0 when t= bho, 


the value of c in the expression for 7 may be found as follows: 
Putting ¢ = t in this expression, we have 
Ey 
” Rea (wtp — b) + ce-Rh/L; 
whence 


c= 5 Sin (wto — p)eRh/L, 


VR PD? fs 
Putting this in the expression for 7, we have 


= Teo sin (wt — d) — op (wtp — 
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Eo 
~ VP Len [sin (wt — ¢) — sin (wt) — h)e-R—-4)/L}], 
Another desirable form of the solution may be obtained by re- 
placing ¢ by its value in terms of w, Land R. From the values of 
sin @ and cos ¢ given above, we have 


tan gd = oe whence ¢ = tant 


Using this, we find that the solution takes the form 


* eo 373 [ sin( wt — tan-} =) 


: L 
— sin( ot — tan-! =) eRe-w/t | 


It will be left, as a simple exercise, to show that, if to = 0, the 
expression for 7 may be put in the form 


cd Eo : oh oL Hi 
= Sara sino — tan") + Seto pee 


8. The rate at which heat is lost by a warm body is approxi- 
mately proportional to the difference in temperature between the 
body and the surrounding medium. If a thermometer registers 
9) degrees in a warm room and is carried into a cooler one where 
the temperature is 6; degrees, the differential equation to determine 
0, the thermometer reading, is 


oO = —k?(06— 0). 
What will be the reading of the thermometer at the end of an 
interval of time ¢ after entering the cooler room? 

If the thermometer is taken from a room in which the tempera- 
ture is 64° into the open where the temperature is 0°, and at the 
end of 1 minute reads 32°, how long will it take until it reads 20°? 
1052 —AP2 

Solving the differential equation, we find, after making use of the 
initial condition, 

6— 0, = (Bo = O1)e-*, 
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The value of —k?, the factor of proportionality, may be found as 
follows: 

In our exercise 0) = 64, 0:= 0. Hence, 6 = 64e-**. Since 0 = 32 
when ¢= 1, we have e*=4, or — k?= log (¢) = — log 2. This 
logarithm is of the Napierian system, as are most of the logarithms 
used in the Calculus. The solution may thus be written 


6= 64()5, or 0 = 64-27, 


To determine the value of ¢ when @ assumes a given value, e.g. 42, we 


must solve 
6. = 64.2- 


for t. This is effected most readily by taking the common (or Briggs) 
logarithm of both sides; thus 


Log 64 — Log 6. 
Log 6. = Log 64 — ¢t Log'2; whence t= Ssqyaeay 


9. The rate of decomposition of radium at any instant ¢ is 
proportional to the amount of radium remaining at the time ¢. 
If half the original quantity disappears in 1500 years, how much 
remains at the end of 1000 years? 

If x is the amount remaining at any time ¢, the law of decom- 
position is 


where —k? is a constant, essentially negative, because the quantity 
of radium is always diminishing. 

10. In some chemical reactions, the rate of conversion of a 
substance is found to be proportional to the quantity of the sub- 
stance still untransformed at that instant. If z is the quantity 
of the substance that has been converted in the interval t, and a 
the quantity of the substance at the beginning, show that 


e="all — ey, 
where k is the constant factor of proportionality. 


11. Find an expression for the quantity of the substance con- 
verted during an interval ¢ if the rate of conversion at any instant 
is proportional to the square of the quantity of the substance un- 
transformed at that instant. 
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12. Find an expression for the quantity of the substance con- 
verted during an interval ¢ if the rate of conversion at any instant 
is proportional to the cube of the quantity of the substance un- 
transformed at that instant. 

13. In a chemical reaction a substance A dendianoser into two 
substances Band C. The rate at which each of the latter is formed 
at any instant ¢ is proportional to the amount of A present at that 
time, the factors of proportionality being different, in general. 
If the amount of A is equal to a when t = 0, and if the amounts of 
B and C, at the instant ¢, are x and y sheng the latter must 
satisfy the differential equations 
—_ hia—a—‘'y) and a kia = 29). 

Solve these and, in par iculans find. ine values of « and y as functions 
of ¢ subject to the conditions that 


=O) y= 0 when ¢ ='05" and re) y= when t= 1 hour. 


Here we have a system of differential equations. But their 
solution can be effected by the successive solution of several single 
differential equations, each involving a single dependent variable. 
Thus, dividing the second equation by the first, we obtain 


a differential Aaa involving z and y only. Its solution is 
hy = ku + ¢. 
Using the ccnditions for t=0 and t=1, we find c=0 and 


k = 2h. Hence, 
y= On. 


Substituting ah in the first diterential equation of the system, 
we obtain 


=== yil (Oves 3a). 


solution may Ber written in the form 


a — 3x = ces, 
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Using the conditions for t= 0 and t= 1, we find c=a and 
es = 4, Hence, 
a — 32 = a: (4)! = a+ 2+, 
n= ail — 2+) and y= 22 = 2 — 2+), 

14. If two chemicals A and B react upon each other to form a 
compound C, a common law is that the rate at which C is formed is 
proportional to the product of the amounts of A and B which are 
still unconverted. Suppose that each molecule of C contains m 
molecules of A and n molecules of B. If the original number of 
molecules of A and B was a and 6 respectively, at the instant ¢ 
there are a — mz unconverted molecules of A and b — nz of B. 
Show that, if bm — an ¥ 0, 

ab[e(om—an)kt — 1] 
© = bmetom—ak — an * 


Consider also the case where bm — an = 0. 

15. Show that the surface of a liquid, rotating with constant 
angular velocity about a vertical axis, assumes the shape of a parab- 
oloid of revolution. [There are two forces acting on each particle 
of the liquid, the centrifugal force and gravity; their resultant must 
lie in the normal to the surface. ] \ 

16. Show that the surface of a mirror which will reflect all the 
light coming from a fixed point along lines parallel to a fixed line 
is a paraboloid of revolution. [Take the fixed point as the origin, 
and the line through the origin and parallel to the fixed line as the 

axis of 2.] 
17. Find the equations of the lines 
a,y) Of force induced by two magnetic 
poles of equal intensities m, at a dis- 
tance 2a apart, 








=v 


Xx 
(a) if the poles are of like sign; 
(b) if the poles are of opposite sign. 

Consider first case (a). 

If the poles are located at two points, A; and Ag, take the line 
joining these as the axis of x and their mid-point as the origin, 
as indicated in the figure. 

The coérdinates of Ai and Az are (—a, 0) and (a, 0) respectively. 
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The magnetic force due to A; on a unit pole at (2, y) is equal to 
m/ry*. Its component in the direction of the axis of x is equal to 


m 
—;5 cos 61, or 


m(x + a) 
71" i rd 4 


Its component in the direction of the axis of y is equal to 


xy 


—> SIN 01 or . 
Tr ’ rie 


Similarly, the components of the magnetic force due to A» on 


the unit pole at (zx, y) are 
oes = 2) and aed 


respectively. Hence the z- and y-components of the total force 
due to both poles are 


gta,z—a 1 1 
m| e+ ; ] and my pb xs 


re T2 





respectively. The slope of the direction of this force is 





1 1 
1G 1 73 ab y(ri? + 193) 
x Grate as inal a)rg = (t — ari 
re Te 


Hence the differential equation of the lines of force is 
dy _ y(n’ + m8) 
dx (x+a)re+ (a — a)ri®’ 


or 
(2 + a)re®dy — yrdx + (x — a)riedy — yridzr = 0, 


or 
(x + a)dy — yr (a — a)dy — ydx _ , 

re T° ‘ 
Since 1:2 = (x + a)? + y? and mm”? = (x — a)? + y’, it is not diffi- 
cult to see, and it will be left as an exercise to show, that the solution 
of this differential equation is 


a@,2-—a 
ete, t—tu,, or cos 6; -+ cos 6 = ¢. 
1 2 


. 
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18. A cantilever beam (that is, one securely fastened at one end 
and free at the other) is subjected to a load of P pounds, suspended 
from the free end. The beam is bent slightly; the length of the 
upper surface of the beam is slightly elongated, that of the lower 
surface is slightly shortened. Somewhere between these there is a 
section of the beam, originally plane, now a cylindrical surface, 
whose length has not been changed. This is known as the neutral 
surface of the beam. The curvature at any point on the section 
of this neutral surface by a plane normal to its elements is given 
by the formula* , 

yl’ M 
curvature = a+ y% aT? 


where M is the bending moment at that point, F is the modulus of 

elasticity. of the material of which the beam is made, and J is the 

moment of inertia of the beam. Since the deflection is slight, y’ 

is very small and its square is much smaller. Hence, the differ- 

ential equation of the plane section of the neutral surface may be 
taken to be 


Ely" = M, 


as a first approximation. 

If thé length of the beam is J, 

‘and the free end extends to the left, 

find the amount of the deflection y of a point at a distance x from 
the free end. .Also find the greatest deflection, that is, for 2 = 0, 
and the value of y’ at that point. (Actually there is no point on 
the neutral surface of the deflected beam whose = 0. But the 
deviation from this for the points on the left-hand boundary of the 
neutral surface.is negligible.) Here the axis of x is the line of inter- 
section of a vertical plane with the neutral surface before deflection, 
and the origin is at the free end, also before deflection. See the 
accompanying figure. 

We shall suppose that # and I are constants, and shall neglect 
the weight of the beam. 

From first principles we have that the bbnltine moment of P, 
with respect to a point at a distance z from it, is 


= Ee ee 
* For hott ts see J. E. Boyd, Strength of Materials, Third Edition, §70. 
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where the — sign is used because we measure distances positively 
upward. The concavity of our curve on the neutral surface is 
downward. Hence, y” is negative. Our differential equation is 


Ely!’ = — Pr. 

Integrating, we find 
, gts 
Ely’ = — ag ine. 
Since y’ = 0 when z = 1, we have c = Pl?/2. Hence, 
Pint PP 
oo eee eee oe —- 
Ely’ = 2 2° 


Integrating again, we find 


Since y 2h when z = I, we have c = P/6 — PB/2 = — PI/3. 
Hence, 


= 
Ye 6EI (4 — 3l?a+ 2/3). 
When z = 0, the greatest deflection is 
Ape 
ine Ey 
When z = 0, we find the greatest value of y’ to be 
7) _2oPOs 
Pino DHE 


19. If, in the previous exercise, the free end extends to the right, 
take the fixed end as the origin of coérdinates, and with this system 
find y and y’ at a distance x along the beam; also find y and y’ 
fora = l. 

Here 

M = —P(I— 2). 

20. If the load is uniformly distributed along the beam of Ex. 18, 
the weight per unit length being w, find y and y’ for any x, and 
for z = 0. . 

Here the bending moment of the part of the load extending from 
the free end to the point at a. distance x from this end, with respect 
to this point, is equal to —wx-«/2, or —wa?/2. Hence the 
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differential equation is 
wx? 


Ely” = — are 
The initial or boundary conditions are the same as in Ex. 18. 
21. If the load is uniformly distributed along the beam of Ex. 19, 
the weight per unit length being w, find y and y’ for any z, and for 
z=. 
- Here the moment of the part of the load 
2 from the free end to the point at a distance 
t » from the fixed end, with respect to this 
point, is equal to —w(l — x)?/2. 
22. The same differential equation 
Ely’ = M 
holds for a beam supported at both ends. Consider the case where 
a load of P pounds is suspended from the middle point of the beam. 
Find the value of y at z = 1/2, and that of y’ at « = 0. 
The initial or boundary conditions are 
y=0 when #=0, “and y’=0 when z= 1/2. 
The forces acting here are the load — P at x = 1/2, and the re- 
actions of the supports at each end, each being equal to P/2. 
For the portion of the beam from the, left end where x = 0 to a 
point at a distance x from this end, the only force to be taken into 
account in determining the bending moment, with respect to this 
point, is the reaction P/2 at the left-hand end. Hence, in this 
case, M = Px/2. (This applies only to the left half of the beam, 
that is, for 0 S 2< 1/2. For the right half of the beam, z must 
be “eye by. Lica.) 

23. In Ex. 22, suppose the load te be uniformly distributed 
along the beam, the weight per unit length being w. 

Here the forces, which must be taken into account in calculating 
the bending moment (with respect to its right-hand end) of the por- 
tion of the beam « in length, beginning at the left-hand end of the 
beam, are 

the resistance wl/2 pushing vertically upward at « = 0, 
the weight of the portion of the beam, wz, directed downward 
at the point z/2 along the beam. Hence, 


wle wa? 
seh as Bei 


J2. 
2 
i 
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The initial or boundary conditions are the same as in Ex, 22. 

24. In the case of the barrel of a gun, which is a hollow cylinder, 
the tensile stress f at a point of the barrel, at a distance r from the 
axis of the cylinder, is given by John Perry in his Calculus for 
Engineers, $56, as equal to p — 2A, where p is the pressure in the 
radial direction at the point due to the explosion of the powder. 
A is a constant to be determined by the conditions of the experi- 
ment, and p is determined by the differential equation 


d 
ro + 2p = 2A. 


If the radius of the inner surface of the barrel is ro and that of the 
outer surface is 71, and if the pressure on the inner surface due to 
the explosion is po (and, neglecting the atmospheric pressure, the 
pressure on the outer surface is taken as zero), find f as a function 
of r. What is its greatest value? 

It will be left as an exercise to show that the general solution of 
the differential equation, determining p, is 


or? = Ar? + B. 
To determine the values of A and B we use the boundary con- 
ditions 
p= po when r=ro and p=0O when r=n, 
1.€., 
poro? = Aro’. t B and O= Ari’?+ B; 


whence 
Porto” 
rT" am To" 


CHAPTER IV 


ADDITIONAL METHODS OF SOLUTION FOR DIFFER- 
ENTIAL EQUATIONS OF THE FIRST ORDER 


IV-1. Equation solvable for y’. We shall now consider the 
problem of solving the differential equation 


(1) | f(x, y, y') = 9, 


where f(z, y, y’) is a polynomial of higher degree than the first 
in y’, whose coefficients are’ rational in ¢ and y. Equation (1) 
is said to be reducible, if it is possible to replace f(z, y, y’) by a 
product of factors, rational in x and y, each of lower degree in y’. 
If the polynomial in y’ cannot be so factored, (1) is said to 
be zrreducible. 
Suppose, now, that (1) is expressible in the form 


(2) fayy) =flz,y, yale, y,y’)- + + felt, y, y') = 0, 
where each of the & equations 
(3) fi(z, Y, y’) = () i= L 250 : -, k) 


is irreducible. Of course, k may be equal to 1, which is the case 
when the original equation is irreducible. We shall suppose 
that all the k equations (8) are distinct.* 

The vanishing of f(x, y, y’) is due to the vanishing of some one 
of its factors. Hence the problem of solving equation (1) can 


be replaced by that of solving each of the equations (3). Let 
the solutions of the latter be 


(4) pi(x, Y; c) = 0) G= Up 23" 4 -,k). 


* Tf f(x, y, y’) has some of its factors repeated, there is no loss in replacing it, 
in (2), by the product of its distinct irreducible factors only. For, the differential 
equation [f;(x, y, y’)” = 0, where r is a positive integer, defines precisely the 
same relation between 2, y, and y’ as j;(a, y, y’) = 0, and has the same general 
solution as the latter. 
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This set of k solutions may be taken as the general solution of (1). 
If desired, the general solution of (1) can be written in the 
form 


(5) gilz, Yy, c) $2 (x, Y, c) wie ae k(x, Y; c) = 0. 


For, the vanishing of the left-hand member of (5) means the 

vanishing of some one of its factors; moreover, the equating of 

such a factor to zero gives a solution of one of the equations 

(3), and hence a solution of (1). But, in general, the & relations 

(4) are distinct, and it is better to treat them as such. 
Consider, now, 


(3) fila, y, y') = 0, 


one of the irreducible equations (3). Let it be of degree 1, 
which may be 1. If r is greater than 1, j;(z, y, y’) may still be 
replaced by a product of r factors, each of the first degree in y’, 
but no longer rational in both y and z. Thus (3’) may be 
replaced by 


(6) ly’ — Fila, y)] ly’ — Faz, y))+ + + ty’ — Fray] = 0. 


The knowledge of any one of the factors enables one to write 
all the others, because f;(z, y, y’) isrationalinzandy. Equation 
(6) is equivalent to the 7 equations obtained by equating each 
of the factors of its left-Hand member to zero, 


(7) y — Fj(a,y)=0 G=1,2,-+*,7). 

If the solution of any one of (7) 

(8) G(x, y, c) = 0 

is algebraic in x and y, the general solution of (6) may usually be 


obtained by rationalizing (8). This follows from the fact that 
Fy(a, y), Fo(x, y),+ + +, F(a, y) are the roots of an irreducible 


equation. 
If (8) is not algebraic, the general solution of (6) may usually 
also be obtained from (8). Thus, see Ex. 3 below. 


. 
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Exercise1. y/? + (c+ y)y’ + zy = 0. 
This equation is reducible and may be replaced by the two equa- 
tions 


y+tx=0 and y +y=0, 
whose solutions are 
2y+ta=c and y= ce, 
respectively. These constitute the general solution of the given 
differential equation. 
If desired, the general solution may also be put in the form 


(Qyct a= c)(p ces) = 10; 
Exercise 2. xy’? — 2yy’ +2 = 0. 

This is irreducible, but may be replaced by the two equations 
ay —y=Vy— 2 and ay’ —y= -—Vy— 2. 
Fixing our attention on the first of these, we recognize it as a 

homogeneous equation. Its solution is easily found to be 





Rationalizing and clearing of fractions, we obtain 
e*x? — 2cy + 1 = 0, 


which is the solution of the given differential equation. Letting 
c = 1/k, the solution may also be put in the form 


x? — Qky + k? = 0. 
Exercise 3. y? + y’? = 1. 


This equation is irreducible, but may be replaced by the two 
equations 


y=Vi-y and y=—V1— 772, 
The solution of the first of these is 
sin-ty=a-+c, or y 


sin (2 + c). 


Either of these forms is the general solution of the given differ- 


ential equation. For, the solution of the second auxiliary equation 
is 


cosy =a+h, or y=cos(e«+hk). 
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These become identical with the previous relations when k= c— 1/2. 
4, xyy’? + (2? — y*)y’ — ay = 0. 
5. (2ry’ — y)? = 823. 6.) (1 + w?)y/?'= 1, 
Ty — (Qe+ y?)y’? + (x? — y? + 2ry*)y’ — (2? — y*)y? = 0. 
8. yy"? — 2ayy’ + 2y? — 2? = 0. 
9. (4y? — 2?)y’? — 6ryy’ + 42? — y? = 0. 
IV-2. Equation solvable for y. If the equation can be solved 


for y,* the following method will frequently be found useful. 
Solving for y, we have 


(1) y = (a, y'). 
Differentiating this, we obtain 

_ ov , ob dy’ 
(2) y’ a; Ox Oy’ dz’ 


a differential equation which is really of the second order, but, 
since y is no longer present, it may be looked upon as an equation 
of the first order in the variables x and y’. It may happen that 
we can integrate this equation. Suppose its solution to be 


(3) w(x, y’, c) = 0. 
Eliminating y’ between (1) and (3), we have 
(4) _ ‘p(t, y, ¢) = 9, 


which is a solution of (1); and, since it involves an arbitrary 
constant, it is the general solution. 

We know that (4) is a solution of (1) from the following con- 
siderations: 

Since (2) was obtained by differentiating (1), every solution 
of (1) is a solution of (2), considered as an equation of the 
second order in x and y. Since (3) is a solution of (2), every 
solution of (3) looked upon as a differential equation in x and 
y is a solution of (2). Thus, the general solution of (3), since it 

* It is not actually necessary to solve for y. So long as the equation (1) 
is linear in y, with the coefficient of y a constant, the method of this section 
may be employed. 


. 
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contains a second arbitrary constant besides c, is the general 
solution of (2), and must, therefore, contain the solutions of (1). 
We proceed now to find the latter, by selecting those solutions 
of (3) which satisfy (1). Equation (1) has an infinite number of 
integral curves,* and so has (3) for each value of c. To find the 
curve, or curves, common to these two families of integral curves 
we shall have to find the equation of the locus of those points for 
which (1) and (3) determine the same value of y’.f But this 
locus is evidently obtained by eliminating y’ between (1) and 
(3). Thus, we obtain one integral curve of (1) for each value of c. 
Hence, when c is an arbitrary constant, we have the general 
solution. 

At times it is easy to integrate (3). Doing this, we obtain 


(5) &(z, Y, C, c’) = 0, 


which, as noted above, must reduce to the general solution of 
(1) for some relation between c and c’. This relation may be 
found by substituting (5) in (1) and noting what condition is 
imposed in order to satisfy the equation. In actual practice, 
however, this method will generally not be as desirable as the 
one given above. 


Exercise 1. 4ay’? + 2zy’ — y = 0. 
This is linear in y, with the coefficient of y a constant. Differ- 
entiating, we have, after collecting terms and factoring, 


(4y’ + 1) (20 + ') =)? 


Neglecting the factor 4y’ + 1, which does not involve the deriva- 
tive dy’/dx, and whose significance we shall see later (§V-3, Note), 
we observe that the resulting differential equation 


2edy’ + y’dx = 0 


* We use this geometrical mode of expression, not because it is essential to the 
argument, but because it helps to fix the idea, 

+ As already mentioned in §III-1, a differential equation of the first order 
may be looked upon as determining y’, the slope of the integral curve, at each 
point (2, y). 
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has its variables separable. Integrating, we find 
ay’ =c, or y! = Vo/z. 
Substituting this in the original differential equation, we have, on 
rationalizing, 
(y — 4c)? = 4cz. 
Letting 4c = k, we have finally 
(y — k)? = ke. 


Exercise 2. 4ay’ — 2y + logy’ = 0. 
Differentiating and clearing of fractions, we have 
Qy'2dx + 4ay'dy’ + dy’ = 0. 
This equation is exact, and has for solution 
2ey'? +- y' =. 
Eliminating y’ between this and the original differential equation, 
we obtain the general solution. However, while it is possible to 
perform this elimination, the result will not be attractive in form. 
It is simpler to solve these two equations for x and yas functions of 
/ 

y’, thus 


ely Tc a ay 


Here our solution is given in parametric form, in terms of the 
parameter y’. 

Such parametric representation is frequently employed. Thus, 
for example, we have the parametric equations of the ellipse 

xz=acosé, y=bdsin#, 
where @ is the eccentric angle, and, again, we have the parametric 
equations of the cycloid 
x = a(9 —'sin 8), y= a(1l — cos). 


8. ry’? — Qyy’ — «= 0. 4, 8y'3 + 12y/? = 27(a + y). 
5. yt ay’ = xy’. 6. 4/2 + 22y’ — y= 0. 

T. 2a°y — stylitridy’®? = 0) 8. (a?—2?)y'?+ 2ayy’+2?=0. 
9. 23y/2+ z?yy’+ a = 0. 10. 422y — 2a°y’ + ay’? = 0. 


__ IV:3. Equation solvable for x. A method, entirely analogous 
to that of the previous section, can be deduced in case the equa- 
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tion can be solved for x.* Suppose the equation to be in the 
form 


GL) ey t= Oy, y’). 

Differentiating with respect to y, we have 
dae 4 _ 90, 96 dy’ 

@) dy 2 dy’ dy" 


Here x no longer appears, and we may look upon this equation 
as one of the first order in y and y’. If we can integrate it, 
we obtain a relation involving an arbitrary constant, 


(3) xy, y’, ¢) = 0. 


On eliminating y’ between (1) and (3), we have the general 
solution. 


Exercise 1. a’yy’? — 2ay/ +y=0. 2 2+ yy’(2y’2?+ 3) =0. 


3. yy’? — 3ay/ + y = 0. 4, y'3 — 4aryy’ + 8y? = 0. 
5.a27y A (Gey =a yer y= 0; 
6. 2yy/? — 38xy’ + 2y = 0. T yy’? + 2ay’ — y = 0. 


8. Find the family of curves for which the length of the normal 
(from the curve to the axis of x) is equal to the square root of the 
length of its intercept on the axis of 2. 


IV-4. Clairaut equation.| If the equation is of the form 
(1) y = ay + fly’), 


where f(y’) is a function of y’ only, the solution is obtained so 
readily that special attention should be given to this form of 
equation, in order that it may be recognized at once. 


* Here, also, it is not necessary to solve for x. The method applies whenever 
the equation is linear in x, with the coefficient of x a constant. 

} This form of equation is named after Alexis Claude Clairaut (1713-1765). 
He was the first to apply the process of differentiation (§§IV-2, IV-3) to the 
solution of differential equations. His application of this method to the 


equation that bears his name appeared in Histoire de l Académie des Sciences 
de Paris, 1734. 
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Using the method of §IV-2, we have 


vps tetrun, 
or 
etry = 


Neglecting, for the present, the factor x + f’(y’), which in- 
volves no differential expressions (see §V-3, Note), we have 


dy’ 
a = 0; whence y’ = ec. 


Putting this value in (1), we have 
(2) y= cx + f(e), 


which is the general solution of (1). 

The student should be able to recognize a Clairaut equation, 
even when it is not solved for y. Obviously, what character- 
izes an equation of this form is that zx and y occur only in the 
combination y — zy’. Hence any function of y — zy’ and y’ 
equated to zero, viz. F(y — zy’, y’) = 0, is a Clairaut equation, 
and its solution is F(y — cz, c) = 0. 


Exercise 1. ayy = yb 1. 
This is obviously in Clairaut’ sform. Hence its solution is known 
at once to be 
(ca — y)? = c? + 1. 
2. xy’? — yy +3 = 0. 8. (2? + ly? — 2ayy' + y? = 1. 
4, xy’? — 2(ry — 4)y’ + y? = 0. 


A common practice, when endeavoring to solve an equation 
which does not come under a known head, is to introduce a 
new variable or variables. In the following set of exercises 
the suggested transformations reduce the equations to Clairaut’s 
form. The student should understand that it is not possible, 
in general, to predict what form an equation will take when 
new variables are introduced. In certain cases, as in a num- 


82 DIFFERENTIAL EQUATIONS IV-4 


ber of those enumerated in Chapter II, the resulting form of the 
equation is known. But, no general rule can be given to deter- 
mine when a differential equation of the first order can be re- 
duced to a Clairaut equation. As a matter of fact, it is only 
in exceptional cases that such a transformation is possible. 
The purpose of the exercises below is twofold: first, to have 
the student obtain further practice in actually carrying out a 
transformation of variables, and, second, to have him recognize 
a Clairaut equation when one arises. 


5. 4a?y = Qaéy’ — ay’2. (Ex. 10, §1V-2.) 


dy _ dy du dy 


ve ee 
Let x u. Then 7! = an Wiad Bo = De Ais , and the equation 


reduces to 


The solution is 
y=cu—ac*, or y= cz? — ac’, 
6. 4¢2%y/2 + Qay’ —1= 0. 


d : 
Let'e?7 =v. ‘Then y’ = = sada and the equation becomes 


Its solution is 
yv=cx+c*, or e% = ca+ c?, 
7. y = 2cy' + yy’. (Ex. 7, §1V3.) [Let y2 = 0.] 
8. a®yy’? — 2ey’ + y=0. (Ex. 1, §1V-3.) [Let y? = 0] 
9. vy?y’? — yy’ + ae = 0. [Let 22 = u, y? ='v.] 
10. (w+ y’)(1+y/)?—2(a+y)(I+y) (e+ yy’) + (at yy’)? = 
[Lett +y=u,v?+ y= 2] 
11. (ay — y)? = 2?(2ry — ay’), [Let y = o2.] 
12. yy’? — 2xyy' + 2y2-— 22 =0. (Ex. 8,§IV-1.) 
[Let x2? -+ y? = ».] 


13. (a? — 2*)y’? + Qayy’ + 22 = 0. (Ex. 8, §IV-2.) 
[Let 2? = u, 2y = v,] 
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14, y+ ay’ = vty’. (Ex.5,§IV-2.) [Let zy = v.] 

15. 4e?y/? + Dey’ — e* = 0. [Let e* = u, & = 0] 

16. . e?%y/5 + (¢* + ¢*)y’ — & = 0. [Let c= = u, ev = ».] 

17. ay? + ayy’ +a=0. (Ex. 9,§IV-2.) [Let 1/2 = u.] 

18. 2a°y — vty’ + 3y’3=0. (Ex. 7, §1V-2.) [Let 2? = u.] 

19. 44y?y’2 — 2(25 + 2y*)cyy’ + y?(2a° + y?) = 0. [Let y?=2.] 
20. 2y?y'2 + 2ayy’ + a?+y?—1=0. [Let2?+y2—1=0.] 


IV-5. Summary. Three methods* for solving a differential 
equation of the first order and higher degree than the first have 
been developed in this chapter. In actual practice, these should 
be tried in the following order: 

1° Solve for y’, and then solve the resulting equations of the 
first degree (§IV-1). 

2° Solve for y, differentiate with respect to z, integrate, and 
eliminate y’ between this solution and the original equation 
(§IV-2). 

3° Solve for z, differentiate with respect to y, integrate, and 
eliminate .y’ between this solution and the original equation 
(§IV:3). 

Evidently methods 2° and 3° may also be used for differen- 
tial equations of the first degree. 

Clairaut’s form (§IV-4),.has been given special prominence in 
this chapter because of the ease of finding its solution. It is, 
of course, solved by method 2°. 

If none of these:methods is applicable, a substitution may be 
sought to bring the equation into manageable form. 


There are certain cases when we can tell in advance that some or all of 
these methods apply. Here the difficulties are those of Algebra or the 
Integral Calculus, and not of the Differential Equations. For example, 
consider the following cases: 

(a) If the equation in 7’ is algebraic and all the coefficients are homo- 
geneous and of the same degree in x and y, then, on dividing by the leading 
coefficient, all the coefficients are homogeneous and of zero degree. Hence, 


* It is almost needless to remark that these methods are not mutually ex- 
clusive. Two, or all three, methods may be applicable to the same equation, 


. 
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if we can solve for y’ (which is an algebraic process), we obtain y’ as homo- 
geneous functions of x and y of degree zero, and the resulting equations are 
homogeneous (§II-2). 

As noted before, the differential equation assumes the form f(y’, y/xz) = 0 
when divided by any one of its coefficients. Hence, if we solve it for y 
(or y/z), we obtain y = zy(y’). Differentiating, we have 

i, am , pele 
y = Vy) + oy) Te, 
where the variables are separable. 

It will be left, as an exercise, to show in a similar manner that method 3° 
also may be employed. 

Hence, in this case, all three general methods are applicable. 

(b) If x is absent, the equation is of the form f(y’, y) = 0. Solving for 
y’, we have y’ = dy/dx = ¢(y). Here the variables are separable. 

Again, solving for y, we have y = ¥(y’). Differentiating, we have 
y’ = '(y’) dy’/dx. Here also the variables are separable. 

Hence, in this case, methods 1° and 2° are applicable. 

(c) If y is absent, the equation is of the form f(y’, x) = 0. Let the stu- 
dent show, as an exercise, that in this case methods 1° and 8° are applicable. 

(d) If the equation is of the first degree in x and y, thus, 

afily’) + yfe(y’) +faly’) = 0,* 
it is readily seen that method 2° is applicable. For, solving for y, we have 
y = arly’) + valy’). 


Differentiating, we have 
/ 
y= vily) + bor’) + wo 
With y’ as the independent variable, this may be written 


dx vy!) _ al (y’) 
ay * hy) 9  —v)? 
which is linear (§II-9). 


Exercise 1. y?(1+ y’”) = a?. 2. yy’= (x — b)y’? +a. 


3. ay’? + ayy’ +1=0. 4. 3cy’? — 6yy’ + a+ 2y=0. 
6 y = y/2(2+ 1). 

6.. zy”? + (2? — y? — o*)y’ — ay = 0. (Leta? = u, 2 = 9. 
7 y? + 2yy’ cot x = y?. 

8 (1+ 2?)y/? — Qayy’ + y2-—1=0. 


* Clairaut’s equation is a special case of this. 
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9. a?y!? — 2(ay + 2y')y’ + y? = 0. 

10. yy? + ay’ — wy = 0. [Let 2? = u, y? = 0] 

11. 2y//2 — 82yy’ ++ 2y?=0. [Let y = 2v.] 

12. 27y/2 + (Q2y — 2”)y’ +y?=0. [Let zy = 2.] 

13. yy’? — 4ayy’ + 22? + y? = 0. 

14, x?y'? — Qeyy! + y? = xy? + a, 

15. ieee =f(V2'+y’). [Letz = pcos, y = psin 6.] 

16. Find the equation of the curves for which the distance of 
the tangent from the origin varies as the distance of the point of 
contact from the origin. 

17. Find the equation of the curves such that the square of 
the length of are measured from a fixed point is a constant times 
the ordinate of the variable point. [Let the constant factor be 8k.] 

18. Find the equation of the curves down each of whose tan- 
gents a particle, starting from rest, will slide to the axis of z in 
the same time. [We saw in Ex. 2, §III-4, that the distance 

/ 
covered in the time ¢ equals 3g? sina. Here sina = Ag aerE| 
/ 
and the distance covered is ed Foe §III-2, (g).] 


CHAPTER V 
SINGULAR SOLUTIONS 


V-1. Singular solution. Let 


(1) $(z, y,¢) = 0 
be the general solution of 
(2) f@,y,y') = 0. 


If the family of curves defined by (1) has an envelope, the equation 
of the latter is a solution of (2). 

It will be recalled that the envelope of a family of 0! curves is 
defined as the curve (or curves) such that, at each of its points, it 
is tangent to a curve of the family.* Now, we have already 
noted (§III-1) that the slope of an integral curve of (2) at each 
of its points (a, y) isa value of y’ determined by (1) for that pair 
of values of x and y. Since the slope of the envelope at any 
point is the same as that of the integral curve touching it there, 
the equation of the envelope must also satisfy the differential 
equation. Moreover, since the envelope is usually not a curve 
of the family [i.e., its equation cannot be obtained from (1) 
by assigning a definite value to the constant c], the equation of 
the envelope is usually not a particular solution. It is known as 
the singular solution. 

We recall further that the envelope of the family of curves 
o(z, y, c) = 0 is obtained by eliminating c between 


dp 
¢(z,y,c) = 0 and Fe 0. 
Exercise1. xy’? — yy’ +1= 0. 
Writing ’ ais in the form 
eo etl 0, 
* See, for example, the author’s Calculus, §115. 
86 
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we recognize it as a Clairaut equation, whose solution is 
(3) ent rey 44 =O, 
Differentiating (8) with respect to c, we have 
(4) 2cxr — y= 0. 
Eliminating c between (3) and (4), we obtain 
y? = 4a, 

which is the singular solution. It will be left as an exercise to 
verify that this is a solution. 

Exercise 2. xy’? — 2yy’ + 2=0. 


This is the equation of Ex. 2, §I1V-1. We saw there that its 
solution is 


c’z? — 2cy +1= 0, 
Differentiating with respect to c, we have 
7 — y = 0. 
Eliminating c, we have the singular solution 
z= 7? = 0. 


Verify that this is a solution of the given differential equation. 


V-2. Discriminant. If f(z) is a polynomial of the nth degree, 
ge" + iat te oaths sit CnstZitk Ons 
we have, by Taylor’s hemrehe 
f(a) ao 


“@ 3 {@) 


fat h)=faQtK@hr or Pra B+ bake, 


where f’(a) = [a2 ipl i ada ol mi en ea 
+ 2Cn-20 + Cn—1) 
teas si wna Me — Leoar* + (n — 1)(n — 2)era" 
as Sats + 2Cy-2, 





{| = 2 | : =n! Co. 
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Putting h = z — a, we have 


AC Rem ey el Oh ire) 


f@) =f@t+f(@e-a + 
From this it is obvious that, if a is a root of f(z) = 0, ie., if 
f(a) = 0, f(z) contains z — a as a factor; and conversely, in 
order that f(z) should contain the factor z — a, we must have 
f(a) = 0. Similarly, if a is a double root, (2 — a)? is a factor of 
f(2), so that we must have f(a) = 0 and f’(a) = 0; conversely, 
if f(a) = 0 and f’(a) = 0, f(z) contains (2 — a)? as a factor, 
and ais a double root.* The necessary and sufficient condition, 
then, that f(z) = 0 have a repeated root, a, is that f(z) and 
f'(z) have the corresponding factor z — a in common. This 
condition obviously depends upon the coefficients of f(z). That 
rational, entiret function of the coefficients whose vanishing ex- 
presses the necessary and sufficient condition that f(z) = 0 shall 
have a repeated root is called the discriminant of f(z). It can 
be shown to be equal to the product of the squares of the differ- 
ences of the various roots of the equation (multiplied by a power 
of c) to avoid fractions). It can be calculated in various ways. 
The process of finding the greatest common divisor will show 
when f(z) and f’(z) have a common factor z— a. But this 
process is apt to introduce extraneous factors. A better way 
is to eliminate z between f(z) = 0 and f’(z) = 0 [or between 
nf(z) — ef'(z) = 0 and f’(z) = 0, which are both of degree n — 1]. 
The result of this elimination is a relation among the coefficients 
of f(z), which expresses the condition that f(z) = 0 and f’(z) = 0 
can be satisfied simultaneously. If all the terms of this relation 


* If f’(a) = 0 also, f(z) contains (z — a)’ as a factor, and a is a triple root. 
Hence, f(a) = 0, f(a) = 0, but f’’(a) ~ 0 are the conditions that a be exactly a 
double root and not one of higher order. 

In an entirely analogous manner it can be seen that f(a) = 0, f’(a) = 0, 
f” (a) = 0,: + +, f") (a) = 0, but f(a) # O are the conditions that a be an 
r-fold root. 

1 The rational operations of Algebra are addition, subtraction, multiplication, 
and division. The first three of these are said to be entire; they do not intro- 
duce fractions. 
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are brought over to one side of the equation and the expression 
is cleared of fractions and radicals, we have the discriminant 
equated to zero. We shall call this the discriminant relation. 
Various methods for eliminating the variable from two poly- 
nomials involving it are given in the Theory of Equations. It 
will be sufficient to recall here that the discriminant of the 
quadratic az? + bz + c is 
4ac — 6, 
while that of the cubic az* + bz? ++ cz + dis 
27a7d? + 4ac? + 4b'd — 18abed — b*c?. 

In the case of ¢(z, y, c) = 0, looked upon as an equation in c, 
the coefficients are functions of z and y. It may be possible to 
find values of x and y, such that this equation shall have equal 
roots. Looked upon geometrically, this means that there may 
be points through which there pass a smaller number of in- 
tegral curves than usual; for to each value of c there corresponds 
an integral curve. The discriminant relation, in this case, is 
the locus of such points. 


V-3. Singular solution obtained directly from the differen- 
tial equation. Since the problem of finding the equation of 
the envelope of ¢(z, y, c) = 0 is identical with that of finding 
the discriminant relation, we see that through each point of the 
envelope there pass a smaller number of integral curves than 
through points of general position in the plane; that is, at 
least two of the integral curves through each point of the en- 
velope coincide. 

Hence, at least two of the directions, determined by the 
differential equation, must coincide at such a point; that is, the 
differential equation f(z, y, y’) = 0, looked upon as an equation 
in y’, must have a repeated root for values of x and y satisfying 
the equation of the envelope. As a consequence, the result of 
eliminating y’ between f(z, y, y’) = 0 and df/dy’ = 0 must also 
give the equation of the envelope and, therefore, the singular 
solution, whenever there is one. 
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As an example, consider the family of circles (x — c)? ++ y? = r?, 
where r is a fixed constant and c is the parameter. The c-dis- 
criminant relation is y2 = r?, ory = -+r. Each of these lines 
is tangent to every circle of the family. Through each point 
on the envelope there passes one and only one circle of the 
family, while through any other point in the plane there pass 
two circles (either real or imaginary, depending upon whether 
the absolute value of the ordinate of the point is less than r or 
greater than 7). 

The differential equation of this family of circles is readily 
found to be 


yd + y) = 9 


In general, this equation determines two distinct directions at 
a point (x, y). But, if y = +7, this equation determines the 
unique value y’ = 0. Also, when y = 0, the two values + o for 
y’ determine the same direction. For this exceptional case 
see §V-4. 

Notr. In the previous chapter we came upon certain 
factors in the course of solving equations, which, while they 
would have led to solutions, did not contain arbitrary con- 
stants, and were therefore neglected at that time. It will now 
be understood that these factors usually lead to singular solu- 
tions. Thus, in the case of an equation in Clairaut’s form 
(§IV-4), 


(1) y = zy’ + fly’), 
the neglected factor is 
(2) t+ f'(y’) = 0. 


But, this is exactly the derivative of (1) with respect to y’. 
So that, if we eliminate y’ between (1) and (2), we obtain 
the singular solution. Again, in Ex. 1 (§IV-2), we neglected 
the factor 4y’ + 1=0. Eliminating y’ between this and the 
original equation, we have x + 4y = 0, which is a singular 
solution of the equation. 
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Remarxk. From the fact that two roots of an equation can be 
equal only when there are as many as two roots, no singular 
solution can exist in the case of equations of the first order and 
degree. But it may, and not infrequently does, happen that 
equations of a higher degree than the first have no singular 
solutions. 

It may be remarked further that at times the singular solu- 
tion is more interesting than the general solution. 

For example, let us ask for that curve which has the property 
of having the length of each of its tangents, intercepted by the 
coordinate axes, equal to the same constant 1. 

From formula (7), $III:2, we have 

(y — ay’)? + y?) = Py”. 
Since this is in Clairaut’s form (§IV-4), the general solution, 
when solved for y, is seen at once to be 
cl 

Up — C0 ae it 
This represents a family of lines whose length intercepted by 
the axes is 1. The equation of the curve, in which we are 
especially interested, is given by the singular solution. This 
is obtained by finding either the y’- or the c-discriminant relation 
(the two being identical in the case of an equation in Clairaut’s 
form). Each oneis , 
72/3 + y?!8 = 12/3, 
which is a hypocycloid of four cusps. 


This may be shown as follows: 
Starting with 





(3) (y — cx)?(1 + c?) = Pe?, 
we have, upon differentiating with respect to c, 
(4) c(y — cx)? — a(y — cx)(1 +c?) = Pe. 
Dividing (4) by (3), we have 
c Sitepe? S ee re Lite OV yrs 
ites i or G! meat el asi e €F)a c? y’ 
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whence 
1 Cc 


5a, or c= -(y/a) 
Substituting this in (3), we have 

(y + 22/syi/3)2(1 + y2/3/22/8) = [2y2/8/92/8, 
Multiplying both sides by x?/3/y?/2, we have 

(y2/3 + 2?/3)8 = 12, or 22/3 + ys = 2/3, 


Exercise 1. Find the curve for which the product of the per- 
pendiculars drawn from two fixed points to any tangent is the 
same for all tangents of the curve. 

2. Find the curve all of whose tangents are equidistant from the 
origin. 

8. Find the curve for which the area enclosed between any tan- 
gent and the codrdinate axes is a?, the same number for all tangents 
of the curve. 

4. Find the curve such that the sum of the intercepts of a tan- 
gent on the coérdinate axes is the same for all tangents of the 
curve. 

5. Integrate the following equations and examine them for sin- 
gular solutions: 


(a) xy’? — 2(ry— 2)y’+y?=0, (b) zy*-—y=0, 
(eiay?—yy' + L==,0; (d) (y— zy’)? = b? + aty’”?, 
(e) yy’? — 2ay’ + y = 0, (if) Q2)y2tya d=; 


V-4. Extraneous loci. We have noted that the c-discrimi- 
nant relation is the equation of the, locus of points through 
which pass a smaller number of integral curves than usual. 
We have also seen that the y’-discriminant relation is the locus 
of points at which a smaller number of directions than usual is 
determined by the differential equation. Points on the enve- 
lope of the family of integral curves lie on both of these loci. 
The question arises, do either of these loci contain points which 
are not on the envelope? 

If an integral curve has a double point, at this point there will 
be two branches of the curve with distinct tangents. Since 
there are only n values of y’ (if the differential equation is of the 
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mth degree), there can be only n — 2 other curves through this 
point. Hence this point must be on the locus of the c-dis- 
criminant relation. And if there are oo! integral curves having 
double points, or nodes as they are sometimes called, the locus 
of these points (known as the nodal locus) will be given by the 
c-discriminant relation. Excepting in the unusual case where 
this locus is also an envelope, its equation will not satisfy the 
differential equation. The two cases are illustrated by the 
accompanying figures. Moreover, since, in the general case, 





there are still n distinct values of y’ on the nodal locus, the 
equation of the latter does not appear in the y’-discriminant 
relation. 

A special case of a double point is a cusp, which may be 
looked upon as the limiting case of a double point, where the 
loop has shrunk up to the point and the two branches of the 

1 curve have become tangent. The equation 
of the locus of the cusps of the integral 
curves, known as the cuspidal locus, found 
when the equation of the envelope is sought, 
will be a solution only 
in case this locus is 
also an envelope. 
Otherwise, it is not a 
solution. Note the 
accompanying figures. 

In the case of a cusp, not only is the number of integral 
curves through that point at least one less than the usual num- 
ber, that is, not only does the c-discriminant vanish at this 
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point, but two values of y’ are equal there, since the tangents 
to the two branches of the curve coincide, that is, at such a 
point the y’-discriminant also vanishes. Hence the equation 
of the cuspidal locus must also appear in the y’-discriminant 
relation. 

These extraneous loci, whose equations, in general, are not 
solutions, have arisen as results of peculiarities of the integral 
curves. Thus, if the integral curves are known to have no 
double points or cusps, it is clear there can be no nodal or cus- 
pidal loci. But, an extraneous locus may arise, irrespective 
of the character of the integral curves. Wherever two distinct 
integral curves are tangent to each other, while the number of 
curves through that point is unaffected, the number of distinct 
values of y’ is diminished. Hence the y’-discriminant vanishes 
at that point, and the locus of such points, if it exists, will be 
given by the y’-discriminant relation. This locus is known as 
the tac-locus, and its equation does not, in general, satisfy the 
differential equation; neither does it appear in the c-discrimi- 
nant relation. 

Thus, in the case of the family of circles referred to in §V:3, 
the y’-discriminant relation is found to be y?(y? — r?) = 0; 
here y = -t r is the envelope, while y = 0 is the tac-locus. By 
actual trial, it is found that y = 0 does not satisfy the differ- 
ential equation. 

It may be noted further that each of the factors y + r and 
y — 7 appears once in both the c- and y’-discriminants, while the 
factor y appears squared in the y’-discriminant. 

These facts are consistent with the general principle proved by 
Professor M. J. M. Hill in the Proceedings of the London Mathe- 
matical Society, Vol. 19 (1888), p. 561. In this memoir he 
showed that, in general, the factors in the c-discriminant corre- 
sponding to the envelope, nodal, and cuspidal loci occur once, 
twice, and three times respectively; while those corresponding 
to the envelope, tac-locus, and cuspidal locus occur once, twice, 
and once respectively, in the y'-discriminant. 
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At times, as the parameter approaches a certain value, the 
curves of the family approach a limiting one, usually different 
in shape from all the others. Occasionally, this particular curve 
of the family has the property of meeting all the others in the 
same points.* Excepting at these points (through which there 
is an infinite number of curves), a smaller number of curves than 
usual pass through every point of the particular curve. Hence 
the equation of the latter is given by both the y’- and c-dis- 
criminant relations. Moreover, it is found that the factor cor- 
responding to this particular solution appears once in the 
c-discriminant and three times in the y’-discriminant. 

Thus, in the case of the differential equation 


ey’? + 2?yy’+a=0 (Ex. 9, §IV-2) 
the y’-discriminant is 
23 (xy? — 4a). 
The integral curves are the equilateral hyperbolas 
ax + cry + c* = 0, 


each of which has the axis of y as an asymptote. This is also 
a particular curve, obtained by putting c = 0. This particular 
curve is thus tangent to each of the others at infinity. No 
other integral curve passes through any point on z = 0 at a 
finite distance from the origin. The c-discriminant is 


x(xy” — 4a). 


Here xy? — 4a = 0 is the singular solution. 

The following table indicates the number of times the fac- 
tors corresponding to these various loci usually} appear in the 
c- and /-discriminants: 


* See H. Bateman, Differential Equations (1918), §§38, 39. Also, M. Petro- 


vitch, Mathematische Annalen, Vol. 50 (1918), p. 103. . , 
+ Instances, where these numbers do not seem to hold, arise occasionally. 


For example, see H. T. H. Piaggio, Differential Equations, 2nd Ed., §161. 
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c-discriminant y’-discriminant 
envelope 1 envelope il 
particular curve 1 particular curve 3 
nodal locus 2 tac-locus 2 
cuspidal locus 3 cuspidal locus 1 





In case any locus comes under two headings, the corresponding 
factor occurs the number of times it should for each of them; 
thus, if a tac-locus is also an envelope, that factor occurs once 
in the c-discriminant and three times in the y’-discriminant; 
again, if the cuspidal locus is an envelope, the corresponding 
factor occurs four times in the c-discriminant and twice in the 
y’-discriminant; and so on. 

If the same integral curve is determined by two distinct 
values of the arbitrary constant, the equation of this curve 
will appear as a tac-locus; that is, its left-hand member will 
appear twice as a factor in the y’-discriminant. 

Thus, consider the family of nodal cubics 


y? = a(x — c)*, 
Its differential equation is 
(2xy’ — y)? = 823. 
The c- and y’-discriminants are, neglecting constant factors, 
xy? and =z 


respectively. 

Here the factor y, appearing twice in the c-discriminant and 
no times in the y’-discriminant, suggests that y = 0 is a nodal 
locus. Examination of the family of integral curves verifies 
this fact. 

Further examination of this family shows that the axis of 
y is a particular curve, in the sense that it is tangent to each of 
the other integral curves at the origin. This will account for 
the factor x occurring once in the c-discriminant and three 
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times in the y’-discriminant. But, in addition, x = 0 may 
be obtained from the general solution by putting c = + 0 
and c= — 0. Hence, x = 0 plays the réle of a tac-locus. 
This will account for the factor x occurring two additional times 
in the y’-discriminant, or five times in all. 

Attention should be called to the fact that the number of 
times a factor appears in each of the discriminants is often 
helpful in enabling one to classify the loci obtained by equating 
them to zero. But, since the same combinations of numbers 
may often be interpreted in several ways, it is obvious that 
consideration of these combinations is to be used as a guide 
only. A drawing of a representative set of integral curves will 
usually aid materially in interpreting the analytic result. 

Moreover, the process of finding discriminants is frequently 
beset with chances to introduce or to drop a factor, so that, 
unless great care is taken, the number of times a factor is found 
to occur may not be the correct one, and inferences drawn from 
it will be false. In actual practice, it is desirable to find both 
the y’- and the c-discriminants, and then to test their various 
factors, equated to zero, to see if they satisfy the equation. In 
this way, if a factor has been lost in either one of the discrimi- 
nants, its appearance in the other will keep it from being lost 
as a solution. 

In certain cases there can be no doubt. Thus, if the degree 
of the equation is two or three, the use 
of the formulas mentioned in §V-2 will 
give all the factors occurring the correct 
number of times. Again, in case the 
integral curves are straight lines or 
conics, there can be no nodal or cuspi- 
dal loci. 








Exercise1. xy’? — (x — 1)? =0. 
The general solution is readily seen to be 
9(y + ¢)? = 4x(¢ — 3)?, 
which is the equation of a family of nodal cubics, each of which 
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is tangent to the axis of y and has its node at the point (3, ¢). 
See figure, page 97. 

The y’-discriminant relation is x(7 — 1)? = 0, while the c-dis- 
criminant relation is z(z — 3)” = 0. 

Here x = 0 is common to the two. It also satisfies the equation. 
(For the line « = 0, y’ = © at every point.) Hence it is the 
singular solution. 

But z— 1=0 occurs in the y’-discriminant only. It is the 
tac-locus. (Notice that this factor occurs twice.) 

And z— 3 = 0 occurs in the c-discriminant only. It is the 
nodal locus. (Notice that this factor occurs twice.) 

Exercise 2. 27xy"? = 8. 

The general solution is easily found to be 


(y +c)? = 2%, 
a family of semi-cubical parabolas. If we neg- 
lect constant factors, the c- and y’-discriminants 


may be written, 
ty ronda a 


respectively. Examination of the family of 
integral curves shows that «= 0 is the equa- 
tion of the envelope. It satisfies the differ- 
ential equation, since y’ = along this line is 
consistent with the differential equation. 
Moreover, x = 0 is the equation of the cuspidal locus. See figure. 
Exercise 3. 4y’? = 9x. 

The general solution is 

(y +c)? = a, 


Here the y’-discriminant relation is = 0, and the c-discrimi- 
nant relation is x? = 0, ! 

It is obvious that x = 0 does not satisfy 
the equation. It is acuspidal locus. See 
figure. 

4. yy’? = 1, 

BNO 4y) iy? = AL 9), 

6. (a — xy? + (y— z)y’ +y=9. 

7. Examine the following equations for singular solutions and 
extraneous loci: 


—— 


Se Ee 
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§IV-1, Ex. 3, 8 

§IV-2, Ex. 1, 4, 5, 6, 7, 8, 10 

§IV-3, Ex. 1, 3, 4, 5, 6, 7, 8. 

§IV-4, Ex. 1, 2, 8, 4, 9, 10, 11, 19, 20. 


129.3, 
§IV-5, Ex. 2, 3, 4, 5, 8, 12, 13. 


V-5. Summary. We have seen that the equation of the 
singular solution (or of the envelope) is given by both the 
c- and y’-discriminant relations (§§V-1, V-3). Moreover, the 
c-discriminant relation gives rise to the nodal and cuspidal 
loci, while the y’-discriminant relation gives rise to the cuspidal 
and tac-loci, and both of them, at times, give rise to a par- 
ticular solution (§V-4). For the number of times the corre- 
sponding factors occur in each discriminant, see table in §V-4. 

The theory as given here was first developed by Arthur 
Cayley (1821-1895), Messenger of Mathematics, Vol. II (1873), 
p. 6; Vol. VI, p. 28. For illustrative examples, see J. W. L. 
Glaisher, Messenger of Mathematics, Vol. XII, p. 1. 

It should be noted that, in general, a differential equation 
has no singular solution. For, solving f(z, y, y’) =0 and 
of/dy’ = 0 for y and y’, we have 

y = $(2), y’ = gals). 
In order that this value of y be a solution, we must have 


We )= wo, 


which is not true, in general. Darboux proved that, in general, 
the result of eliminating y’ from the above two equations is 
the equation of the cuspidal locus. (Bulletin des Sciences 
Mathématiques, Vol. IV, 1873, p. 158.) Picard also gives a 
proof of this in his Traité d’ Analyse, Vol. III, Chap. III. See 
also, for example, Fine’s article in the American Journal of 
Mathematics, Vol. XII; Chrystal, Nature, 1896; Liebmann, 
Differentialgleichungen, p. 95. For singular solutions of dif- 
ferential equations involving the derivative transcenden- 
tally, see Professor M. J. M. Hill, Proceedings of the London 
Mathematical Society, Series 2, Vol. 17 (1918), p. 149. This 
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memoir contains an account of the development of the theory of 
singular solutions. In this connection, reference may also be 
made to S. Rothenberg, ‘‘ Geschichtliche Darstellung der Ent- 
wicklung der Theorie der singuliren Lésungen,” Abhandlungen 
zur Geschichte der Mathematik, Leipzig, Vol. 20 (1908), p. 3. 


CHAPTER VI 


LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT 
COEFFICIENTS 


VI-1. General linear differential equation. A linear differ- 
ential equation is one which is of the first degree in the dependent 
variable and all of its derivatives. Its general type is 


(1) Xay™ + XiyO) + Nay) + Xpay! + Xwy = X, 


where Xo, X1, X2,+ ++, Xn, X are functions of x or constants. 
If we write y’ = Dy, y”’ = D’y,- - -,y™ = D*y, we can write 
(1) in the following convenient form, 


(XoD" + X,D.-1+ X,D22+- +--+ X41D+ Xn)y = X, 


or 
F(D)y = X, 


where F(D) is the polynomial X,D" + X,D*!+-+++-+ X, 
which represents symbolically the differential operator 


n -1 
yee Xie tt Ree 

Two properties of linear differential equations which are of 
service in their solution deserve especial mention here: 

1° Suppose X = 0. In this case the equation is said to be 
a homogeneous linear differential equation, since all of its terms 
are of the first degree in y and its derivatives. (When not 
homogeneous, the equation is said to be a complete linear differ- 
ential equation.) If y = y: satisfies the equation, y = ci, 
where c; is a constant, will also satisfy it. For, since 
D¥(cy) = c,D'y1, F(D) (cry) = oF (D)ys. But, by hypothesis, 
F(D)y;:.= 0; hence F(D)(exy1) = 9. 

Moreover, if y = yz is also a solution, and ¢; and c are any 
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constants, y = ¢ciyi + cy will be a solution. For, since the 
derivative of a sum is equal to the sum of the derivatives, i.e., 
D¥(y1 + y2) = D*y: + D*y, we have 


F(D)(ciy1 + coye) = F(D)(c1y1) + F(D) (coy2) 
oF (D)yi + @F (D)y2 = 0. 


Similarly, if we know r particular integrals,* y1, y2,° °°, Y, 


y = cryi + oye ts + + + rye 


will be a solution. Since the general solution of a differential 
equation of the nth order is a solution which involves n inde- 
pendent arbitrary constants, we have the property: 

A. If yi, yo,° + *,Yn are n linearly independent} particular 
integrals of a homogeneous linear differential equation of the nth 
order, the function cyy1 + Cxye ++ + + + CuYn ts tts general integral. 

If the particular integrals are not linearly independent, the 
solution found above will not be the general solution. Thus, 
suppose there exists the relation ayy; + doy2 ++ + * + AnYn = 0, 
where the a’s are constants, and not all of them are zero. If a, 
is different from zero, 


and the integral becomes 


a1 ag On= 
(« os a oy a att (« oF wt 6p as duiocta (cm TF — cn Yori 


where only m — 1 independent constants are involved. 


* If y = y, is a solution of a linear differential equation, we shall say that 
Up is an integral of the equation. 

t+ The n functions yi, y,* > +, Yn of a single variable are said to be linearly 
independent if it is impossible to find n constants aj, d2,* + +, an such that 
ayy + aeye ++ + + + anyn shall vanish for all values of the variables. Thus, 
yi = 2a — x, yo = x + x, ys = w are evidently not linearly independent, since 
vi + y2 — 3y3 = 0; ie., it equals zero for all values of z, or, as it is usually 
expressed, yi + y2 — 3y3 vanishes identically. 

For a formal statement and a proof of the condition for linear independence 
of a set of functions of a single variable, see Note II in the Appendix. 
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Remark. Attention should be called to the fact that it 
is immaterial how these particular integrals are obtained. We 
shall see that in a class of equations of frequent occurrence, 
these can be found by purely algebraic means; in other cases, 
some of them can be found by inspection. 

For convenience of language, the general integral of the 
homogeneous linear differential equation, obtained from (1) by 
replacing the right-hand member by zero, is spoken of as the 
complementary function of (1). 

2° If Y = cys + coy ++ + + + cyym is the complementary 
function of (1), and if we know (no matter by what means) 
a particular integral, V, then Y + V is the general integral of 
(1). For, since the equation is linear, 


JODY a Vu f(D) Virb OD) = 0 X= eX. 
Hence the property: 
B. The general integral of a complete linear differential equa- 


tion is equal to the sum of its complementary function and any 
particular integral. 


VI-2. Linear differential equation with constant coefficients.* 
Complementary function. Consider the equation 


(1) hoy) + kay) + hay) +--+ + + + kn-ay’ + khny = X, 
or has! 

(koD® + ky D2 + kgD? +--+ ++ kniD + kn)y = X, 
or 

f(D)y = X, 
where ko, ki,* * *, ky, are constants. 
We shall suppose, throughout §§VI-2, VI-3, VI-4, that X = 0. 

Then 
(2) f(D)y = 0. 


* The methods given here are due to Leonhard Euler (1707-1783) and Jean- 
le-Rond d’Alembert (1717-1783). 
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Putting y = e”*, we have Dy = me™,- ++, Dy = me™; 
hence 
f(D)em™ = em*f(m). 
For e” to be an integral of (2), m must satisfy the equation 
(3) f(m) = kom” + kim) + kam? + + + + + ky-am + ky = 0. 


Each root of (3) leads to an integral of (2). If the roots 
M1, M2,* * *, M, are distinct, the integrals e%", e",- - +, e"n™ 
will be linearly independent, and, in consequence of A, §VI-1, 
cye™* + coem™® +. + » + ¢,e"n will be the general integral of (2). 

Remark. Equation (3), which is so readily obtained from 
equation (2), is often referred to as the auxiliary equation.* 

Exercise1. y’’ — 3y’ + 2y = 0. 

The auxiliary equation is m* — 3m + 2 = 0. Its roots are l, 2. 
Hence the general solution is 

y = cye* + ce”, 
Exercise 2. y'’ — 6y’ + 25y = 0. 
The roots of m? — 6m-+ 25 = 0 are 3 + 4%, where i = V—1. 
Sy = cette + oe or y= e8*(cyet#® 4. coe tit), 


3. y/"’ — y' =.0. 4. (D'— 2D?— D+ 2)y=0. 
5. yy’ + 4y = 0. 6. y!” + a” — 4y’ — 4y = 0. 
7. (Dt — 1)y = 0. 8. (6D? + D—1)y=0. 


VI-3. Roots of auxiliary equation repeated. If any roots of 
the auxiliary equation are repeated, the method of §VI-2 does 
not give us 7 linearly independent integrals, and, consequently, 
it does not give us the general solution. In this case we try 
the more general substitution y = e”* ¢(x), where ¢(z) is a 
function of x entirely at our disposal. Then 

Dy = em*[mp + D®], 

D?y = e™[m°o + 2mD¢d + D9], 

Dy = ev [mo + 3m?Dd + 3mD*o + Dd], 


* It is also known as the characteristic equation. 
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Dry = emz [ me + nm"-!Do + near el) mr D%p +... 


eet = Ue : ators nib 4) 


r! 


mr Dip tee et pve | 


Hence, 
f(D)y = er=| f(b +5" (m) Db + F.f"(m) D+ + + - 
at 
+ fC) Dep ++ + «+ 4 som(m) Dre 


where f'(m) = 7-f(m),+ + +, fm) = © fom), 





If m; is an r-fold root of f(m) = 0, we have (§V-2) 
f(m1) = 0, f’(mi) = 0,+ + +, f°-Y(m) = 0, but f(m1) ¥ 0. 


In this case f(D)y will vanish if y = e™*¢(x), provided 
D’'¢ = 0, whence all the higher derivatives of ¢ are also zero; 
ie., provided ¢ = cx"! + cor’? + +++ + Gye + c,, where 
C1, C2, ° * *,¢, are any constants whatever. Hence we see 
that, 7f m: is an r-fold root of the auxiliary equation, not 
only is e* an integral of the equation, but so also are xe™*, xe", 
- + +, af-lem*,i.e., corresponding to an r-fold root we have r 
linearly independent integrals. Consequently, whether the 
roots of the auxiliary equation are repeated or not, the n linearly 
independent integrals necessary for obtaining the comple- 
mentary function (A,.§VI-1) are always supplied by the 
auxiliary equation. 


Exercise 1. (4D? — 3D+ l)y = 0. 
The roots of 4m? — 3m + 1 = 0 are 3,3, — 1. Hence the gen- 
eral solution is y = (c1 + cr)e*/? + cse™*. 
2. (D?— D?— D+1)y=0. 3. (Dt+2D'— 2D— 1)y=0. 
4, (D'— 6D?+ 9D)y = 0. 6. (D¢+3D*+ 3D*+ D)y = 0. 
6. (Dt — D*)y = 0. 


VI-4. Roots of the auxiliary equation complex. If the co- 
efficients of the differential equation are real, while some or all 
of the roots of the auxiliary equation are not, we can, by a proper 
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arrangement of the terms in the complementary function, have 
the latter involve real terms only. For, if the auxiliary equa- 
tion has a root a +78, it will also have a — 76 as a root, since 
its coefficients are real. Two terms of the complementary func- 
tion will then be 

cye(e+i8)x +- coe (e—18) x, or aod CaN ata of c2e—i8*) , 


Now, e#* = cos Br +7 sin 6x, and e** = cos Bx — 7 sin Bz. 
Hence our pair of terms may be written 


e**[(c, + ce) cos Bx + i(c1 — C2) sin Bz]. 


Putting 
G+t+e =A and i(c1 — &) = B, 


we have 
ex*(A cos Bx + Bsin Bz), 


where A and B are the two arbitrary constants. 
Another form in which this may be written is 


ae sin (Bx + ¢),* or ae cos (Bx + yp), 


where a, ¢, and w are arbitrary constants. For interpreting the 
solutions in physical problems, the latter forms are sometimes 
preferable. 

It is not difficult to show that, in case a pair of such roots is 
repeated, the corresponding part of the complementary function 
may be put in the form 


ee*( A, cos Bx + By sin Bx) + xer%*(Ag cos Bx + Be sin Bz), 


* For, A cos Bx + B sin Bx may be written 
VETER (AL ROBEY 
Wp, 77 cos Bx + Jai Re sin Bx-). 

Since the sum of the squares of A/V A? -+ B? and B/V A? + B? equals unity, 
these may be taken as the sine and cosine of some angle, e.g. ¢. If we put 
VA?+ B? = a, our expression becomes a(sin ¢ cos Bx + cos ¢ sin Bz), or 
asin (8x + ¢). 

Or, if we put A/V A? -+ B? = cosy and B/V A? -+ B®? = — siny, our ex- 
pression becomes a(cos ~ cos Bx — sin y sin Bx), or a cos (6x + y). 
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or 
e**[(A1 + Asx) cos Bx + (By + Box) sin Bx]. 


And in case such a pair occurs as r-fold roots, the corresponding 
part of the complementary function may be written 
em [(Ay + Age +++ - + A,27-) cos Bx 
+ (Bi + Box ++ + ++ B,zt-) sin Bz]. 
Exercise 1. In the case of Ex. 2, §VI-2, 
a = 3,8 = 4, so that the solution may also be written 
y = &(A cos 4x + B sin 42), 


or 
y = ae sin (42+ ¢), or y = ae cos (4a +y). 
2. y'’ + 2y = 0. 3. yv— y = 0. 
4, (D*+ 2D?+ 1)y = 0. 6. (D'— D?+ D)y=0. 


Remark. For the purpose of interpreting the solution of 
certain problems in Physics, it is desirable at times to introduce 
hyperbolic functions in place of the exponentials corresponding 
to two real roots of the auxiliary equation. Here we make use 
of the formulas e* = cosh x + sinh z, e* = cosh z — sinh z. 

First, suppose that two roots of the auxiliary equation are 
real and equal, except for the sign. Let them be m and —m. 
The corresponding terms of the complementary function are 


“cyem™ oe ce rt"; 
which may be written 
(c1 + c2) cosh ma + (c1 — C2) sinh ma, 
or 
A cosh mz + B sinh mz. 

Using the addition theorem for the hyperbolic functions, we 
can also write this in the form 

acosh (mz + b), when A? > B?, 

esinh (mz +d), when A? < B?. 


Here a, b, c, d are arbitrary constants. 
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As an exercise, find the values of a and 8, and of ¢ and d, 
in terms of A and B, in their respective cases. 

If, now, m; and m, are any two real roots of the auxiliary 
equation, we make use of the fact that two real numbers, & and 
I, exist such that 


m=k+t and m=k-—l. 


Then 
cye(Rt) + cye(k—-De 


may be written 
e(ere> =F exe), 


or 
e'(A cosh lc + B sinh Iz). 


VI-‘5. Particular integral. From what has gone before, it is 
clear that the problem of solving a complete linear differential 
equation with constant coefficients naturally resolves itself 
into first finding the complementary function and then finding 
a particular integral. 

The former of these has been disposed of very satisfactorily. 
It has been shown to depend upon the solution of an algebraic 
equation. 

Correspondingly, we shall show (§§$VI-7, VI-8, VI-9) that the 
problem of finding a particular integral can be solved by n 
quadratures in the case of a linear differential equation of the 
nth order. In certain cases, these quadratures. can be carried 
out readily, and such general methods prove entirely practical. 
In other cases, they are found to be cumbersome and unneces- 
sary. Many special methods have been devised for avoiding 
them. In this treatise we shall present three general methods, 
each of which has its own practical advantage, and shall con- 
clude with a special method, applicable to most cases that 
actually arise. 


VI-6. Properties of the symbolic operator (D — a). In this 
discussion, a is a constant. 
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1° (D — a)y means ~ — ay. Similarly, (D — 6)y means 
d. 
- — By. Hence, (D — a)y + (D — B)y means 2 2 — (a+f)y, 


ceare may be written symbolically [2D — (a + atk y. That is, 
the result of operating on y with (D — a) and (D — 8) sepa- 
rately and then taking the sum is the same as operating on 
y with 2D — (a+ 8). Hence we see that the operation re- 
sulting from taking the sum of the results of two operations of 
the type here considered can be obtained symbolically by taking 
the sum of their symbolic representatives. Thus, we can write 


(Di a) CD — 8) = 2D — (a + 8). 


Evidently, this rule applies to the sum of any finite number 
of such operators, and also to the difference between any two 
of them. 

dy 


2° (D — B)(D — a)y means (4 - ) (# —_ at), which is 


d’y 
dz? 
on y with (D — a), and then on the result with (D — 8), is the 
same as operating on y with D? — (a+ 6)D-+ af. Hence 
we see that the operation resulting from the successive performance 
of two operations of the. type here considered can be obtained 
symbolically by taking the product of their symbolic representa- 
tives. Thus, we can write 


(D — 8)(D—a) = D?— @ + B)D + af. 


Moreover, owing to the symmetrical way in which a and 8 
appear in the right-hand member, we see that the order of the 
operators on the left is not essential, or, as it is usually stated, two 
operations of the type here considered are commutative. 

Obviously all this applies to any finite number of operations 
of the type here considered. 

The results of this section can be summarized as follows: 


— (a+ £B) ow + aGBy. That is, the effect of operating first 
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The symbolic representatives of operations of the type here con- 
sidered behave like algebraic quantities for the processes of addition, 
subtraction, and multiplication. 

Remark. Since any polynomial in D with constant co- 
efficients is a product of linear factors, this theorem applies also 
to operators whose symbolic representatives are polynomials 
in D with constant coefficients. Thus, if the roots of the auxil- 
iary equation of a linear differential equation, with constant 
coefficients, are m1, M2, - + * , mM», (whether these are all distinct 
or not), we may write the differential equation in the form 


ko(D — m1)(D — ma)+ + + (D— tmn)y = X. 


VI:7. Method of obtaining a particular integral. A general 
method for obtaining a particular integral of a complete linear 
differential equation with constant coefficients (and, for that 
matter, another method for obtaining the complementary 
function, as well) results from the following considerations: 

Consider the differential equation of the third order 


(1) f(D)y = (D — m)(D — m)(D — ms)y = X, 
in which kp = 1, and the m’s are distinct.* 
To find an integral of this equation we must determine a 


function of x, such that, when f(D) operates on it, the result is X. 


Let (D — m:)(D — ms)y = u, where u is a new function. 
Then (1) reduces to 


d 
(D— m)u = X, or — myu = X. 


This is a linear equation of the first order, and e-™* is an in- 
tegrating factor (§1I-9). Hence, 
emmity, = ih em Xdz-+'c, or ‘w= emt f emt X dx + ceme*; 
ie., 
(D = 1ma)(D ~ may = eme fe-meXdx + come, 


* This is selected for simplicity, and yet is adequate to illustrate the general 
case. | JAS 
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Now let 
(D — ms)y = ». 
Then 


(D pass Mz)v = ems f e-meXdx + ceme, 


This is also linear and of the first order; hence an integrating 
factor is e~”**. Introducing this, we have 


c 
ve-mat = Sermons] fe-msxds |ax + a eeonen' +c’, 
or 
v= eras f etm -mool ff mx ] Sieg de ie ! 
1 emt X dx de arian emt hriaiet 
Hence, 
(D — ms)y = emt [ e(m—ms)a [ fem=xas | dz + c!’em* + clemsx, 


where 
ae Ts 
mM, — ™," 
This, too, is linear, and an integrating factor is e~-™*,. Using 
this, we have 


ye-ms* = Seommae | foom—mie[ fo-mexac |ac| dx 


c! 


ur 
c 
+ —_____ ¢m1—ma)x 1. ——__¢(m2—ms)x 
Mi,— ™3 =e Ma, — M3 mis C3, 


y= emet f elom—ms {feom-moe[ ferm=xds ar| dx 


ferem*® + coeme® + cgems*, 


or 


This suggests the following form of solution* when the equa- 
tion is of the nth order and all the roots of the auxiliary equation 
are distinct: | 


L i tales ‘enna oo ff eom—mare f ¢maX (de) 
+- cyem* oi Coemae “+ APY + Cyemnt, 


* To prove this, we simply need assume it for the nth order, and show that 
it holds for the (n + 1)st order. This will be left as an exercise. 
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Remark. In the second line of I we have the complementary 
function, with which we are already familiar (§VI-2). (Let the 
student show that in the case of repeated roots of the auxiliary 
equation this method leads to the result found in §VI-3.) In 
the first line we have the particular integral, whether the roots 
of the auxiliary equation are distinct or not. Since the order 
of the factors in (1) is immaterial, it is desirable to take the m’s 
in such an order as to simplify the successive quadratures that 
must be performed. 


Exercise 1. 9/7 = yj"! —2y' = e-*. 
The auxiliary equation is 
m— m— 2m =0. ..m= 0,—1,2, 
The complementary function is 
Y = c1 + me + ce, 


The particular integral is 


V= om feta: f etorne f e-z(ae? 
fe fee) (dr)? ae | far lax 


= —o fe-*xdz = Lye-t + fers, 

Since e~ is already part of the complementary function, it will be 

sufficient to use 4xe~*, thus giving the general solution 
y = C1 + ce? + cze?* + 4re-*, 

If the m’s are chosen in the order 0,.2, —1, the quadratures are 
simpler. 

2. y'’ + 3y’ + 2y = e*. 

8. (D+ 3D?+ 3D+ 1)y = 2e* — xe-, 

4, (D? — iy = sin 2. i — 1)2y = rebate, 

( D— 2) = sina 6. (D —})*y Gaye: 

VI-8. Another method of finding a particular integral.* 
The general method of finding the particular integral given in 

* This was first published by Lobatto, Théorie des Caractéristiques, Amster- 


dam, 1837. Independently it was given by Boole, Cambridge Mathematical 
Journal, 1st series, Vol. II, p. 114. 
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§VI-7 is frequently long. At times, the first quadrature is 
readily obtained, but the successive ones are apt to be tedious. 
In this section we shall show how the operational method can 
be modified, so as to require only n simple quadratures when the 
roots of the auxiliary equation are distinct. 

Starting with 


(D — m)(D — m)- ++ (D— ma)y = X, 


we can write symbolically 


8 (D = tmu)(D = ma) = (D tg) 
1 z 
where (era) (Dan) is the symbol of the 
operation inverse to (D — m1)(D — m)--+-(D—™m,). Just 


as x results from operating on sin“! x with the operator “sin,” 
so, if we operate on 


1 
(mK =m) © ea) 


with (D — m,)(D — m)- - -(D — my), we obtain X. More- 
over, we recall that the order in which the successive operators 


(D — m), (D—m),:+-,(D— m,) are employed is not 
essential. ; 
Looked upon algebraically, the fraction 
1 
(D — m)(D — m)+ + + (D — mn) 


ts equal to the sum of the partial fractions 


a a ve 
Fe ey i, | - 


On 
D = Mn’ 











if the roots of the auxiliary equation are distinct. 

Looked upon as operators, this equality still holds; for, to 
verify the equality, we operate on both with (D — m1)(D — ma) 
..+(D—m,). Since the order in which we operate with 
these factors is immaterial, it follows that all the operators 
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resulting from operating on the sum of partial fractions are 
polynomials, which can be treated as algebraic expressions. 
Hence the algebraic equality of the symbolic representatives 
of the two resulting operators means the equality of these 
operators. Since the operator (D — m)(D — mz) - - - (D — mn) 
is not ambiguous, it follows that the original operators, in frac- 
tional form, are also equivalent; i.e., 
1 
Y= D=m)(D— m)-- ae 
=p _xy47%_x+..-474_yx, 
1) Ue D— % a 


me 





a 
If we put u = iy eae a then (D — m)u = aX. 
Integrating this linear equation, we have we = a fi gat Xie. 


or u = ae™* f e-™*Xdxz. Hence the particular integral may be 


put in the form 
II. ayem* f e~mx X dx + agemx ff e-mx X dz + - 
+ a,emnt f e~mnt X dx, 


In case a root is repeated, the following obvious modification 
is necessary: 

To illustrate, we shall suppose that one of the roots, mi, is 
a triple root. The ee partial fractions will be 

ay Ae ag : : 
Dan ~ (D Gand Ween: tome and the corresponding 


terms of the particular integral will be (I, §VI-7) 


axem fe-meXda-bageme ff e-mex (da)?+asems ff fe-m=x (do). 


Exercise1. (D? — 3D + 2)y = et. 
2. (D?— 3D*— D+ 3)y= 2%, 8, y!" — Ay’ 4+ Sy’ — Qy= 2, 
VI-‘9. Variation of parameters.* Another general method 
of obtaining the particular integral, known as the method of 
* This method is due to Joseph Louis Lagrange (1736-1813). 
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variation of parameters, applies quite readily at times, especially 
if the order of the equation is not high. The method consists 
in replacing the constants in the complementary function by 
undetermined functions of zx, such that, when the modified 
expression for the complementary function is substituted for y 
in f(D)y, we obtain X, and not zero. 

Since we have n functions at our disposal and aniy one con- 
dition to impose upon them, it is clear that we can satisfy this 
requirement in an indefinite number of ways, by imposing 
upon them any n — 1 additional conditions consistent with the 
first one. In actual practice, we shall impose these conditions 
in such a way that only first derivatives of the undetermined 
functions appear. 

The method will be carried out in the case of an equation of 
the third order. (The argument will readily be seen to apply 
to any order.) 

Let the equation be 


(1) f(D)y = (koD? + ky D? + keD + ks)y = X 
and let its complementary function be 
c1y1 + coy + Css. 

The method consists in finding three functions of 2, viz. 
V1, V2, V3, Such that 
(2) y = diy + roye + vsys 
shall be a solution of (1). This still allows us to impose two 
additional conditions upon 11, v, vs. 

Differentiating (2), we have 

Dy = vyya! + veya’ + vaya’ + yrs’ + yore’ + yas’. 

We shall now use one of the two conditions at our disposal 
by letting 
(3) yivr’ + yore’ + ys03’ = 0; 
then 29 
(4) Dy = viys! + veye! + vsys’. 
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Differentiating this, we have 
D2y = vy! + veye!’ + vy!’ + yr'or! + ys"de! ++ ya's". 


Here, again, we put 


(5) yr'd1' + Yyo!ve’ + ys’vs' = 0, 
thus using the second condition still at our disposal, so that 
(6) D?y = ny’ + veye’” + vsys’’. 


Differentiating again, we have 
(7) Dy = ny!" + voyo!”’ + v3y3’ + yxy! + ya!’d9" + y3'’03". 


Substituting the values given by (2), (4), (6), and (7) in (1), 
we have 

vif(D)y1 + vef(D)y2 + vsf(D)ys + ko(yr’v1! + ye!’t2! + ys’'vs’) = X. 
Since y1, y2, ys are solutions of f(D)y = 0, this reduces to 

(8) koyr!01' + Koya!’v2’ + koys’’vs’ = X. 

Since yi, Yo, yz are three linearly independent solutions of the 
homogeneous linear differential equation obtained from (1) by 
putting X = 0, it follows (compare Note II in the Appendix) 
that the three equations (3), (5), and (8) are independent. 
They can, therefore, be solved for v1‘, v2’ and 23’. By quadra- 
tures, values of v1, v2, v3 may then be found which, when sub- 
stituted in (2), give the general solution of (1). The terms 
containing the constants of integration, arising from these 
quadratures, give the complementary function again. 

It is important to note that the method of variation of pa- 
rameters applies in the case of all linear differential equations, 
whether the coefficients are constants or not. The other two 
methods, given previously, for obtaining the particular in- 
tegral (§$VI-7, VI-8) are restricted to the case of constant 
coefficients. 

As an illustration, we shall solve the general linear differen- 
tial equation of the first order (SII-9), 


d 
(9) + P(x)y = Q(2), 
by the method of variation of parameters. 


VI-9 LINEAR EQUATIONS BVe. 
Consider, first, the homogeneous linear differential equation 
“Us Py = 0, 
in which the variables are separable. Its solution is 

= Ce ih Pde 
Our problem is to find a function v, so that 
(10) y= ve J Pas 
shall satisfy (9). Differentiating, we obtain 


dy _ — Piz, — [Pax dv 
7 get —vPe +e og 


Substituting in (9), we see that (10) will be a solution of the 
latter, if 


— [Pix _ dv _ 7 [Pe, 
wes de — % or da = % 5) 


ie., if 
v= foc! ?* as + ¢. 


Hence we have the general solution of (9) in the form 
y= pit ee [ fect **ax 4 c| : 


Compare this with the form found in §II-9, 


Exercise 1. y’’ + y = sec x. 
The roots of the auxiliary equation are +7. Hence the com- 


plementary function is c; cos x + sin z. Employing the method 
of variation of parameters, we have 


y = v1 cos & + % Sin 2, 


7 dv, é dvo 
Dy = — 1 sin z + » cos x + cosa + sina 7 = 0, 
; : dv, dvo 
D*y = — 1 cos  — vw sin & — sin tt costa 
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Substituting in the differential equation, we have 
a dv, dvo = 
= sin ¢ 7b cos x 7 = sec 2. 


Besides, we chose 


dvy mwah 
cos x =— + sin z= = 0. 

Gas dx 

dv; : sin x 
i = —sin zsecr = — — v == Gy cos x (fe 

ax cos x’ f 5 TO 
dv 
nett Bail % = e+ Co 
a ; D + Cy 


Therefore, the complete solution is 
y = Cicosx4+ C.sin x + cos zlog cosa + xsin z. 


dy ” 2 
2. Tat y = tanz. ‘ 8. y” + y = cot? a. 
2 
4, Vig i eT 5. y'" + »y’ = tan 2. 
i 
6. (D — 1)*y.= a — a)? . (Ex. 5, §VI-7.) 


VI:10. Method of undetermined coefficients. We shall 
conclude the discussion of the problem of finding a particular 
integral with an account of a method, which, while not applicable 
in all cases, is relatively simple whenever it can be used. It 
applies to all cases in which the right-hand member contains 
only terms which have a finite number of linearly independent 
derivatives. Such terms are x", e*, sin mz, cos nz, and prod- 
ucts of these, where h is any positive integer and 1, m, n are 
any constants. 

If we take as a trial particular integral, V, the terms of the 
right-hand member X, each prefixed by an undetermined con- 
stant multiplier, we shall find that, in general, on substituting. 
this in the left-hand member of the complete linear differential 
equation, other terms arise as a result of differentiation. Con- 
sequently, we shall use for V the sum of all the terms of X, 
together with all functions arising from them by differentiation 
and forming with them a linearly independent set (by hypothesis 
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there is only a finite number of these), each prefixed by an un- 
determined constant multiplier. We substitute this expression 
for y in the differential equation, and equate the result identi- 
cally to X (i.e, we equate the coefficients of corresponding 
terms). This gives rise to a set of equations of condition among 
the undetermined multipliers, from which the latter can fre- 
quently be calculated. The following exercises will illustrate: 
Exercise 1. y’’ + 4y = x? + cosz. 
The roots of the auxiliary equation are + 27. 
.. Y= Acos2x+ Bsin 2z. 
For a particular integral we take 
V = azr?+ br +c+feosx+ gsinz. 
Then 
D?V = 2a — fcosx — gsin x. 
f(D) V = 4ax* + 462 + 2a + 4c + 3f cosa + 3g sin x. 
Equating the coefficients in the right-hand member to the cor- 
responding ones in X, we have 


4a=1 “a= 4, 
4b = 0 b=0, 
2a + 4c = 0 c= —%, 
of al =e 
3g = 0 g= 0. 


Hence the general solution is 
y = Acos 2x +'B sin 22 + 42? — $+ 4 cos 2. 
Exercise 2. (D? — 2D +'1)y = 2xe* — sin? z. 
The complementary function is readily seen to be 
Y = (cy + ex)e*. 
To find the particular integral, it will be simpler to replace 
— sin? z by 4.cos 2x—4. The right-hand member then takes the 


form } 
Qae* + 4 cos 2x — §. 
As a, trial particular integral we shall now take 
V = axe + be” + ccos2x+fsin2x+ g. 
“. DV = 2axe™ + (a + 2b)?” + 2f cos 2x — 2c sin 2x. 
D?V = 4azre” + 4(a + be — 4c cos 24 — 4f sin 22. 
f(D) V = axe + (2a + b)e* — (8c + 4f) cos 2x 
— (8f — 4c) sin 2a + g. 
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Hence we must have 


= 2 a= 2, 

2a+ b= b= —4, 

8c + 4f = —§ 

3f — 4e.= CS eo) a es 
g=-3 (= ae, 


and the general solution is 
y = (cr + cox)et + Qae* — 4c — 38) cos 2a — a5 sin 2x — §. 
8. (D?+ ly = 27+ 2° — «. 
4, (D?+ 2D-+ 1)y = 38e”” — cosa. 5. (D* — 1)y = 2. 


This method fails in either of the two following cases: 

1° Ifa term in the right-hand member is also a term in the 
complementary function, it is clear that the result of substi- 
tuting such a term or any of its derivatives for y in f(D)y is zero. 
This follows from the definition of the complementary function, 
and from the fact that the derivative of a term in the comple- 
mentary function is also a term in it. 

We shall first suppose that the root of the auxiliary equation, 
to which the term in question corresponds, is a simple one; if u 
is the term, we have 


f(D)u = 0, but f’(D)u ¥ 0. 
Now, since f(D) is a polynomial in D, and since 
D¥(vu) = «Dku + kDk-u, 
it is clear that 


f(D) (eu) = af(D)u + f'(D)u 


i (Dyas 0: 


That f’(D)u actually contains the term u, in this case, may be 
seen at once, if wis taken in the form e”*, whether m is real or not; 
for, f’(D)e" = f’(m)e™, and f’(m) # 0, when m is a simple root 
of the auxiliary equation. 

If wu is taken in the form e* cos @z, it is possible that 
f'(D)(e* cos Bx) may not contain a term in e* cos Br. But, 
since f’(D)u is not identically zero, f’(D)(e* cos Bx) must then 
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contain a term in e* sin 6x, and, therefore, f’/(D)(e* sin Bz) 
will contain a term in e** cos Bz. This follows from the fact 
that sin Bx = cos (6x — 7/2). Similarly, if uw = e** sin Bx and 
f(D) (e* sin Bx) does not contain a term in e** sin Bz, it must con- 
tain one in e* cos Bx; and f’(D)(e** cos Bz) will then contain one 
in e* sin Bx, as may be seen by writing cos Bx = ‘sin (6x + 7/2). 
Moreover, no other terms can arise. 

Thus, we see that the substitution of ru + linearly independ- 
ent terms derived from it by differentiation (each term multi- 
plied by an undetermined constant) for y in f(D)y gives rise to 
a set of terms including u. Moreover, all the other terms of the 
set are obtained by differentiating wu. 

If, now, wu is a term in the complementary function, which 
corresponds to an r-fold root of the auxiliary equation, 

f(D)u = 0, f'(D)u = 0,- + + , f-(D)u = 0, but f(D)u # 0. 


Since 
k(k — 1) Pee 
Dk (atu) = at Dtu + krat— Du + Srpanoulh — 1)a7-* Dk-2y, + 


ae I a ill sahara en si laca r(r— 1)+++(r—s+1)atDk-y+ 
: wet (= 1):*.+.-0(ki— rb 1) DFrru,* 
and since f(D) is a polynomial in D with constant coefficients, it 
follows that ; nite 
f(D) (aru) = atf(Dyu + rartp"(Dyu + LS ary Dyu ps + + 
2 n= Disvvur os 2 af?-)(D)u + f(D)u. 
(r — 1)! 
All the terms on the right are zero, except f”(D)u, which is 
definitely not zero. As before, it can be shown that, if for y in 
f(D)y we substitute xu + linearly independent terms arising 
from this by differentiation (each term multiplied by an un- 
determined constant), we obtain the term wu together with such 
others only as arise from it by differentiation. 


* This follows readily from Leibniz’s theorem for the derivative of a product, 
and is not restricted to the special forms for wu, appearing in the complementary 
function. For example, see the author’s Calculus, §47. 
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2° The second case where the original method will fail 
arises when terms of the type x’w occur, u being a term in the 
complementary function. A similar modification of the method 
applies here. Suppose that wu corresponds to an r-fold root of 
the auxiliary equation.* As before, we have 


f(D) (attru) = xttf(D)u + (b+ r)attr— if’ (D)u 
ae ankles? agttr—2f"(D)u t+ > 


ae (¢+rj(t PS a rise (See aitlfr—l)(D)u 


(Coe a tne ee, Pare) 
! 


acy 





a rtf (Dut. 
The term involving f ” (D)u is the first one on the right which 
is definitely not zero. Hence, as before, it can be shown that, 
if for y in f(D)y we substitute x’*7u + linearly independent 
ferms arising from it by differentiation (each term multiplied 
by an undetermined constant), we obtain z‘w together with such 
other terms only as arise from it by differentiation. 

We are now in a position to formulate our rule: 

When the right-hand member of the differential equation con- 
tains only terms which have a finite number of linearly independent 
derivatives, take for trial particular integral the sum of all the 
terms together with all those obtained from them by differentiation 
and linearly independent of them, prefixing to each of them an 
undetermined constant coefficient. These coefficients are deter- 
minedt by substituting the trial particular integral in the differen- 
tial equation and equating coefficients. 

In case the right-hand member contains a term x'u, where t is a 
posite integer or zero and u is a term in the complementary 

* Of course, wu, x?u,- + +, 27 1wv are also terms in the complementary function. 


In this discussion, w is supposed to be that term which does not contain x as a 
factor. 

+ For a proof of the fact that the equations of condition on the undetermined 
constants, obtained by equating coefficients, are consistent and sufficient to 
determine the values of the undetermined constants, see A. B. Coble, American 
Mathematical Monthly, Vol. 26 (1919), pp. 12-15. 
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function corresponding to an r-fold root of the auxiliary equation, 
replace that term in the right-hand member by x'+"u in making up 
the trial particular integral. 

Remark. It may not always be necessary to insert all the 
terms suggested by the general rule. These can frequently be 
detected by inspection. Thus, in Ex. 1, since the coefficient of 
y’ in the differential equation is zero, the terms x and sin x in 
the trial particular integral are unnecessary, for these will 
obviously not appear as a result of substituting ax? + f cos x 
in the equation. If any unnecessary terms are used in the trial 
particular integral, their coefficients will, of course, be found to 
be zero. On the other hand, it is also obviously unnecessary to 
employ any terms which appear in the complementary function. 
(If such a term is included in the trial particular integral, its 
coefficient will, of course, not appear in the resulting equations 
among the coefficients. This means that this coefficient may 
be chosen arbitrarily; which is exactly as it should be.) 


6. (D* — 2D? — 3D)y = 327 + sin 2. 

Hint. Since 0 is a simple root of the auxiliary equation, 1 is 
a term in the complementary function. Hence, we shall have to 
try az? + bx? + cx to get x?. Moreover, sin x is not a part of the 
complementary function. Hence the trial integral is 


V= ax + ba? + cx + f sinc + 9 cosa. 


7. (Dt — 2D? + lhy = e+ 4. 
8. (D? — 2D)y = e* +e+2+3. 
9. (D*+ 2D? + 1)y = cosz. 


Nore. Many special rules are known for obtaining a particular 
integral corresponding to certain types of terms in the right-hand 
member. The method of this section leads to a number of these 
rules. The following list is given, not as additional methods to 
be memorized, but as exercises, to be established by the student, 
using the methods of this section: 


(a) If a is not a root of the auxiliary equation, V = e%/f(a), 
corresponding to the term e in X. 
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(b) If aisanr-fold root of the auxiliary equation, V = a27e%*/f(a), 
corresponding to the term e% in X. 
(c) If f(D) contains only even powers of D, write it F(D’). 
In case a is not a root of the auxiliary equation, 
V = cos ax/F(—a’) corresponding to the term cos az in X, 
V = sin az/F(—<a’) corresponding to the term sin az in X. 


VI-11. Cauchy’s linear equation. The linear differential 
equation 


(1) koxry(”) + kyxr—lyr—1) + wees et ky-1ty’ aa Kny = bey 
where the coefficient of y” is a constant times 2’, is readily 


reducible by the transformation « = e“ to an equation with 
constant coefficients. For, 





Apr tt ore RY 4 * a a eeecpeetiens set a 5 
ad dr sdmidzimiandyy? 
Ping aM ca Dg 
y dx du du/y 
dy” By 
Ce = 
a Se ds Tat 25 4). 
ae Oh 
If we write 7 = Dy, we have 
aDy = Dy, 


a? D?y = DD ee 1)y, 
eDy = DD — 1(O— 2h 


‘anDny = DD Se “YD = ope (D —n “ Ly, 


* This form of linear equation is sometimes called the homogeneous linear 
equation. This seems rather unfortunate. I prefer to reserve this name for 
any linear equation which is homogeneous in y and its derivatives, in conformity 
with a large number of writers on the subject, and shall refer to the above linear 
equation (1) as the Cauchy linear differential equation, after Augustin Louis 
Cauchy (1789-1857). See his Hzercises d’ Analyse, Vol. I, p. 262. 


{ This general formula of transformation may be established by assuming 
that 


1 
Ys Di ay -+(D—n+)y, 
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and (1) becomes 


(2) [hoDD—1)---(O-—n+1)+hDO—-1):--(Q—n+2) 
eo ft Kn-idd 1 kyle = * U, 
where U is the form assumed by X after the transformation. 
Equation (2) is obviously also linear, but with constant 
coefficients. 
More generally, the equation 


Ko(atba)ny)-+ hy(a-tbz)"Wy™D4 thy (at ba)y/+ hay = X* 


is readily seen to be reducible to a linear equation with con- 
stant coefficients by the substitution a + br = 


Exercise 1. x*y'" + xy’ — y =z log 2. 
If we let x = e%, this becomes 
[DD — 1)(D— 2) + D— lly = uer, 
or 
(D? — 3D? + 38D — 1)y = uer. 


The roots of the auxiliary equation are 1, 1, 1. 
Hence the complementary function is Y = (ce, + eu + czu?)e%. 
In this case, method I (§VI-7) gives the particular integral at 


once. We have 
= of J femumauy = oe 


*, The solution is y = We + cou + c3u7)ew a nel 3 7 5 
or 


a eaoneceds & (log 2)?}z + eee) 


2. (28D? + 227D? + 2)y = 10 (2 + a) 


and showing that differentiation with respect to z leads to 
1 
yr!) = ek DD—-—1)---(D—n)y. 


Since the formula holds for n = 2, it holds for n any positive integer. This 
method of establishing the formula was suggested to me by Dr. Teresa Cohen. 
* This form of the linear equation is referred to as Legendre’s linear equation, 


after Adrien Marie Legendre (1752-1833). 
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8. (22D? + 32D + 1ljy = a : 


4.. (o-+ 1)*y’ —4@ + Dy’ + by = 2. 
5. (x + 2)2y’'"” + (w@ + 2)y’ + y’ = 1. [Multiply by x + 2.] 


VI-12. Summary. The problem of solving a linear differ- 
ential equation consists of two parts, the finding of the com- 
plementary function, and the finding of a particular integral 
(§VI-1). 

The finding of the complementary function in the case of an 
equation with constant coefficients f(D)y = X depends only 
upon the solution of the algebraic equation f(m) = 0. Ac- 
cording as the roots are distinct and real, repeated, or complex, 
the complementary function takes one of the forms indicated 
in §§VI-2, VI-3, VI-4. Four methods for finding the particular 
integral are given in §§VI-7, VI-8, VI-9, VI-10. 

. An estimate of the relative merits of these methods may be 
summarized as follows: The methods of §$VI-7 and VI-‘8 (which 
will be referred to as I and II respectively) and that of variation 
of parameters (§VI-‘9) have the advantage of generality, the 
last one applying also to linear equations in which the coeffi- 
cients may be functions of the independent variable. But, 
as is usually true in such cases, the carrying out of these 
general methods may be tedious. The method of variation of 
parameters has the great advantage of being readily retained 
in mind, but is frequently long and. laborious, especially if the 
equation is of higher order than the second. . The method of 
undetermined coefficients (§VI-10), although not general, applies 
to a very large number of cases that actually occur. In those 
cases where it does apply, it has the advantage of involving 
only the operations of differentiation and the solution of simul- 
taneous linear algebraic equations. Integration is not required. 
Besides, it is very readily retained in mind. The actual work 
of carrying out this method is straightforward and not difficult. 
It may at times be long, but usually it is no longer than the 
other methods, if as long. 
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As a rule, then, whenever the method of undetermined co- 
efficients applies, it is probably the most desirable one to use. 
An instance of an exception to this is illustrated by Ex. 1, 
§VI-11. [Method I is always preferable in case the differential 
equation is of the form 

(Dany! ei (x); 


where F(x) can be integrated readily n times consecutively.] 
Method II is of relatively little practical use. It has been 
given primarily because of its applications in the theory. 
We noted in §VI-I, 2° that 


F(D)(Vi+ Ve) = F(D)V1 + F(D) V2. 


Hence, if it is obvious on inspection that different methods 
apply most readily to the various terms in the right-hand 
member, it is advisable to find the particular integral for any 
term or group of terms by the method best adapted, and then 
take the sum of these. This is true, for instance, in the case 
of Ex. 3 below. 

The equation 
ko(a+br)"y™-+ky(atbar)e—lty-D + + + +hy-1(a+bx)y’+hay= X 


(including as a special case the Cauchy equation where a = 0, 
b = 1) is reducible to one with constant coefficients by the 
substitution a + bx = e* (§VI-11). 


Exercise 1. (D? — 5D+ 6)y = cosa — e”. 
2. (Dt — 1)y = e cosa. 
8 (D?+ 2D-+ 1l)y = 22 — xe* + ce sin x. 
4. (D+ 1)*y = xe — e. 6. (Di — 4D)y = 2? — 3e”. 
6. (Dt — 2D? + 1)y = cosz. 
7. (aD + 623 D3 + 92?D? + 32D + 1)y = (1 + log z)*. 
8. (D'+2D?+ Djyy=2—aetat— Qe? + 2a. 
9, (D?+ 4)y = sin’ a. 10. (D?+ 1)y = sec? a. 
11. (D— 1)*y = 2 — ae. 
12. (D*— D?— 3D?+ 5D — 2)y = &. 
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13. (D*+ 1)y = zcosz. 

14. (23D? + 222D* — «D+ 1)y = 1/2. 
15. (D*? — 1)y = ze* + cos? a. 

16. (D— 1)?y = cosa-+ e + ae, 


VI-13. Applications. The solution of many important prob- 
lems of Physics involves linear differential equations with con- 
stant coefficients. Some of these will be considered here. 

1° Simple harmonic motion. This type of motion arises 
when a particle, free to move in a straight line, is subject to an 
attracting force, which is directed toward a fixed point O on the 
line of motion and is proportional to the distance of the particle 
from O. It is approximately the motion involved in the case 
of the swing of a simple pendulum or of an undamped galva- 
nometer needle through a very small are, the oscillation of a 
point on the prong of a tuning fork, or the vibration up and down 
of a weighted particle suspended by a coiled spring. We shall 
consider here the case of the simple pendulum of length / and 
mass m swinging in a vacuum. 

The only acting force is gravity; it.acts vertically downward, 
and its intensity is —mg. If s represents the length of arc 
measured from the lowest point of the pendulum, then at any 
moment when the pendulum makes an angle 6 with the vertical, 
s = 10, and the acceleration is 1. The component of the 
force of gravity along the tangent to the path is —mg sin 0. 
Hence the equation of motion is 


d?@ 
ml as = —mg sin 0. 


If 6 remains very small throughout the motion, we may re- 


place sin @ by 6, as a first approximation. Our equation then 
takes the form 


a0 
aah po 0. 
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This is the dzfferential equation of simple harmonic motion. 
Solving this, we have the equation of simple harmonic motion 


(1) 6 = Acosut+ B sin ut, 


where yw? = g/l. As noted before, §VI-4, an alternate form for 
this is 
(2) 6 = acos (ut + bd). 

Here a is the amplitude of the swing and b determines the 
phase. In any particular experiment, the values of these are 
fixed when the values of 6 and d6/dt are known at a given in- 
stant. These are the boundary conditions or the initial con- 
ditions of the given problem. 

The period of the swing is defined as the time that elapses 
between two consecutive instants at which the pendulum occu- 
pies the same position (such as that of equilibrium) and is mov- 
ing in the same direction. From (2), we see that ¢; and & will 
be such consecutive instants if u(t — 4) = 2. Hence the 
period is equal to 27/u or 24 Vi/g. It is determined by the 
nature of the apparatus and does not depend upon the initial 
conditions. 


Exercise 1. Find the values of a and 6, and the resulting form 
of (2), if the pendulum is pulled aside so that 0 = 4, kept at rest 
there for a short time, and then allowed to swing. 

Here the initial conditions are 


(3) 6 = 4, a0 when ¢ = 0. 
Differentiating (2), we have 

dé : 
(4) a sin (ut + b). 


Using (3) in (2) and (4), we have 
(5) 6 = acosb and 0= —aysinb. 
Since 0) ¥ 0, it follows that a ~ 0; and evidently 4 #0. Hence 
the second equation of (5) leads to 
snb=0. ..b=0. 
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Using this in the first equation of (5), we find that 
a = 4; 
whence 
6 = 60 cos ut. 

Exercise 2. Find the values of a and 6, and the resulting form 
of (2) if, while the pendulum is at rest, it is given a sudden blow so 
that it starts off with an angular velocity d0/dt = wo, and is then 
permitted to swing. 

Here the initial conditions are 

dé 


6= 0, dpeantes® whenit = 0. 
Using these in (2) and (4), we have 
(6) 0=acosb and wo = —apsinb. 


Since wo + 0, a ~ 0; whence we conclude from the first equa- 
tion of (6) that 


cosb=0. ..b = 5: 
Using this in the second equation of (6), we find that 
Wo 
aerS se) \ 
Le 
whence 
6 = sin pt 


8. Find the form of (2) when the initial conditions are 
dé 
0 = 4, a = 0 when t = 0. 


4. Find the values of A and B, and the resulting form of (1) 
when the initial conditions are those of Ex. 1, 2, and 3 respectively. 


2° Damped vibration. If the motion takes place in a re- 

sisting medium where the resisting force is proportional to the 

velocity, the differential equation of motion (to a first approxi- 

mation) is also linear with constant coefficients. If the re- 
ds 


sisting force is taken as — 2km GOT kml S, the differential 
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equation of motion is 


d?@ dé 
ml ae = —mg) — 2kml 
or 
d*6 dé 
et tka +H = 0, 
where, as before, u2 = g/l. The roots of the auxiliary equation 
are 


(7) a Fete VC A 


The relative values of & and uw play an important réle in the 
form of the solution. 
(a) If k< uy, ie., if the resisting force is relatively weak, 


the roots (7) are imaginary. Putting k? — wy? = —d?, we may 
write the equation of motion in the form 

(8) 6 = e-*t(A cos At + B sin Nt), 

or 

(9) 6 = ae-™ cos (At + Db). 


The amplitude is ae”, which diminishes continually, ap- 
proaching zero asymptotically. 

The period is 27/\, a, constant, but larger than 27/y, the 
period in the case of motion in a vacuum. 

(b) If k = uw, the equation of motion is 


(10) 6 = (ce; + et)e™. 
(c) If k > wu, the equation of motion is 
(11) 6 = e*(cye* + coe”), 


where »? = k? — w?. 


Exercise 5. Find the forms of (8) and (9) when the initial con- 
ditions are those of Ex. 1, 2, and 3 respectively. 

6. Find the forms of (10) using the initial conditions of Ex. 1 
and 2, Show that, in each case, 0 is always of the same sign, 
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diminishing continually in absolute value and approaching zero 
asymptotically. 

7. Show that, with the initial conditions of Ex. 3, (10) takes the 
form 


@ = [4 + (wo + kOo)t]e-*. 


Discuss the motion when 6 and wo + k6o have opposite signs, also 
when these have the same sign; in the latter case, consider what 
happens when 4 and wo have the same sign, and when they have 
opposite signs. 

8. Find the form of (11), using the initial conditions of Ex. 3. 
Discuss possible types of motion in this case for various values of 6 
and wo. 


8° Forced vibration. If an external periodic force is in- 
troduced in case 1° or case 2° (a), the additional motion super- 
induced thereby is known as forced vibration. The differential 
equations of motion in these cases are 


(12) et u70 = C cos pt 
and ‘ 

(13) a 2b + “70 = C cos pt, 
respectively. 


It will be left as an exercise to show that the particular 
integral due to the presence of the right-hand member of (12), 
i.e., the term expressing the forced vibration, is 





(14) we p cos pt, if p ¥ p, 
and 

Cis. : 
(15) 2450 pt, if p =p. 


In the case of (18), it is 


C[(u? — p?) cos pt + 2kp sin pt] 


(16) (uu? an p*)? + 4k*p? S 
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If we put 
l=+VW— py + 4ip, cosa = (uv? — p°)/I, sina = 2kp/l, 


this may be written in the form 





(17) C eos (pi — a). 
If p = yp, then a = 7/2, and both (16) and (17) take the form 
(18) se sin ut. 


The forced vibration given in (14) and (17) is simple harmonic, 
with the period 27/p, which is the same as that of the applied 
force. Moreover, it is not damped. In the case of damped 
vibration, the amplitude of the free vibration, given by (9), 
the complementary function of (13), diminishes continually. 
Hence the forced vibration becomes dominating after a while. 
This will occur soon when k is very small and p is nearly equal 
to uw, for then the constant amplitude, C/I, of the forced vi- 
bration is large. This amplitude will be a maximum when 7 is 
such as to make 1a minimum. Equating the derivative of 1 
to zero, we find this value of p to be V2 — 2k? Then] = 2ky, 
and the maximum amplitude is C/2k). 

In this case the applied: periodic force is said to be in resonance 
with the vibrating body. .\Here the period of the forced vibration, 
Qr/p = 2n/V yw? — 2k?, is approximately the same as that of 
the free vibration, 2r/\ = 2r/V p? — k?. 

This phenomenon of resonance has important applications in 
Acoustics and other branches of Physics. Use is made of this 
principle, for example, in wireless transmission and in the seis- 
mograph, an apparatus for registering earth tremors. 

When p = u, we see from (18) that the phase of the forced 
vibration is behind that of the impressed force by 7/2, in the 
case of damped vibration. In the simple harmonic case, (15) 
shows that the amplitude increases indefinitely with ¢. Of 
course, the differential equation of motion was obtained by 
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assuming certain limits to the amplitude of the swing. Hence, 
the argument ceases to hold after these limits are reached. 
However, serious injury to the apparatus may result if the ex- 
periment is prolonged. 


Exercise 9. Find the particular integral of 
2 
a + ane + yw? = Ce-* cos pt, 


where the impressed force is also damped. Distinguish between 
the cases when p #~ X= Vu? — k? and when p = 2. 





4° Distribution of temperature along a wire. Consider a 
wire suspended in air, the temperature of which is supposed to 
be constant. There will be no loss of generality in assuming a 
scale of temperatures on which that of the air is zero. Suppose, 
now, that one end of the wire is maintained at a constant tem- 
perature 4. Heat will flow along the wire, and, in addition, 
at each point along the wire, heat will be lost to the surrounding 
air. After a time, the rates of both this flow along the wire and 
the loss at each point will become constant. When this steady 
state has been attained, what is the temperature at each point 
along the wire? 

If we consider a small length of wire, extending from z to 
x + dz,* the amount of heat flowing into it by conduction is 


(19) — to), 


where k is a constant depending upon the material of which 
the wire is made, a (or wr”, where 7 is the radius of the cross- 
section of the wire) is the area of the cross-section, and (2) 

LX / x 
is the rate of change of temperature along the wire at the point 


xz. The — sign is used because (z) is negative. 
x 


* Here we use the differential dx instead of the increment Ax because we 
shall ignore higher powers of the former. 
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The amount of heat flowing out of the small length from 
x to x + dz consists of two parts: 

First, the amount that flows along the wire at the point 
x + dz, which is 


zc Co ee or —ka [ (Ge), + (Ga), ae + |, 


where - - - stands for terms involving higher powers of dz. 
Second, the amount lost to the surrounding air, which is 
approximately proportional to the product of the exposed area 
of the wire and 6, the difference in the temperatures of the wire 
and air. The latter is taken to be constant along the small 
length. If the circumference of the wire isc = 2zr, this amount 


18 
lcOdzx, 


where / is the factor of proportionality. Hence the amount of 
heat flowing out of the small length is 


dé d6 
(20) —ha( 2) — ka( $3), dx +--+ +--+ Icédz. 


Since the flow is steady, the quantities (19) and (20) must be 
equal. Hence the distribution of temperature is given by the 
differential equation* 


= i, 26 
. ka a3 — Ic# = 0, 
or by 
(21) a HO = 9, 
where p? = Ic/ka = 21/kr. 
The general solution of (21) is 
(22) == cee + ce-#t, or 6 = A cosh ux + Bsinh uz. 
Exercise 10. Find the expression for 9, (a) if the wire is of length 
L and the constant temperature at the far end is 61; (0) if the 


* Since d?@/dx? means precisely the same thing as (d?0/dzx*)x, there is no need 
of retaining the latter notation. 
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wire is very long, so that L may be taken as practically infinite, and 
6, as practically zero. In both cases 6 = 0) when x = 0. 


5° Distribution of temperature in a hollow sphere. Consider 
a hollow sphere surrounded by air, whose temperature is con- 
stant. Suppose that a constant source of heat, radiating uni- 
formly in every direction, is applied at the common center of the 
inner and outer surfaces of the hollow sphere. The tempera- 
ture of the inner surface is raised, and heat flows radially 
through the solid to the outer surface, and then passes on to the 
air. After a while the flow becomes steady; i.e., the tempera- 
ture, 0, at each point of the solid is constant, being a function 
of r, the distance of the point from the common center of the 
inner and outer surfaces of the hollow sphere. Our problem 
is to find an expression for this function. 

Consider the flow of heat through a spherical shell, whose 
inner and outer surfaces are concentric with the hollow sphere, 
and have the radii r and r + dr respectively. As before, we 
use the differential dr because we shall ignore higher powers 
of it. 

The amount of heat passing across the inner surface of the 
shell is 


d6 
_— 2 
(23) dnp X( a) 


where 47r? is the area of the inner surface, k is a constant de- 
pending upon the material of which the solid is made, and 


do\ . 
(3) is the rate of change of @ along a radius of the sphere at 


a distance r from the center. 


The amount of heat passing across the outer boundary of the 
shell is 


dé 
= cy gece 
4r(r + dr) (2 id 
or 


mitdalleb aryek| (4 + Tar + , ‘|, 
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where - - - stands for terms involving higher powers of dr. 
Expanding and neglecting higher powers of dr than the first, 
we find that this reduces to 


a —ane[ (2) 4 [ar(22) + (22) a] 


Since there is no other flow of heat, (23) and (24) must be equal. 
Equating them, and dropping the subscript r in the case of 


dé 2 
(3) and (53) , since the unaffected derivatives have precisely 
Tr r 


the same significance, we have the differential equation 


d?6 dé 
Vf Sete a ee 
(25) rT, + 2r 10: 
Its solution is 
(26) = F+o, 


Exercise 11. If the temperature of the inner surface of the 
hollow sphere is #) and that of the outer surface is 01, and the radii 
of these two surfaces are ro and 1; respectively, determine the 
values of the arbitrary constants in the general solution (26). 
What values do these assume when the scale of temperatures 
is so chosen that, on it, 6, = 0? Also find the quantity of heat 
flowing across an isothermal spherical surface of radius r, where 
ro <r <7, taking 0; = 0. 


6° Distribution of temperature in avery long hollow cylinder. 
Consider a hollow circular cylinder surrounded by air, whose 
temperature is constant. Suppose that a constant source of 
heat is applied uniformly along the common axis of the inner 
and outer surfaces of the hollow cylinder. The temperature 
of the inner surface is raised. If the cylinder is long enough, 
the heat flows outward through parts of the cylinder, sufficiently 
far from the ends, along straight lines, perpendicular to the axis 
of the cylinder, to the outer surface, and then passes on to the 
air. After a while the flow becomes steady; i.e., the tempera- 
ture, 0, at each point of the solid is constant, being a function 
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of r, the distance of the point from the axis of the cylinder. 
Our problem is to find an expression for this function. 

Consider the flow of heat through a cylindrical shell, with the 
same axis as the hollow cylinder, the radii of the inner and 
outer surfaces of the shell being r and r+ dr respectively. 
Again, we use the differential dr here, because we shall ignore 
higher powers of it. In addition, we shall consider a part of the 
shell near the middle and of length 1, which is very small com- 
pared with the entire length of the cylinder. 

The amount of heat passing across the inner surface of the 
shell is 


do 
(27) —2nrlk (2), 


where 2zrl is the area of the inner surface, k is a constant de- 
pending upon the material of which the solid is made, and 
OMA: ; 
(3) is the rate of change of @ along a line perpendicular to 
rT 
the axis, at a distance r from the latter. 


The amount of heat passing across the outer surface of the 


shell is 
—2r(r + drylk (2) ; 


= er aryut| ($2) + (43) ar ep J, 


where - - - stands for terms involving higher powers of dr. 
Expanding and neglecting higher powers of dr than the first, 
we find that this reduces to 


(28) —2nrit(S) ~ 2m us| (7), + (4 Jen 


Since there is no other flow of heat through this piece of shell, 
(27) and (28) must be equal. Equating them, and dropping 


the subscript r in the case of (=) and (53) , we have the 
r rT 


dr? 


or 
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differential equation 
po 


(29) Tar? ao - pl 
Its solution is 
(30) =o+e@logr. 


Exercise 12. If the temperature of the inner surface of the 
hollow cylinder is 0, and that of the outer surface is 0, and the 
radii of a right section of these surfaces are ro and 7 respectively, 
determine the values of the arbitrary constants in (30). Also find 
the quantity of heat flowing across a unit length of an isothermal 
cylindrical surface at a distance r from the axis, where ro <r < 14. 


7° Electric circuit in acondenser. If acondenser of capacity 
C, charged with a quantity of electricity Q, is introduced into 
an electric circuit, it will discharge by sending a current through 
the circuit. If q is the quantity of electricity in the condenser 
at any instant during the discharge, it satisfies the equation 
d? dq 
aera re 


where L is the self-inductance and R the resistance of the circuit. 
Here the auxiliary equation is 


1 
Hr V Ra 4 /C 
he I Se VP Pai a 
1. If R? > 4L/C, we have 
q = Aemt + Bem, 
To determine A and B, we use the initial conditions that when 
t = 0,q¢ = Q and —dgq/dt =1 = 0, where 7 is the current; i.e., 
A+B=Q and mA+mB=0; 
whence 
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Hence 
= Mot — mt 
@= a, (mem — mem), 
and 
; d 
~~ oF = ene (emit _— emt), 


Noting the values of m; and ms, we see that q and 7 diminish 
continually, but do not become zero for a finite value of ¢. 
However, they soon become practically negligible, when R/2L 
is a large quantity. 

2. If R? = 4L/C, we have 


g = e~Ri/2L (A + Bt). 


To determine A and B, we make use of the same initial con- 
ditions as before, and find 


9 = 2 QL + Rie-RuMt, 


and 


Here, again, g and? diminish rapidly, without vanishing for a 
finite value of ¢. However, as a rule, they are soon negligible. 
3. If R? < 4L/C, 


1 R? 


R : 
2) Lo 473 = a 1B. 


2L 
*.q = e#(A cos Bt + B sin Bt), 


mm, mm = — 


and 
t= a4 = —e“[(aA + BB) cos Bt + (aB — BA) sin Bi]. 


To determine A and B, we use the same initial conditions as 
before, and find 


¢= (8 cos Bt — a sin Bt), 
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and 
i= ase TE) sin Bt, 
B 
where a = —R/2L and B = V1/LC — R?/4L?. 

Both q and 7 are oscillating functions of period T = 27/p. 
Thus, they are sometimes positive and sometimes negative. 
The amplitude in either case is a constant times e~®//2L, which 
usually diminishes very rapidly with ¢. But, in specially con- 
structed circuits in which # is small relative to L, an oscillatory 
discharge may be realized. 

8° Central force. Consider the motion of a particle sub- 
jected to an attractive force, F(p), always directed toward a 
fixed point and a function of the distance of the particle from 
that point. Take this point as the origin. The components 
of the force acting upon the particle when located at the point 
(x, y) are 

—Fcos@ or —Fzx/p in the direction of the z-axis, 
—F sin @ or —Fy/p_ in the direction of the y-axis. 


Here p and @ are the polar coérdinates of the point (z, y). 
If the mass of the particle is taken as unity, the equations of 
motion are 


(31) Aire 


Multiplying these by y-and « respectively, and taking their 
difference, we have 
d*y d*x 
(32) tae ¥ Gt 9: 
’ —, dy dx 
The left-hand member is the derivative of x a Ya 8 


may be verified readily. Hence, after integrating, we have 


dy dx _ 
(33) Ca UG = hs 


where fh is a constant. 
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Since 6 = tan“(y/z), 


We ee dx 7 dx 
a de oi ia 


ee a + y? p? 
Hence equation (83) may be written 


dé 
(34) ar Fa 


This equation has an interesting interpretation. 

The differential of the area swept over by the radius vector 
as the particle moves from (p, @) to (p + dp, 6 + d@) is equal to 
4»’d@. Hence equation (384) shows that the rate at which the 
radius vector sweeps over an area ts constant.* If this area is 
designated by A, equation (34) may be written 


dA _h 
1h 92 
Integrating, we have 
ht 


If we begin to measure A when ¢ = 0, i.e., if we impose the 
initial condition that A = 0 when ¢ = 0, we have 


To find the differential equation of the path, we make the 
change of variable 


1 
(35) pea 
Then equation (34) becomes 
(36) = = hu’. 


* This is one of Kepler’s laws of planetary motion about the sun. 
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Moreover, « = cos 6/u, whence 


dx dx do _ gat sin9 cos é du 
= dG = ine (- | oy 


: du 
= =a(u sin 6 + cos 0G) 


d*z  d (dx\dée ne a) 


ae dbN dt) dt do Vai 


2 
= —h?u? cos 0 (u + oD) 


Noting that the first equation of (31) may also be written 


dx 


aT tas — F(p) cos 6, 


we have the differential equation of the path in the form 
du 1 
(37) hu? Ta + w) — r=) = 0. 


[Of course, the same differential equation results from making the 
change of variable (35) in the second equation of (81).] 
Here 6, the independent variable, is absent. 


Exercise 13. Solve equation (37) if F(1/u) = ku?; that is, if the 
force is inversely proportional to the square of the distance of the particle 


from the center. 
In this case, the differential equation reduces to the linear one 


with constant coefficients 
du k 
doi + Y= Zp: 
It will be left as an exercise to show that the general solution of 
this is 
k 
(38) u = ccos (9 — a) + 79) 


where c and a are arbitrary constants, to be determined by the 
initial conditions. 
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If we replace c by ke/h?, where e is now the arbitrary constant, 
equation (38) takes the form 


(39) “= all + ecos (9 — a)]. 


Passing back to the variable p, we find the equation of the path, in 
polar coérdinates, to be 
h2 
bt bk 
P= 1+ ecos (0 — a)’ 


We recognize this to be the equation of a conic, with a focus at 
the origin (or pole),* with the axis of the conic through the focus 
making an angle a with the initial line. The eccentricity of the 
conic is equal to e, and the semi-latus rectum is equal to h?/k. 

To determine the constants of integration in a particular case, 
we shall suppose that, when 6 = 0, the particle is at a distance po 
from the center of the force and is moving with a speed vp in a 
direction making an angle Y with the initial line. If the angle 
which the tangent to the curve makes with the radius vector to the 
point of contact is Y, we know that dp/d@ = pcoty. [Compare 
formula (q) §III-2.] Hence our initial conditions are 


(40) 


d \ 
Pp = po; a = po cot po, when dé = 0, 





or 
layad t 
eet >= — ots when 6 = 0. 
Putting these in equation (39) and in 
du ke . 
do 2 82 (8.— a), 
we have 
1 k t 
an: (1+ ecosa) and cote =— Fe sin a, 
or 
j h? 2 
ree ae and ohes eee 
pok pok 


* This is another of Kepler’s laws of planetary motion about the sun. 
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Hence 
oT h? cot Wo 
(41) tana =e 
and 
hA csc? Wo 2h? 
a PASEO Vom nh” 
(42) e A tea fdas 


The value of e, the eccentricity of the conic, determines the 
nature of the conic. To investigate this, we make use of the 
formula for the distance of the tangent to a curve from the origin, 
in polar coérdinates, (w) §III-2, 


— 228 
P=pPp ds 
From (384), we have 
20 , 40 ds 


h=~p ak ae datding oe: 


Here, v is the velocity of the particle. Moreover, p = p sin y. 
Hence 
h = pusiny. 
Since h is constant, we have 
k= Povo sin Wo. 
Putting this in (42), we find, after a simple computation, that 
24).2 ain2 

_ 42 — Povo” sin fo (2 ») 

(43) 1 é 5 t k2 po Vo . 

Neglecting the case when sin Wo = 0, i.e., when Yo = O or 7,* we see 
that the value of Yo plays no réle in determining the type of conic. 
From (43) we see that, when sin fo ¥ 0, 

the path is an ellipse if vo? < 2k/po, 
the path is a parabola if vp? = 2k/po, 
the path is an hyperbola if 1? > 2k/po. 

In particular, if Yo.= 7/2 and vo? = k/po, e equals zero and the 
path is a circle. 

Exercise 14. Solve equation (37) if F(1/u) = ku’; that is, if 
the force is inversely proportional to the cube of the distance. 


* In this case we have motion in a straight line, considered in Ex. 22, §VIII-10. 
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In this case also, the differential equation reduces to a linear 
one with constant coefficients, viz., 


du k 
at — iz) = 0. 


Distinguish between the cases when 1 — k/h? is greater than 
zero and when it is less than zero. 


9° Additional exercises leading to the solution of linear 
differential equations with constant coefficients. 


Exercise 15. Find the motion of a heavy particle sliding with- 
out friction along a massless straight rod, which rotates about one 
of its points in a vertical plane with constant angular velocity w. 

Consider, first, the motion of the particle along the rod. Here the 
acceleration of the particle arises from two sources, viz., the weight 
of the particle and the rotation of the rod. 

The acceleration along the rod, due to gravity, is equal to 
—g sin wt, if we suppose the rod to be horizontal when ¢t = 0. 

' The acceleration along the rod, due to the rotation of the rod, is 
equal to w’r, where r is the distance of the particle from the center 
of rotation. 

Hence the differential equation of motion along the rod is 

dr f * 
dO" = —g sin wt. 

Find the solution satisfying the initial conditions r = ro and 
v (or dr/dt) = vo when t = 0. 

For what values of ro and vo does the motion along the rod be- 
come simple harmonic? : 


Exercise 16. In the case of an elastic string, whose length is l, 
and which has one end fixed and a weighted particle attached to 
the other end, the equation of motion of the particle is 


aaa Hk (aac); 


where e is the elongation due to the particle. Find s and v 
(or ds/dt), assuming that s = sy and v = 0 when t = 0. 


Exercise 17. If a vertical column is subjected to a load whose 
center of gravity is directly over the central line of the column, a 
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compression of the column results. But, if it is at a horizontal 
distance e from this central line, there is a tendency to bend the 
column. Both ends are free to turn abouta  y 
horizontal axis, but not free to move laterally. 
PCG RULO SN MG ee a i te 

If we take the line of the applied force as 
the axis of x and the origin at the lower end, 
the differential equation to determine the hori- 
zontal deflection of points along the central 
line is (as in the case of the deflection of 
beams, Ex. 18, §III-4) 


P. 





yj”? M 
curvature = a+ yD ine Bat 


0 ee See OS ee Se See 


As before, since y’ is very small, we neglect the term y” as a first 
approximation, and consider the differential equation 


Ely” = M. 
If the weight of the load is P, the bending moment with respect to 
any point (a, y) is 
M = —Py. 
Hence the differential equation to be solved is the linear one with 
constant coefficients 
Ely’ + Py = 0, 


with the initial or boundary conditions y = e when x = 0, y’ = 0 
when « = 1/2, the length of the column being taken as l. 

Find the values of y and. y’ at various points along the central 
line. Also find their greatest values. 


CHAPTER VII 


LINEAR DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER 


VII:1. Change of dependent variable. While the problem 
of solving linear differential equations of the first order can 
always be reduced to one of quadratures (§II-9), there is no 
general method by which the solution of linear differential equa- 
tions of higher order can be so effected. 

In this short chapter three methods, especially applicable to 
linear differential equations of the second order, are developed. 
By the first of these an equation of special type can be trans- 
formed into a linear differential equation of the first order; 
the other two enable one to transform certain equations of 
special types into linear ones with constant coefficients. 

While these methods apply to only a relatively small number of 
differential equations that are apt to arise, it is very easy, as a 
rule, to test whether any of them is applicable in any given case. 
Hence little time need be consumed with them if they are found 
not to be applicable in any particular problem. 

The general type of a linear equation of the second order is 


(1) YO Py se Gy =X, 
where P, Q, X are functions of x only. 

Let us try the following change of dependent variable, 
(2) Y = yi, 


where v is the new dependent variable and y; is a function of x 
still to be so determined as to simplify the resulting differential 
equation (3). Then 
y’ = yi’ + y1'v, y"" = yyv”’ + Qyy'v' +. yi''v; 
148 
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and equation (1) becomes 


(3) vo + Py' + Qw = Xi, 
where 
2 vt P / 
Pi = au mie Pp, On re , XxX =< =. 


Two uses may be made of this: 

1° By inspection,* or other means, a particular integral may 
be found for the corresponding homogeneous differential equa- 
tion 


(4) Uebel Uech eUz=0, 


which results from replacing X by zero. If this particular inte- 
gral is taken as y; in (2), Q: = 0, and equation (3) becomes 


v’ + Py’ = Xi. 
This may be written as the linear equation of the first order 
in v’ 

d ty 

ot Py’ => Xi, 
which can be solved for v’ (§I1I-9). A quadrature will then give y. 


Exercise1. y!’ — x?y’ + xy = x. 
Here x is a particular ‘integral, since P= —Qz. Putting 
y = xv, we have ” 
zo’ + (2 — 2°)v’ = &, 


ar * +(2 — oy = 1. 


An integrating factor is ae Q/a—w dr or p2e-29/3, 


ie y' 22e-#8/3 oo fore*de = — e-#8/3 -f- C1, 


or 


* Thus, for example, if P = — Qz, x is evidently such a particular integral. 
Again, if 1+ P+Q = 0, eis such, or, if 1 — P +Q=0, e* is one; or, more 
generally, it may be possible to note, by inspection, a number m, such that 
m2 + Pm+Q = 0; in this case e”* is such an integral. 
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or 

y= 5+ cye—*er"/8, 
and 

v= - + ox f 2-2er"/Ade + ta; 
whence 


y=lt ot f x-%e*az + cox. 


As noted in the case of Ex. 3, §II-1, the term involving the 
quadrature, which cannot be expressed in terms of elementary 
functions, may be replaced by an infinite series. It is suggested 
that the student verify that this term is equal to 

git 


os x8 § x? 
a(—1+ 593+ sgenteageaitieeat: ; -). 


2. vy" — (2¢-+ ly’ + (@ + ly = 2-2-1, 
3. (1 + 2*)y” + 2ay’ — Qy = 3c. 
4. say ey — ye (La), 


Here x and e* are particular integrals, when the right-hand mem- 
ber is replaced by zero. Hence, by property A, §VI-1, the comple- 
mentary function is ca + cet. To find the particular integral 
which must be added to the complementary function, the method 
of variation of parameters (§VI-9) may be employed. 


5. xy!’ — (2a — 1)y’ + (a — 1l)y = 2? — 2. 
6. ey! (Qe — ly! + eoAd)y eeidn82? — 2e+ 2. 
7. (a8 — 2a7)y” — (28 + 227 — 6x)y’ + (827 6)y = 22% — 223, 


[Make use of the fact that a particular integral of the form a” 
exists for the corresponding homogeneous differential equation. ] 


2° If no particular integral of the homogeneous differential 
equation (4) is known, there is sometimes an advantage in using 
the change of variable (2) in order to make P; = 0 in equation 

(3), ie., 
2y1' 


rr oe a. 
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For this we must take 
(5) w= eS P/2)ax, 


Upon differentiating, we find 
yi’ = —(P/2)y. and yi!” = —(P'/2)y1 +. (P/2)%y1. 


Putting these values in the expression for Q,, we find 


(6) a=-0-<(5)-()- 


If Q — P’/2 — (P/2)? is equal to a constant, equation (3) is a 
linear differential equation with constant coefficients; if it is 
equal to a constant divided by 2?, equation (3) is a Cauchy equa- 
tion ($VI-11). If Q: assumes neither of these forms, the method 
is not applicable. 

Attention should be called to the fact that the value of Q; 
does not depend upon that of y:. It is given by (6) in terms 
of the coefficients of the original differential equation. Thus, it 
is possible to determine whether the method is applicable or not 
without calculating yi. 


Exercise 8. sinz:y’’ +2cosz:y’+3sinz:y = e*, 
Dividing by the coefficient of y’’, we have 
y+ 2cotz-y’ + 3y = e* csc x. 
Here Q = 3, P/2 = cot x. Hence 
Qi = Q = P’/2 — (P/2)? 
= 3+ esc? 2 — cot? a = 4, 
and the method is applicable. Now, we calculate y1, which is 
fa ef P/ade on Soot ad =cvse. 2} 
and, from the form of (3), we know that the transformation 
y = vese x reduces our differential equation to 
v’ + 40 = ee, 
Solving this, we find | 
v = c, cos 2x + ~ sin 2x + e/5; 
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whence, after simple reductions, 
y = c,(cos z cot « — sin z) + ~ cos z+ ese a: e*/5. 
9. y”’ — 2tanz-y’ — (a? + l)y = sing. 
10. x2y’’ — 4a3y’ + 2(207 + 1)(2? — 1l)y = 2re*. 
11. avy!’ + 2y'’ — cy = 2e*. 
12. xy!’ — Qx*y’ + (2? — 6)y = a — 6c. 


VII-2. Change of independent variable. If we introduce a 
new independent variable u, we have 


dy dy du _ wy 
dx dudx  “ du’ 
d’y dy 2) dy d?u 


2 
dty _ dy (du dy du _ ty dy 
dx? dut\dz/ * du dx? ™ duty ape du 


and the differential equation 
y+ Py’ + Qy =X 
becomes 


ul + Pudy, Q _X 
@) get a gut yal = ae 


It may happen that the coefficient of dy/du in (1) reduces to 
a constant when we put Q/u’? = +1, ie., uw’ = VEQ (where 
we choose that sign which will make the square root real). 
If such is the case, the equation (1) is linear with constant coeffi- 
cients. But, if this is not the case, the method is not applicable. 
Here, also, we note that the test for applicability can be made 
without calculating w. 


Exercise 1. y’’ + (2e% — 1)y! + ey = e*. 
2 ur P , 
Putting w’ = et, we find “,P“ _ 2, and the method is 


applicable. Hence, if we introduce the new variable u = et, the 
differential equation ea 


dy 


4 4 oot + y= uv, 


VII‘3 SECOND ORDER 153 


Its solution is 
y = (cr + cue + u? — 4u+ 6. 

Replacing u by its value in terms of z, we have finally 

y = (ci + cee*)e-e* + 0% — det + 6, 
y’ + tana: y’ + cos’z- y= 0. 
(1.— 2*)y”’ — ay’ + 4y = 32+ 822. 
ay” +. 3x5y’ + y = 1/27, 
ay” — (2x? + 1)y’ — 8a3y = Axe’, 


sr) Sb? 


VII-3. Summary. There is no general method for solv- 
ing all linear differential equations of the second order, 
ou 
elementary methods. In this chapter several special types of 
linear differential equations of the second order are discussed, 
which are simplified by certain transformations of variables. 

1° If, by inspection or otherwise, we know a particular 
integral y; when the right-hand member is made zero, then 
y = yw will reduce the equation to a linear one of the first order 
when dv/dz is taken to be a new variable (§VII-1, 1°). 

2° If such a particular integral is not known, the value of 
Q — P’/2 — (P/2)? should be found. If this is a constant, or 
a constant divided by x’, the equation is reducible to one with 
constant coefficients, or to a Cauchy equation, by substituting 
y = yw, where y; = e-/ °/* (§VII-1, 2°).* 

3° If the previous method does not apply, let u’ = V+Q 
(using that sign which will make the square root real); then 
(u’’ + Pu’)/u” should be calculated. If this is equal to a 
constant, the method of §VII-2 applies.* 


Exercise 1. xy!’ — (x + 3)y’ + 3y = 22 — 3. 
2. (2 — 3)y” — (42 — 9)y’ + (382 — 6)y = 0. 
8. x?y’"’ + day’ + (2 — x?)y = 0. 


* Emphasis should be laid on the fact that no integration is required in testing 
the applicability of this method. It is only after one is assured that the method 
applies, that the form of the new variable need be sought. 


P o + Qy = X, by means of quadratures, or by other 
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4, (a? + 1)y”’ — 2ay’ + 2y = 4. 

5. x2y!’ — ay’ — 4aty = 2+ 4e*log z. 

6. 22y"’ — 4ay’ + (6+ 27)y = a5, 

7. zy!’ — (82° + ly’ — 42°y.= 425. 

8. x?y” — Qa(1 + x)y’ + 211+ zy = 2. 

9. «xy — Anzy’ + (n?+ n+ a*x?)y = 0. 
10. arty!’ + 223y’ + n?2y = 0. 11. aty”’ — ay’+ y = 0. 
[Express the solution of Ex. 11 in the form of an infinite series in 

negative, integral powers of z.] 


12. (a? + 2ax)y”’ + (x? — 2)y’ — 2(a+ 1)y = (223+ 627)e= 


CHAPTER VIII 


MISCELLANEOUS METHODS FOR SOLVING EQUATIONS 
OF HIGHER ORDER THAN THE FIRST 


VUI-1. General plan of solution. There is no general ele- 
mentary method for solving a differential equation of higher 
order than the first, excepting in the case of linear equations 
with constant coefficients and equations reducible to these 
(Chapter VI). A common procedure, in other cases, consists in 
transferring the problem to that of solving an equation of lower 
order. We shall consider some classes of equations for which 
this can be done. 


VIII:2. Dependent variable absent. If y is absent, the equa- 
tion is of the form 


f(z, Yi pe i) y™)) = 0. 
Putting y’ = p, and noting that 
Yair oe = Py” = py = pa”, 


we find that the resulting equation to be solved is similar in 


form, viz., : hi 
F(z, D, DP’; ° ep )) = 0, 


and isof ordern — 1. If this differential equation can be solved, 


we have 
p= $(2, (hh pe Cn-1), 


and y can be obtained by the quadrature 
yr foc, C1, C2,* * *, Cn-1)d& + Cp. 


Again, if y, y’, y’’, - « +, y¥» are absent, so that the equation 


is of the form 
f(z, y, yt), waa y™) a 0, 
155 
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the transformation y = v reduces it to one of similar form 
f(@, v, v', Saas y(n—r)) = 0, 
which is of order n — r. If this differential equation can be 


solved, we have v = $(2, C1, C2, * * *, Car), and y can be ob- 
tained by r successive quadratures, i.e., 


y a3 ff. ed foc, C1; C2, ve a9 biker a Cu-r412" 
an Cnr" tee te ie bt cy. 


If y and all of its derivatives except the highest are absent, the 
equation, when solved for the highest derivative, assumes the 


form 
y™ = f(z), 


and the solution is obtained by n successive quadratures. For, 
yr) = f f(x)dx + a1, whence y*—) = (} i f(x)dx? + ayr + a, 


and so on, until we have 
v= ffi fide + erat $ coe $+ sb eeae + cm 


Exercise 1. (1+ 2%)y’ + 1+ y2=0. 
Putting y’ = p, we have 
Cee ne ee 2—0 or Reg 
da Eames? It+p ita. - 


i ss Cee we. 
.. tan-! p = c — tan '&, orp = 7774, where c; = tan ¢, 


Integrating, we have 
ey = (c1? + 1) log (1 + ez) — ct + &. 
Exercise 2. (xy! — y")? = y"2 + 1, 
Putting y” = v and solving for v, we have 
v=o’ tv v2 + 1, 
This is Clairaut’s form (§IV:4) and has for solution* 
v=y"=c@tVE+1, 


* The singular solution of this equation will also lead to a solution of the 
original differential equation. But this will involve only two arbitrary constants. 
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Integrating, we find 
y' = 5a ok aot 1 +c’. 
Integrating again, we have the solution 
y= Cpa Vvepit ca+ ec’. 


Sohey =e? 9) (py — 1) ees y= Zeer. 
fw = (oy). Gy a a 1 0. 
7. xy! — 2ay’y"(1 + yy’) — (1+ y)? = 0. 


VIII-3. Independent variable absent. If x is absent, we let 
y’ be the new dependent variable and take y as the independent 
one. Putting y’ = p, we have 


pat sed “nari P ay? 


at 
o-oo o(Q). 
ur 


: ate is pear *(ai) 
a da rapt Beg’ \ aa 


and the differential equation reduces to one of order n — 1. 
If this can be solved, we have 

y’ ai Ply, C1, Q@;," * "y Cn-1); 
and y can be obtained wo the quadrature 


Laas C1, ec . 33 Cn—-1) Te + "g 
Exercise1. yy!’ — yy”? — y’y’ = 0. 


Putting y’ = p, we have y’”’ = p ae and the equation becomes 


d 
(v2 p- ¥*)=0, 


which is equivalent to two equations. 
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The one, p = 0, has the solution y = c, which is a solution of the 
original differential equation. 
The other, 


dp 
Y Gy PUA 20; 
has the integrating factor 1/y*._ Using this, we have 
bese 
mh el 
Remembering that p = dy/dz, we have 
- 
y(y + ©) 
The solution of this is readily found to be 
i i 5 ae, 
This is the general solution of the original differential equation. 


It, includes the other solution y = c, found above, for the special 
value a = ©. Or, if the general solution is written in the form 


= he 





use = Oca, 
the special form results from putting a = 0. 
2 yy’ ty?2+1= 0. 8. 2y”’ = ev. 
4, yy!’ + 2y’ — y? = 0. 6. 3yf 2m ala! =e 0. 


VIII-4. Equation homogeneous in y and its derivatives. If 
the differential equation , 


(1) f(z, Y, y’, end y™) =0 
is homogeneous, of degree k, in y, y’,- - -, y™ (the manner in 


which x appears playing no réle), introduce the new dependent 
variable v = log y. Then 


y = e, y= erv’, y"! Be e%(!! +. v’2), yy!” = 69(y!” + 8y!"p! a v’3),« Bese 
Here v appears only in the factor e’. \ Substituting these values 
in (1), we have an equation of the form 


eM (x, v', Uae Sch hey v(n)) = 0, 
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since (1) is homogeneous in y and its derivatives. If we neglect 
the non-vanishing factor e*, the resulting differential equation 
is seen to be free of v, the dependent variable. Hence, the: 
method of §VIII-2 applies. 


Exercise1. yy’’ — y'? — 6zry? = 0. 
2. xyy”’ — zy = WV ty? + iy”, 
S. ayy” PF ay" — yy = 0. 4, xyy’’ + 2yy’ — xy’? = 0. 


* VIII‘5. Isobaric equation. The term isobaric, introduced 
in §II-4, may be extended to functions involving higher deriva- 
tives. Thus, we shall define f(z, y, y’, y’’, - + +, y™) as an iso- 
baric function of weight r, if a number m exists such that the re- 
sult of replacing x by ta, y by ty, y’ by t™“y’, y”’ by t?y’"’,- + +, 
y™ by t™-"y™ is the original function multiplied by ¢; ice., if 


Ata, i™y, py sibetaon of pm—ny(n)) = f(a, Y; os Pe Lies y™), 
As before, letting ¢ = 1/z, we have 


be egal i y™ 
f(z, Y; ae > ox y™) = of 1%, gm-1) ome gm—n J 





Hence, the isobaric function may be written as z’ times another 
function of the ratios y/z™, y’/a”"1,- - +, y/az™™; thus 


y™) 
(1) f(z, Y; ee m) ye) = vr( 4, gmt) ee gm—n 





Here 2, y, y',y"’,° sy” are said to have the weights 1, m, 
m—1,m—2,-*ym—n sh) and, a7yey’* + + yor 
has the weight a + bm +c(m—1)+°°°:+k(m—n). 

“If a polynomial in z, y, y’,- - -, y™ is isobaric for some value 
of m, the latter may be found by selecting that value for it 
which causes each term of the polynomial to have the same 
weight. (See Ex. 1, below.) This common weight is r, the 
weight of the polynomial. 

‘A differential equation, obtained by equating an isobaric 
function of z, y, y’,- ° *,y™ to zero, is said to be an isobaric 


* This section may be omitted in a first course. 


160 DIFFERENTIAL EQUATIONS - VIIL-5 


differential equation. Dividing the equation by 2’, we see from 
(1) that the isobaric equation may be written in the form 


y’ ald 
(2) r(4£4,--. 25 )=0, 


where the weight of each argument is zero. Here m may have 
any finite positive or negative rational value, including zero. 
If m = 0, the differential equation (2) has the form 


(3) F(y, zy’, cy", + + +, cy) = 0. 





The Cauchy linear differential equation (§VI-11), with right- 
hand member zero, is an equation of this type. As in the case 
of a Cauchy equation, the change of the independent variable 
u = log x transforms any equation of the form (3) into one in 
which the independent variable is absent. This follows at 
once from the fact that this transformation results in 


dy 
zy’ = aT =Dy, 2?y”=D(D—1)y, zy” =D(D— 1) (D—2)y, - 


as was shown in §VI‘11. Then the method of §VIII‘3 is 
available. : 

If m # 0, make the change of dependent variable v = y/z™, 
ory = xv. Then 

y’ = xy’ + manly, 

yl = amy" + 2mam—y! + m(m — 1)x™-20, 

k(k — 1) 
y(*) = gmy(k) + kmam—ly(k-1) + — Div m(m = 1)am—*y(k-2) +... 


ity a - ath -(m— k + 1)am-*y, 





and 

y y! ite 

- A Ye Sete Bek land) dere sors Ta = x?y"’ + 2mavo! + m(m— 1)v, +++, 
y* 


is = why) + kmak-tyt-1) + «+ + m(m—1) +++ (m—k+1)0,-+- 
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Hence, this change of dependent variable transforms the differ- 
ential equation (2) into one of form (3), for which m = 0. A 
method of solution for this case has been given above. 

If the isobaric differential equation is not of weight zero 
[as it is in form (2)] but of weight r, its left-hand member will 
be that of (2) multiplied by x’, because of (1). This extra 
factor is not affected by the change of dependent variable and 
is changed to e™ by the change of independent variable. 

Summing up the results obtained above, we have established 
the following 

Theorem. Given a differential equation which is isobaric of 


weight r when the weights 1, m, m — 1,- + -,m — n are assigned 
tox, y,y',: + +, y™ respectively; the result of the transformation of 
variables 


i Ce ve 
is a differential equation from which the new independent variable 
is absent or may be eliminated by dividing by the non-vanishing 
factor e™. 
The method of §VIII-3 may now be employed. 


Remark. The change of variables 
en we" 
replaces y™ /x™—* by 
(O+m) (O+tm1)-*+-(O+m—k+1)2, 
where ® refers to differentiation with respect to u. When 
m = 0, we have the case considered in §VI-11. 


Exercise1. x?yy!’ — 3ayy’ + x?y’? + 2y?+ 2? = 0. 

If the weights 1, m, m — 1, m — 2 are assigned to 2, y, y’, y”’ 
respectively, the terms of the differential equation have the weights 

2+m+m—2=2m, 1+m+m—1=2m, 2+2m—2= 2m, 

2m, 2 respectively. 

Each of these is equal to 2 when m = 1. Hence the equation is 
isobaric of weight 2 when we assign to 2, y, y’, y’’ the weights 
1, 1,0, —1 respectively. Using our theorem, we let 


c=e, y= ver. 
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dv 
yee) 
gftbBlits AOU (Gt gs 


dx du dz 


Putting these in the differential equation, we find, after simple 


reductions, that ef ee 
or Pg art a 
€ lo met =) +: 1| = 0. 


After division by e™, the differential equation is free of u. While 
the method of §VIII-3 may be employed, the integration in this 
case can be effected more readily by noting that 


dv d dv 
at a) du (0 =) 


and integrating directly. Compare §VIII-6. The rest of the exer- 
cise will be left for the student. 

2. aby’! xy’? — (2? + Qay)y’ + 2? + zy + y? = 0. 

8. xtyy”’ + ay’? = Taryy’ — at + 8y? = 0. 

doetyy at eat 32 yy, — “has 0. 


VIII-6. Exact differential equations. A differential equa- 
tion of order n is said to be exact if, when all of its terms involv- 
ing the dependent variable and its derivatives are brought over 
to one side of the equation, that member is the derivative of 
some function of the independent variable, the dependent vari- 
able, and the derivatives of the latter. Equating the integrals 
of the two members of an exact equation leads to a new differ- 
ential equation of order n — 1, which still remains to be solved. 
This new equation involves one arbitrary constant, and is 
known as a first integral of the original differential equation. 

In the case of linear differential equations, a simple test for 
exactness can be given. .For illustrative purposes, an equation 
of the third order will be used. Thus, consider the linear differ- 
ential equation whose left-hand member is 


(1) Poy” iy ap Psy taP sy. 
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The term Poy’ will arise on differentiating Poy’, for the 
derivative of the latter is Poy’ + Poy’. Subtracting this 
exact derivative from (1), we obtain 


(2) ee oly te Pa a ae, 


which must evidently be exact whenever (1) is. 

As before, we note that the term (P; — Py’)y’’ will arise on 
differentiating (P: — Po’)y’, for the derivative of the latter is 
(Pi — Po')y” + (Pi' — Po”)y’. Subtracting this from (2), we 
obtain 


(3) (Ps — Py. + Rov)y, +. Rey, 
which must also be exact if (1) is. 


The term (P: — Py’ + Po”’)y’ will arise on differentiating 
(P, — Py’ + Pyo’’)y, whose derivative is 


(P2 ee Pe + Po’’)y’ + (ee a. Pi’ + Po’’)y. 


Subtracting this from (3), we obtain 

(4) CP; — Pee Pit Bo) 9, 

which must be exact if (1) is. But this can only be the case if 
the coefficient of y is identically zero; i.e., if 

(5) P; — P,x! + Py’ — Pp” =0. 


Moreover, condition (5) is evidently sufficient. For, then, 
equation (1) results from differentiating 


Puy!’ + (Pi— Poly! + (Pa — Pi + Poy = [Xda te. 


In an analogous manner, one can show that the necessary and 
sufficient condition for the exactness of the linear differential 
equation of the nth order 
(6) Poy Pry@-D-F + Pry Fe + Prty’ + Pay =X 
7s - 

(7) Pa— Pant} Pal! 9 (1) Pee + vn (oD) Po 0. 
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A similar method applies to equations that are not linear, but 
in such cases there is no simple test for exactness; one must 
actually carry out the work of obtaining a first integral in order 
to determine whether the differential equation is exact or not. 
The following exercise will illustrate: 


Exercise 1. (a + y*)y!" + 6yy’y” + 3y” + 2y? = 0. 


The derivative of (x + y*)y” is (@ + y*)y’” + y” + 2yy’y”. 
Subtracting this from the left-hand member of the Rie arondial 


equation, we have 
Ayy’y aA aa 2ye + 2y'. 


The derivative of 2yy’? is 4yy’y’’ + 2y. Subtracting this, we 
have 
PTE 
which is the derivative of 2y’. Hence a first integral is 
(at y?)y” + 2yy”? + 2y' = ¢. 
It will be left as an exercise for the student to repeat the process 
and ultimately solve the differential equation. 


(cg — Ly” + @ere yr ye 

(2? + x)y” + (82 + 2)y + y= 4z. 

(a3 — a)y’” + (82? — 3)y” + 142y’ + 4y = 0. 

(y — xy” + y?%— 2y' = 1— sin 2. 

seyy!" + 8a8y’y’’ + 9x?yy”’ + 9x2’? + 182yy’ + 38y? = 0. 
(a — x7)y”" — 3y' + 2y = 22 — 1. 

aty!”’ + baby! + (622? + 1)y’ = 22+ 1/2. 

(2 — a?)y"” + 4y! + 2y = 


So SUED Gen Soe 


VIII-7. Integrating factor. We have seen that, in general, 
every differential equation of the first order, when solved for y’, 
has an integrating factor. This is not true for differential 
equations of higher order than the first, when solved for the 
highest derivative. There is a general theory of integrating 
factors for linear differential equations of any order, but its 
consideration is beyond the range of this treatise. On the other 
hand, there is no such theory for non-linear differential cel aa 
of higher order than the first. 
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In this section, we shall call attention to several types of equa- 
tions for which integrating factors may be discovered by inspec- 
tion or by simple tests. 

1° In the case of a differential equation of the form 


(1) y”’ = f(y), 


the integrating factor 2y’ is more or less obvious. Using it, we 
have 


2y'y” = 2f(y)y’. 
A quadrature gives a first integral in the form 


y2 = 2f fo)dy +. 


It is interesting to note that the method of §VIII-3, which 
applies to this differential equation because x is absent, leads 
to precisely the same quadrature. 

This type of equation frequently occurs in problems in 
Dynamics. The method given here is the one often employed 
when a knowledge of Differential Equations is not assumed. 

2° Casual inspection will enable one to note that 1/y’ is an 
integrating factor for an equation of the type 


(2) y”’ + f(z)y’ + o(y)y? = 0.* 
Introducing it, we have 

yl"! Y 

ied f(z) + o(y)y’ = 0. 
Integrating each term, we obtain 

logy’ + fi(ajde + foluay = c. 

Taking exponentials, we may write this in the form 

ef PO dy = eye SIee gy 

* This type of equation was first treated by Joseph Liouville (1809-1882). 

Let the student show that it is the differential equation corresponding to a 


primitive of the form F(y) = a(x) + 6, where F' and ® are functions of their 
respective variables, and a and b are the arbitrary constants to be eliminated. 
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where the variables are separated. Integrating again, we ob- 
tain the solution 


fel Pray a er fe Han sks 


which has the form mentioned in the footnote on the previous 
page. 
3° It is easy to determine whether a linear differential equa- 
tion, whose coefficients are polynomials, has an integrating factor 
of the form zx”. To do this, we multiply the equation by 2” 
and see whether a value can be found for m which will satisfy 
the condition (7) of §VIII-6. The following exercises will 
illustrate: - 
Exercise 1. y" — x?y’ +ay= a. (Ex. 1, §VID1.) 
Multiplied by x”, this becomes 
gmy!" —_ gmt2y! + gmtly = gm, 
The test for exactness of this equation is 
(m+ 3)amt+! + m(m — 1)am-? = 0. 
It is impossible to find a value of m satisfying the two equations 
m+3=0 and m(m—1)=0. 
Hence there is no integrating factor of the form x” for this differ- 
ential equation. 
Exercise 2. xy!’ + (224 — x)y’ — (223 — 1)y = 0. 
This equation is not exact, as may be verified readily. 
Multiplying by x” and applying the test for exactness, we find 
(m? + 7m + 10)a™+3 + (m + 2)a™= 0. 
Since m = — 2 satisfies each of the equations 
m+i7m+i10=0 and m+2=0, 
z~* is an integrating factor. Using it, we have 
ay! + (2a? — a-1)y’ — (22 — 2-)y = 0. 
This is exact, and the method of §VIII-6 leads to the first integral 
ey! — (2? + x)y =e, 
which is a linear differential equation of the first order. Its 
solution will be left as an exercise. 
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8. 272(1 — 2?)y” — aby’ — 2y = 0. 

4, x?y'" — Say" + (424 + 5)y’ — Sa3y = 0. 

& yy” + 2cota:-y’ + 2tany- y= 0. 

6. xyy’’ + zy’? — yy’ =0. (Ex. 3, §VIII-4.) [Solve for y"] 


7 y'’ +y=secx. (Ex. 1, §VI-9.) [cos x is an integrating 
factor. ] 


VIII:8. Linear equation with particular integral known. If 
the equation is linear and of any order, and if a particular inte- 
gral is known when the right-hand member is made zero, the 
method 1°, §VII-1, applies.* Thus, let the equation be 


Poy + Pry") ++ > ++ Pyiy’ + Pay = X, 


and let y; be the known particular integral. Putting y = y.v, we 
have 

y’ = yw’ + yr’d, 

y"’ — yw’ Qy1’v’ a yr'0, 


y) = yw) + ereay, 6 + yi™d, 

Making this substitution, we have 

Poxyw™ +++ ++ [Poy™ + Pip) +++ ++ Payilo = X. 
By hypothesis, the coefficient of v is zero. Hence the equation 
reduces to one of order n,— 1 when v’ is taken as the dependent 
variable. 1 

Exercise 1. (x2 — 22 + 2)y’" — ay’ + 2ay’ — 2y = 0. 

Here y = x is a particular solution. Putting y = av, we have 

(23 — 242 + 2x)v'” — (23 — 32? + 6x — 6)v” = 0. 
Since the coefficient of v’ is also zero, the equation may be written 
in the form 
dv’ 2 — 32? +62 — 6 5. 3dx Qx — 2 te 


fia oe — 2a? + Qn dx = de— — + 3 — on 12 





* The hint given there, as to how a particular integral may at times be found, 
applies equally well here. 
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Hence, 
log ov’ = « — 8log z+ log (x? — 2a + 2) + ¢, 


and 
y! dy, Nae — 20+ Be 


Integrating successively, we find 
dv ci(a — 1)e 
dei gen 
and 
c1e” 
v= =F +- mx + cz. 


Therefore, 
y = cet + cou? + cgx. 


Exercise2. xy!" — y” — zy t+y=1- 27. 
By inspection, it is seen that e*, e-*, x are particular integrals; 
hence we know at once that the complementary function is 
Y = cye* + ce~* + coe. 


The student should verify that, by the method of variation of 


parameters (§VI-9), this becomes the general solution when cy, C2, ¢3 
—z 


are replaced by a (2 + 2 — a) + ha, 5 (21+ 2—2)+ hk, 
t-P 7+ ks respectively. Hence the solution is 
y = kye™ + kee-* + kgu + 2? + 8. 


In order to secure practice in the general method of this section, 
let the student solve this equation by that method. It is sug- 
gested that he take y; = e-*, and then use the hint given in the 
last part of the footnote in §VII-1, 1° to find a particular solution 
for the resulting differential equation of the second order, when the 
right-hand member is made zero. 


8. ay!” — (243 + 32x?)y”’ + (a8 + 4x? + 6a)y’ — (x?+ 42+ 6)y = 0. 
In this section, we have brought out the fact that if a 


particular integral is known for a linear differential equation, 
when the right-hand member is made zero, a transformation of 
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the dependent variable can be found which reduces the order 
of the equation by unity; so that the problem of solving the 
linear differential equation is reduced to that of solving one of 
order n — 1, with an additional quadrature.* 

Moreover, if r linearly independent particular integrals are 
known for a linear differential equation of order n, when the right- 
hand member is made zero, the problem of its solution can be 
reduced to that of solving one of order n — r and r quadratures. 

Let the complementary function of the differential equation 
be 

y = cry + caye + csys ++ + + + Cnn 

If y: is known, the transformation y = yw, or v = y/y1, 
changes the linear differential equation into one in which v is the 
dependent variable, and its complementary function is 
(1) v= Cr+ coye/yi + cays/Ya + + + + Cntn/ yr. 

Because of the term ci, we note again that the new equation 
does not contain a term in v. 

If, now, y2 is also known, it follows from (1) that yo/y: is a 
known particular integral for the differential equation having 
v for dependent variable, when the right-hand member is made 


zero. Hence — is a particular integral for the differential 


equation of order n — 1 inv’. So the additional transforma- 


tion vo’ = u Resi) restilts in a linear differential equation of 
a 


order n — 1 in u with the term in u absent; ie., in one of 
order n — 2 in w’. 

By induction, we can establish the theorem, when r particular 
integrals are known. 

To illustrate the steps involved here, the student should 
apply them to the exercises of this section. Care in selecting 
the order, in which the particular integrals are taken, will sim- 
plify the process. 


* As illustrated in Ex. 1, it is possible that the order may be reduced by more 
than one. If the order is reduced by k, the number of quadratures is also k. 
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VIII-‘9. Transformation of variables. In §§VIII-2, VIII‘3, 
VIII‘4, VIII-5, VIII‘8 we noted that a change of variables trans- 
forms the given differential equation into one which is more 
readily solvable. Other cases arise occasionally when a trans- 
formation of variables will aid materially in obtaining a solution. 
No general rule for this can be formulated. The form of the 
equation will frequently suggest the transformation to be tried. 


Exercise 1. x?yy'’ + (ay’ — y)? = 0. 
The set of terms (ry’ — y)* suggests the transformation y = va. 
When this transformation is made, the equation reduces to 
zou!’ + Qovv’ + av’ = 
This is exact, and has for first integral 
avy’ + iy? =, 
This also is exact; whence 
xv? = coe + &, 
or 
y? = cz? + Ce. 
Arrangement of the terms in the following way 
ayy” + y’) — 2eyy. + y? = 0 
suggests the transformation y? = v. Let the student solve the 
problem by making this transformation. 
2. ey! Cry yt =": 
3. yy’ — y? = ylogy — xy*. . [Let log y = v, i.e, y = e.] 
4, sin? a: y!’ — 2y=0. [Let cot m= u.] 


If the more obvious transformation sin x = wu is made, the re- 
sulting equation can be made exact by multiplying by a proper 
power of uw, and can then be integrated. 


5. 2(2yy” — y”) — Axyy’ + 8y? = 0. (Compare Ex. 8, 
§VIII-10.) 


This equation is homogeneous in y and its derivatives, thus 
suggesting the transformation log y = v. This does transform the 
equation to one reducible to the first order; but it is a Riccati 
equation (§1X-11), for which a method of solution is not obvious. 
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Further examination of the given equation causes one to note 
that the combination 2yy’’ — y’? suggests the second derivative 
of y'/2,_ Division by 4y’/? reduces the coefficient of x? to this second 
derivative. The remaining terms are then closely associated with 
y'/*, Hence the transformation y = v? should be tried. 

6. x(yy”’ + y’?) + 3yy’ = 22°. 


The combinations yy’’ + y’* and yy’ suggest the derivatives of 
y’ and, therefore, the transformation y? = v. 


VUI:10. Summary. The number of classes of differential 
equations of higher order than the first for which a general 
method of solution is known is very small. 

1° If the dependent variable is absent, let the lowest: deriva- 
tive* that appears be the new dependent variable (§VIII-2). 

2° If the independent variable is absent, let the first deriva- 
tive of the dependent variable be the new dependent variable, 
and take the old dependent variable as the new independent one 
(§VIII'3). 

3° If the equation is linear and a particular integral y; can 
be found when the right-hand member is made zero, let y = y.v, 
and in the transformed equation let v’ be the new dependent 
variable. If r linearly independent particular integrals can be 
found, the problem can be reduced to that of solving an equa- 
tion of order n — r and quadratures (§VIII‘8). 

4° If the equation is linear and of the second order, the 
methods of Chapter VII. may apply (§VII-3). 

5° If the equation is homogeneous in y and its derivatives, 
let log y = v ($VIII-4). 

6° If the equation becomes isobaric when the weights 1, m, 
m—1,:--,m—n are assigned to a, y, y’, + + -, y™ respec- 
tively, let z = e%, y = va™ = ve™ (§VIII-5). 

If none of the above cases occur, test the equation for exact- 
ness (§VIII-6). 

If the equation is not exact, some special device may be 


* Tf this is also the highest derivative that appears, let the next lower deriva- 
tive be the new variable. 
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tried, such as finding an integrating factor (§VIII-7), or finding 
some suitable transformation ($VIII‘9). 

As a final resort, the method of integrating in series may be 
tried (Chap. IX). 


Exercise 1. y” = y?+1. 
2. (1 — 2)y” — ay’ = 2. 3. y”’ + yy’ = 0. 
4. (1+ a)y’”’ + 9a7y’"’ + 182y’ + by = 0. 
5. (2? — x)y"”’ + (44.4 2)y’ + 2y = 0. 
6. y(1 — log y)y’” + (1+ log y)y” = 0. 7 y”’ = ev, 
Be yyl ry — er ey ee 
9. xy’? — (247+ 1)y’ + 423 = 0. 

10. (1 + y!?)yll! es By'y'” = 0. 

11. 3y/y/"yiv cas 4y'y!!”? - By!/2y'"" = 0. 

12. yy" — yy’ — zy’* + (1 — 22)y? = 0. 

13. x(x + 2y)y” + Qry’*+ 4(a+ y)y’ + 2y+ 2? =0. 

14. @— v)y" — 7’ += 0: 

15. xty!” + (223 + 2?)y’+1=0. 

16. sinz-y” — cosz:y’ + 2sinz+y = 0. 

17. Determine the curves for which the radius of curvature at 
any point is equal in length to the part of the normal between that 
point and the z-axis, (a) when the two have the same direction, (6) 
when they have opposite directions. 

[The radius of curvature = (1 + y’)§/*/y’’. The part of the 
normal, involved here, extends from the point on the curve to the 
z-axis. When the radius of curvature is drawn towards the x-axis 
also, y and y”’ have opposite signs; when it is drawn away from the 
x-axis, y and y’”’ have the same sign. ] 

18. Determine the curves for which the radius of curvature at 
any point is equal in length to twice the part of the normal between 
that point and the z-axis, (a2) when the two have the same direc- 
tion, (b) when they have opposite directions. 

19. Determine the curves for which the radius of curvature at 


any point is equal in length to k times the cube of the part of the 
normal between that point and the z-axis. 
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20. A particle which starts from a point on the axis of 2, at a dis- 
tance a from the origin, moves uniformly in a direction parallel to 
the axis of y. It is pursued by a particle which starts at the same 
time from the origin, and travels with a velocity which is n times 
that of the former. Find the path of the latter. 


[A path of this kind is usually referred to as a curve of pursuit. 
In the general case, its differential equation may be obtained from 
the following considerations: Let (x, y) be the codrdinates of the 
pursuing point, (&, 7) those of the point pursued. The path of the 
latter being known, we have given 


(1) fn) = 0. 


Since the point pursued is always in the tangent to the curve of 
pursuit, we have 


(2) (pa Ug al her 9% 
The equations (1) and (2) determine é and 7 in terms of zg, y, y’. 


If the velocities of the point pursued and pursuing point are in 
the ratio 1 : n, we have 


nV d& + dy? = Vda? + dy’; 
or, taking x as the independent variable, and squaring, we have 
(3) Dik (3 rated a Nas et 


Substituting in this the values of &’ and n’ obtained from (1) and 
(2), we find the differential equation of the curve of pursuit. ] 

21. Find the velocity ,of the weighted end of a simple pen- 
dulum of length J, swinging in a vacuum, if at the time ¢ = 0, v = 0 
and @ = a, where a is too large to permit sin a to be replaced by a 
as a first approximation. (See §VI-13, 1°.) 

22. A particle moves in a straight line attracted by a force, 
centered at a point on the line and varying inversely as the square 
of the distance between it and the moving particle. [Equation of 
motion is d?z/dt? = —k?/x?.] If it starts with zero velocity at a 
distance a from the center of the force, 

(a) find its velocity at any point in its path, 

(b) find the time required to reach that point, 

(c) find how far it will have to move in order to acquire the same 
velocity as that possessed by another particle when it reaches the 
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point a after having started at infinity with zero velocity and moving 
in accordance with the same law, 

(d) find the velocity with which a body (a meteorite, for example) 
will strike the surface of the earth if it falls from a distance h above 
the surface. 

[Gravity acts according to the inverse square law. Acceleration 
due to it, at the earth’s surface, is usually designated by —g. 
Hence k? = gR?, if R is the radius of theearthh Herea=R-+A.] 


CHAPTER IX 
INTEGRATION IN SERIES 


IX-1. Existence theorems. The number of classes of differ- 
ential equations that can be integrated by quadratures or other 
purely elementary means is very small, compared with the num- 
ber of possible classes of equations. The question arises whether 
every differential equation can have a solution. 

The existence of solutions for extensive classes of differential 
equations is established in the general theory of the subject. 
But a proper understanding of the proof of the theorems estab- 
lishing them requires a knowledge of the Theory of Functions, 
which is not assumed here. 

1° The existence theorem for the differential equation of the 
first order, dy/dx = F(z, y), may be stated as follows: 

If F(x, y) can be developed* by Taylor’ s theorem as a power series 
inx — xo and y — yo, absolutely convergent when the absolute values 
of these elements do not exceed certain definite amounts, there exists 
a unique solution, y = y(x), which satisfies the initial condition 
Yo = y(Xo). abt 

In some proofs of the theorem, y is found in the form of an 
infinite series 


Yo + c1(x — 20) + eo(x — 20)? ++ + ++ en(a — a)*® +++ +, 


which satisfies the equation when substituted in it for y, and is 
convergent for values of x sufficiently near to 2. 

Since y) may be chosen arbitrarily (within certain limits, 
however), we see that in the case of a differential equation of 
the first order one arbitrary constant enters. 

* For example, F(z, y) cannot be so developed, if it becomes infinite or in- 
determinate when x = 2, y = yo, or if it is not single-valued in the region of Xo 
or of yo. By the region of x) we mean the aggregate of those values of x which 
differ from xo, in absolute value, by less than some definite, positive number, 
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Remark. The existence theorem gives a sufficient condition 
for a unique solution, and, moreover, it suggests a possible form 
for that solution. Failure to satisfy the condition of the exist- 
ence theorem is usually due to the choice of values for x and yo. 
But an equation may have a solution, even for values of these 
quantities for which the condition of the existence theorem is 
not satisfied. In general, but not necessarily always, such solu- 
tions will not be developable by Taylor’s theorem in powers of 
x — 2, or they will not be unique. A few simple examples will 
illustrate: 


Thus, wy a where ~ 7 Pecomes indeterminate when « = y = 0, 
and infinite when x = 0, y #0, has the solution y = cz. Here 
y takes the value 0 when xz = 0. It is expressed as a (finite) 
Taylor series, but it will be noted that c is undetermined by the 
condition that y = 0 when x = 0; that is, unlike the cases 
coming under the existence theorem, there is an indefinite num- 
ber of solutions satisfying the initial condition. Moreover, it 
should be noted that it is impossible to find a finite value for c 
that will enable us to assign a value to y other than 0 when 


ap sa MN). 


Again, ae e zy Z where ~ + ” becomes indeterminate when 





x = 0, y = 0, and infinite when z = 0, y #0, has the solution 
y =xlogx+cx. Herey takes the value 0 whenz = 0. Butit 
is not possible to express the solution in the form of a Taylor 
series in powers of x. In this case, also, we have an indefinite 
number of solutions for the one initial value 0, and no solution 


for any other initial value of y when x = 0. 


The differential equation 2 oY abst has the general solu- 


1+ 22 








tioy = Vc+a2+z2%. Here 
In order that y = 0 when x = 2, we must have c = — 2 — 202. 
We have then the single solution y = Vax — x + 2? — 202. 
This is not developable by Taylor’s theorem in powers of x — zo, 
except when x1 = —#. 


= 0, whenz = am, y = 0. 
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The differential equation ou = ~/y has the general solution 


4y = (x+c)*. Here vy is not single-valued in any region sur- 
rounding y = 0. Corresponding to the initial condition x = Xo, 
y = 0, we have the two solutions 4y = (x — 2)? and y = 0. 

2° Before presenting the existence theorem for a differential 
equation of the nth order 


qnr-1} 
. y 
oe = F(2,¥ Ys Gar ont) 


we shall replace the differential equation by a system of n differ- 
ential equations of the first order. This is done by the intro- 
duction of (n — 1) new variables 


dy d*y dry 
YG Ft = a” zs ") Yn-1 = Gon-1) 


thus giving the system 


“tin 
oH — uy, 
Went = FO, y, Wy + +) Yn): 
This is a special case of the more general system 
BY — (a, y, 2+ + +, w)s 
@ = flo, y,2°* +50) 


d 
= fnlz, Osteen aes w), 


where y, z,: - °, w are n functions of z. 
The existence theorem for this system of differential equations 
may be stated as follows: 
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If fi, fo, > + +) fn are regular* in the regions of Xo, Yo, 20, * * *, Wo, 
a single set of functions y, z,- + +, w exists, satisfying the system 
of equations and taking the values Yo, Zo, + + *, Wo respectively when 
x takes the value x. 

In some proofs of the theorem these functions are found in the 
form of infinite series 


Y= Yor at — a) ae — 2) a ey) es 
z= 2 var ee = fY a 7a = a. 7 = at - aes 


w= Wo ie HG. — a nt lala — ee: red it ep —_ Fad els 


which are convergent when x is sufficiently close to 2p. 

Here yo, 2, -° * ‘+, Wo may be chosen arbitrarily (within the 
limits stated in the previous footnote). Thus, the general 
solution of a system of n equations of the first order with n de- 
pendent variables involves n arbitrary constants. We noted 
vabove that an equation of the nth order, with one dependent 
variable, may be replaced by a system of nm equations of the first 
order. Hence we see how we can obtain the following existence 
theorem for a differential equation of the nth order, as a conse- 
quence of the one, given above, for a system of n differential 
equations of the first. order involving n dependent variables: 

If F(a, y, y’, > + +, y*) ts regular in the regions of x0, Yo, 
Yo',* * +, yo, there exists a unique solution, y = y(zx), for the 
differential equation 

yo = F(z, y, Yee y@)), 
satisfying the conditions 
y(xo) = Yo, y’(%o) = y’o, + + +, YD (xo) = yor. 
If y(x) is expressed as the power series 


y(@) = co + c1(@ — %o)=b * 9 + se cpt 29) "Hh Cy (t.— 29) o> 8, 


* For our purposes it will be sufficient to state that a function of 2, y, z,* * *, w 
is regular in the regions of 20, Yo, 20,* * * , Wo if it can be developed, by Taylor’s 
theorem, as a power series in  — a, y — Yo, 2 — 2,* * -, W — Wo, absolutely 
convergent when these elements do not exceed certain definite amounts in abso- 
lute value. 
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the choice of yo, yo’, + - -, yo”, determining the unique solu- 
tion, is precisely that of the first n constants in the series. Since 
this choice is arbitrary (within certain limits), we see that the 
solution involves n arbitrary constants. 

Geometrically, this means: 

Of the single infinity of integral curves of a differential equa- 
tion of the first order and degree, a single curve passes through 
a given point, in general; i.e., where the conditions of the ex- 
istence theorem are satisfied. 

Of the double infinity of integral curves of a differential 
equation of the second order and first degree, a single curve 
passes through a given point, in a given direction, in general. 

Of the triple infinity of integral curves of a differential equa- 
tion of the third order and first degree, a single curve passes 
through a given point, in a given direction, having a given 
curvature at that point, in general. 


IX-2. Singular solution. In the existence theorem of the 
previous section stress should be laid upon the fact that the 
existence of a unique solution of y’ = F(z, y), taking the value 
Yo when x = 2, is assured only when F(z, y) is regular in the 
regions of z) and y. When «x and y are real variables, we shall 
speak of the region of (ao, yo). 

If the differential equation is given in the form 


f(a, v, y!) = 0, 


we know, from an existence theorem for implicit functions,* that 
y’ is expressible as a function of x and y regular in the region of 
(xo, yo), provided 

ian? af(e, vv’) 


ay’ #0 


in this region. But, if 

of 

ip 
__ * A proof of this theorem will be found in many works on Analysis, under the 
head of Implicit Functions. 
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the expression for y’ in terms of x and y ceases to be single- 
valued. In this case, the existence theorem of 1°, §IX:1 does 
not assert the existence of a unique solution. As a matter of 
fact, a solution does not exist there, in general. For, solving 
f = 0 and df/dy’ = 0 for y and y’, we obtain 

y = $(«), y’ = dil); 
and only in exceptional cases will 


$1(«) = oO), 


xt 


If it should happen that ¢:(x) = d¢(x)/dz, then y = ¢(z) isa 
solution of the equation; and, since it is usually distinct from 
the general solution, it is a singular solution. Moreover, it is 
identical with the singular solution studied in Chapter V. 

Similarly, in the case of differential equations of higher order 
than the first, singular solutions may occur. Thus, if there is a 
solution of f(z, y, y’,: - +, y™) = 0 for which of/dy™ also van- 
ishes, this solution is, in general, a singular one. 


IX-3. Solution in series. The following method for finding 
the solution when the conditions of the existence theorem are 
satisfied, is suggested by the fact that a solution exists in the 
form of an infinite series: ‘ 

The dependent variable is assumed to be equal to a power 
series with undetermined coefficients. The latter are deter- 
mined by substituting this value of the dependent variable and 
the values of its derivatives, obtained by differentiating* the 
series, in the differential equation, and then equating coefficients 
of the various powers of the independent variable. 

Frequently, no general law for the coefficients in the solution 
is apparent. Even in such cases it is possible, at times, to de- 
termine the number of coefficients necessary to obtain a result 
accurate to within a given error, corresponding to a given set of 
initial or boundary conditions. 

* The derivative of a function, defined by a power series in a given interval, 


is represented, inside the same interval, by the series of the derivatives of the 
terms of the original series, 
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At other times a general law for the coefficients can be found. 
This is often true in the case of linear differential equations. 

The following exercises will illustrate. We shall simplify 
the work by assuming that x) = 0 (which is equivalent to a pre- 
liminary change of variable « — x = 2). 


Exercise 1. y’ = x+y’. 
Here x + y” is regular in the region of any finite point of the 
plane. Put 
Y = ey vere Cb 22 “1 Cyt -f » 
Substituting, we must have 
C1 2x + 3egu* + - > + negt™ 1" s - = at (coteet+: - +)%. 


Equating coefficients, we have 


C1 = Co? seCh = Cast 
— . Jae,2% 
2c. = 2coc3 + 1 et = 5 + c, 
3c3 = 2coce + cx? 2 C3 = 3Co + Col, 


4c, = 2c9c3 + 2cic 4 = zPxCo" + co°, 


2heoz = Wocek-1 + 2cicer-2 ++ + * + 2ch-1Cp, 
(2h + 1)cop+1 = coca + Zrcep-1 ++ ° + + Weg_1ce+1 + c2?, 


Here each coefficient can be calculated in terms of the preceding 
ones, and, consequently, in terms of the single one co, which is the 
value assumed by y whenz = 0. We can calculate as many as we 
wish, but no general law is apparent. Our solution has the form 


Y = Cot cote + (E+ 0°) x? + (Feo + cot): - + 
For certain values of ¢o, it is possible to determine the number of 
terms necessary to obtain a value for y accurate to within a given 


error. 
If, for example, |co| < 1, an upper bound for each of the other 


coefficients can benamed. Thus, if |co| = 3, each of the coefficients 
is less than 1, and the series is term for term less in absolute value 
than the geometric series 


Ttoatorte + -tamtees, 
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which is convergent for —1<a2< 1. The error involved in 
using r terms of the series for the value of y, for a given value of z 
in the interval mentioned above, is less in absolute value than 





jz 
1 — jr! 
Exercise 2. y!’ + x?y’ + cy = 0. 
Putting 
Petey cut eye” AR Bt cles a 
we find 


y" = 2o+2+ 3csx+3- 4eaz?+ +--+ (n+1)(n+2)en+22™+ + ++, 
xy’ ope slfert CEE tate} 
ry = cor i at a CATs <>. 
Taking the sum of these, and equating the coefficient of each power 
of x to zero, we have 


=( a ee OF Eee Iss SS ee 
, @=0, ¢3= 5 904s 3.4) » Cnt2= (n+1)(n+2)’ 
From this law for the coefficients we can write the general solution 
in the form 
[ phte Bags Or ge. 72y8 
Y= Co 1 





Ble tbe =). Qt js 
+ (= SEO rer a 
ta[2— 7p +22 se 
ah ag a —- ele aytatert Sods 4 


Here cy and c; are the values assumed by y and y’ respectively, 
when x = 0. 

Se” = ty. 4. yy” = azyt+ y?. 

5. yl! — xy! cy =o. (Ext 1) §VIT1.) 

6. (lL ayy” - ory aay =" 0), 


IX-4. Existence theorem for linear differential equations. 
While the existence theorems mentioned in §IX-1 apply to 
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both linear and non-linear differential equations, there are 
others which apply to linear differential equations only. We . 
shall call attention to one here, which will have a bearing on 
the simple types of equations considered in the remainder of 
this chapter. We shall restrict our considerations to linear 
differential equations of the second order, although their exten- 
sion to equations of higher orders involves no new principles. 
Consider the linear differential equation 


(1) Xoy” + Xiy’ + Xey = 0. 


In order to simplify the statement of our existence theorem, we 
shall divide through by Xo and write the equation in the form 


(2) y + Play’ + Q(a)y = 0. 


Tf ais not a singular point* of either P(x) or Q(z), the existence 
theorem of 2°, §[X-1 applies. Here a is the x of the theorem. 

For this case, as well as for the one in which a is a singular 
point of P(x) or Q(x), but of the special type mentioned in the 
theorem, we have the following existence theorem, which may 
be stated in two parts. Part (a) applies to solutions expressed 
in terms of series convergent in the regions of finite points of 
the plane; part (b) applies to solutions holding in the region of 
infinity. 

(a) If (4 — a)P(x) and (a — a)?Q(x) can be developed by 
Taylor’s theorem in integral powers of (x — a), there exist two 
independent particular integrals (giving the general solution) of the 
form 


(x—a)™P(x—a) and (4—a)™[P2(x—a)+aP; (x—a) log (x—a)], 


where P:(x — a) and P2(x — a) are power series in (x — a), 
convergent in any circle} having its center at a and not including 
any other singular point of P or Q excepta.. The constant a equals 


* If a function is not regular in the region of a, the latter is said to be a 
singular point of the function. a 

+ In this theory, the variables are taken to be complex quantities. The 
intervals of convergence for real values of x are determined by the circles of 


convergence when « is a complex variable. 
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zero tf M1 — Ms is not an integer or zero. The constant a may 
be zero even if m; — m is an integer different from zero. But 
the theorem gives the general case. 

(b) If xP(x) and 2°Q(x) can be developed in power series in 1/x, 
convergent for sufficiently large values of x, there exist two inde- 
pendent particular integrals of the form 


r(!) ot 2[(2)+2r-()o«()} 


where P,(1/x) and P2(1/x) are power series in 1/x, convergent 
for values of x, larger in absolute value than the greatest of the finite 
singular points of Pand Q. The constant a equals zero if m, — Me 
is not an integer or zero. Here, also, a may be zero even if 
m, — mz, is an integer different from zero. 

This theory of linear differential equations is usually known 
as the Fuchs theory after L. Fuchs, whose epoch-making 
memoir, which appeared in 1866 in Vol. 66 of Crelle’s Journal 
fiir die reine und angewandte Mathematik, was the first of a 
series developing his theory. 


IX-5. Method* of solution for a linear differential equation. 
In the general case, the calculation of the coefficients in the 
power series arising in the forms suggested by the existence 
theorem of the previous section is usually difficult. We shall 
confine ourselves to the special case of a linear differential equa- 
tion whose coefficients are polynomials in the independent 
variable, and where the result of putting y = x” in the left-hand 
member of the differential equation is expressible in terms of 
two distinct powers of x. 

In the case of the Cauchy equation (§VI-11), there results a 
single power of x.t 


* This method is due to G. Frobenius, whose memoir, presenting the method, 
appeared in Crelle’s Journal, Vol. 76 (1873). 

+ Thus, putting y = x” in the left-hand member of (1), §VI-11, we have 

[kom(m —1)+ + + (m—n+1) +kim(m— 1): + + (m—n+2) 
+++ ++ knim + knjam. 

Equating the coefficient of x” to zero and solving for m, we obtain, in general, 
n distinct particular solutions and, therefore, the complementary function. Itis 
readily seen to be the same as that found in §VI-11. 
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Before presenting the method of this section in a formal 
manner, we shall illustrate it, in part, by solving the equation 
2a%y" — ay’ (1 — 227)y = 0. 


Putting y = x™ in the left-hand member, we obtain 
(2m — 1)(m — 1)am — Qzym+?, 


Here the two distinct powers of x differ by 2, and m is the smaller 
exponent. Hence, if we put 


Ay ig =. cope ear Faget = ee erp ee 


we shall have a solution if 

1° mis so chosen that (2m — 1)(m — 1) = 0,ie., m = 1 or#; 

2° the c’s are so chosen that the remaining terms arising on 
putting (1) in the left-hand member of the differential equation 
cancel each other in pairs; i.e., 
(2m + 3)(m + 1)e1 — 2co = 0, 
(2m + 7)(m + 3)~ — 2c, = 0, 
(2) (2m + 11)(m + 5)e3 — 2c = 0, 

(2m + 4r — 1)(m + 2r — 1)cy — 2cy-1 = 0, 


For m = 1, we have 





Cc 
2-5¢1 = 2co 5% C1 = ts. 
ey Cy Co 
4-9c, = 2c1 19) ADO ce, ToD D! 
; i ae 
6-13c3 = 2c + 3 = 373 = 7.9.3-5-9-13? 
Cr—1 Co 


ret Wer Bers = Farha) — AEGIS: «= EFI)’ 


Hence 
a3 rd grt tra | 
con = oo a+ ee taragt Tt eods--- Gry 


is a particular integral. 
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For m = 4, we have 





3 C 

9° 41 = 2co aus Gea 

df ye ie Clare rnd 
er ee ih. 9 ADS TP 
> 12c3 = 2ce 2 ¢c3 = reais = 





eT eels wd é pL et NEES NIN SEER Lae 
5 1Cp = LCp-y a Ce = r(4r — 1) r!3-7-11- ej (4r — 1) 





Hence 
= 1/2] 7 a . aan at wept | 
CoY2 = Cox [ +7gtag7t tas. Gp 


is a second particular integral, independent of the other, and the 
general solution is 
y= Ay: + By. 


By direct examination of the series defining y; and yo, it is 
seen that these are convergent for all finite values of z. This 
is also assured by part (a) of the existence theorem of the 
previous section, since z = 0 is the only finite singular point of 
the coefficients of the differential ‘equation when the leading 
coefficient is made unity. 

We shall now present the method of this section, which applies 
to some very important linear differential equations of the second 
order. 

Suppose that the result of substituting* 2” for y in the left- 
hand member of the differential equation (1) of §1X-4, in which 
Xo, X1, and X»2 are polynomials in 2, is expressible as the sum 
of two distinct powers of z, 


f(m)ax* ++ o(m)ar, 
where 1 is a positive integer. 


* For purposes of simplicity we are using y = x”. If ais a zero of the co- 
efficient of the highest derivative appearing in the linear differential equation, 
the process of finding the solution in the region of a will usually be simplified by 


moving the origin to the point a. This is effected by the transformation 
T—-aAa=4U, 
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By the manner in which f(m) and $(m) arise, it is obvious that 
one of them at least must be of degree 2 in m. 

I. To find the complementary function we proceed as follows: 

(a) Suppose that f(m) is of degree 2 in m,* so that f(m) : = 0 
has two roots, m; and mp». 

Letting y = cox™ + ca™4? +--+ egmti it... we aire 
on substituting in the left-hand member of the differential 
equation, 

cof (m)x* +- cop(m)aht 
+ exf(m + l)x?* + cxp(m + D)xr+t 
+ ef(m+ ae + cxp(m + a 
port +t 
a ay Ay + (r _ 1a wy + Cr— stv rt) ee 
+ ecf(m + rl)zhtt + cep(m + rl)artrty 


This will be zero if 
1° f(m) = 0,fie., if m = mor m; 
Ore: Crf (m + rl) + Cr-1(m -- [r a 1]2) ee 0, for {* Sis 2, 3, oo 1, 


m= M1, ™ 
meee tic fr 111) 
UBD Ce ae 
ae yr bm + [r — 1]l)o(m + [r — 2]l)---d(m+)b(m) ' 
jon + rOjlm-+ [r= 11) -f(m+ 2)f(m +). 





To each value of m corresponds, then, in general, a particular 
integral. If any c; vanishes, all that follow do so, and that 
integral appears in finite form. 

If the two values of m are equal, of course, the same particular 
integral will correspond to them. Moreover, if the two m’s 
differ by an integral multiple of J, viz. m. = m+ gl, then, 
corresponding to the smaller value mi, the coefficient c, will be 


* This is always the case when the conditions of part (a) of the existence 
theorem of the previous section hold. 

+ The equation f(m) = 0 is known as the indicial equation. There is an in- 
dicial equation corresponding to each finite point a. The equation o(m) = 9, 
used below, is the indicial equation for the point at infinity. 
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infinite [since f(m:2) = f(mi + gl) = 0], unless the numerator 
is also zero. Hence our method gives us, in general, only one 
particular integral. The remaining integral must then be sought 
by a modification of our process. See the next two sections. 

If it should happen that, in the calculation of ¢, in terms of 
Cy1, both numerator and denominator contain a vanishing 
factor (to the same degree) when the value of a root of the 
indicial equation is assigned to m, it can be shown that the result 
obtained by ignoring these factors gives an available value for c,. 
(Compare §IX:8.) 

If f(m) is of lower degree than 2, the above method may still 
lead to a series which satisfies the equation. But, the general 
theory gives us no assurance that it is convergent over a finite 
region, since the conditions of the existence theorem do not 
hold in this case. 

(b) If ¢(m) is of degree 2 in m, ¢(m) = 0 will be satisfied by 
two values of m. Let them be m’ and m’. Putting 


y — cox™ + cya + c_9xm—2 a Siete a cam + seat 
we have, on substituting in the left-hand member of the equation, 


cop(m) ar + eof (m)a* i 
+ c-16(m — 1)x* +- c_if(m — 1)xh 
+c-26(m — 21)x*-! + c_of(m — 2])xr-* 
+ c—r1b(m — [r — 1]l)ar—r 2 + c_psif(m — [r — 1]l)ar—-r-e 
+ c-ep(m — rl)ah—0-t + ¢_,f(m — rl)xh 
This will be zero if 
1° d(m) = 0, 1.e., if m = my’ or m’; 
f(m — [r — 1])) f palin br stents 
o(m—rl) THOT) my = my’, ma! } 
~ (— yr tim Slr = UD fon = [r,— 21) - >> fom = Df(m) 
$(m — rl)o(m — [r — 1]l) ++ + d(m — 2o(m — 1) 


pie C9 = — 








To each value of m corresponds, in general, a particular inte- 
gral of the form 2”(co + civ? + ceea-# +++ +-te,77+.-.), 
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Here x” is multiplied by a power series in negative ascending 
powers of x. The convergence of this series, for sufficiently 
large values of x, is assured by part (6) of the existence theorem 
of the previous section. 

If the roots of ¢(m) = 0 are equal or differ by a multiple of 1, 
the number of integrals obtained by this method will be less 
than two, in general. The remaining integral must then be 
sought by a modification of our process. See the next two 
sections. 

As suggested in the first footnote on p. 187, the method (a) 
enables us to find, in general, two particular integrals for the 
differential equation, convergent over a nameable region about 
each of the points a for which the conditions of part (a) of the 
existence theorem of §IX-4 hold. 

The method (b) gives us, in general, two particular integrals 
convergent for sufficiently large values of x. 

II. To find a particular integral in case the right-hand mem- 
ber is a power of x, viz. Ax’, we proceed as follows: 

If f(m) is of degree 2, we make the following modification of 
method (a): 

Equating the first term of (3) identically to Az’, we have 

cof(m)x* = Azs. 
From this we find 
(4) =s_ and cof(m) = A. 


Since h is a linear function of m, the first relation in (4) deter- 
mines a single value of m, viz. ms. 

Using this value of m in the second relation in (4), we find the 
required value of co. 

The remaining coefficients are determined as in (a) except 
that now m, is used for m. 

This method will fail when f(m,) = 0. Then there is no 
particular integral of the form sought here. This may also be 
the case for values of s which cause any of the c’s to become 
infinite. Several examples of these occur in some of the exer- 
cises in this and the succeeding section, 
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A corresponding modification of method (b) may be used to 
find a particular integral in descending powers of x, when ¢(m) 
is of degree 2. 

It is beyond the scope of this treatise to give a general method 
for finding a particular integral. 

Remark. Attention should be called to the fact that the 
general expressions for c, in terms of ¢(m) and f(m) given above 
are not to be memorized, nor even used in solving a given differ- 
ential equation. They may be used as checks; but, even then, 
a better check is the substitution of a few of the early terms of 
the series in the differential equation. It is the principles in- 
volved that are to be memorized. 


Exercise 1. (@ — 2*)y" —.3y’ + 2y = 2+ 3xxt. 
Substituting «” for y in the left-hand member, we have 
m(m — 4)am-l — (m+ 1)(m — 2)a™, 
Here the two distinct powers of « differ by 1, and m — 1 is the 


smaller exponent. Moreover, the coefficient of z”-! is quadratic 
in m. Hence the method (a) applies. Putting 


a +1 + +2 oe NG es oe ot. Tr +t a et 


1° m(m — 4) = 0, ie., m = 0 or 4; 


2° (m+ 1)(m— 3)e1 = (m+ 1)(m—2)eo «01 = 7 
(m+ 2)(m—2)a = (m+2)(m—Ne v= Moh, 
(m + 3)(m — 1)es = (m+ 3)mey ry ee te 
(m+ r)(m+ r — 4)ey m+r—3 





= (m+r)\(m+r—.3)en1 y HMw m+r—4 t) 
For m = 0, we have 


peer | ae pe iegt | — . 
C1 = $C, C2 = 7C1= $C, Co= 0, .. oS cp=-- >= 0, 
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Hence 
eo(l + ¥u + 32°), or A(3 + 2x + 2%), 
is an integral. Call it Ay. 
For m = 4, we have 
Cy = 2co, C2 = $c1 = 30, C3 = 4€0,- + +, cr = (r+ 1)e,-*°. 
Hence 
co(a* + 225 + Bao 4 + is raed? + wry 4) 
is another integral. Call it Bye. 
The complementary function may then be written 
y= Ay + By. 
The integral y:, being a polynomial, has no finite singular points. 
But the power series defining y2 is convergent only when |z| < 1. 
This is consistent with part (a) of the existence theorem of the 
previous section, since = 1 is a zero of Xo. 
Since ¢(m) is a quadratic in m, the method (6) can also be em- 
ployed. Putting 
y = Cor" cy! os C-9~m—2 ok near + Cartitat + oe ; 
we must have 
1° (m+1)(m—2)=0, i.e., m=2 or —1; 


2° m(m—3)c-1= m(m—4)co ApS Bag m ; 
m—5 

(m—1)(m—4)c-a=(m—1)(m—S)e1 .¢a= page 
(m—2)(m—5)c-3= (m—2) (i= O)e3” Sse = no 


(m—r-+1)(m—r—2)c-+ ne m—r—3 
= (m—r+1)(m—r—8)c-r+1 * 





For m = 2, we have 
c-1 = 2¢0, C2. = 360, c-3 = 4¢o, 8s Cag — (6 1)co, Sap 
Hence 


co(a? + 2a-+ 34+ 41+ Sa? ++ trat+:- +) 
is an integral. Call it Ay. 
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For m = —1, we have 
r+4 
c-1 = feo, c-2 = $co, c-3=4e0,° °°, Cr= Fae. aa 
Hence 


7 ie a oe i) ca 


is another integral. Call it By. 
Here ¥1 — Yo = yi. Since y; has no finite singular points, and 4 
and je are convergent only when |z| > 1, we may replace y; by y1, 


and take J 
y= Ay + Bye 


as the complementary function for |z| > 1. 

To find a particular integral, we consider each term of the right- 
hand member separately. 

For the term z, using method (a), we put com(m — 4)am-1 = g; 
whence 


m=2 and c= —}. 
r— i 
rm = 2 PHS SS Ge 
Fo ’ Tr r—Q 71 


.". cy = O, and all the succeeding c’s are zero. 
Hence —}2? is a particular integral corresponding to z. 
Corresponding to 3z*, we put com(m — 4)a™-1 = 3z!; 
whence 


For m = 5, C= ag (LES 


"01 = $00 = 35°38, @ = $1 = Wy 4, cs = $e = Ty 5,- + 
Hence 
y[2z® + 828+ 4a? te t+ (n+ ljantt+...] 
is a particular integral corresponding to 3x4. Comparing this with 
Yy2 above, we see that it is equal to 7°y(y2 — 24). Hence a particular 
integral is — %yc'. 
The complete solution is then 
y = Ay + Bi, — 92 — Por*; forifz| <1, 
y= Ay + Bye — 32? — yet for fe] >i: 
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These supply a solution holding for each real value of x except 1 
and —1. 

Since x = 1 is a singular point, for which the conditions of part 
(a) of the existence theorem of the previous section hold, a develop- 
ment in powers of (x — 1) can be found for a second particular 
integral, in addition to y1, by method I(a). 

As suggested (footnote, p. 186), it will be simpler to introduce the 
change of independent variable x —1=u. Then u = 0 is the 
singular point, and we find a solution in increasing powers of u. It 
will be left as an exercise to show that the transformed equation 
with right-hand member zero is 


uae Hoe oo! 2y = 0. 


The roots of the indicial equation are 0 and —2. Using the 
value 0, we find an integral 


oo(1+5ut 5), or A(6+ 4u+ uw), 


Call it Ayi. When expressed in terms of z, this is the same as 
Ay, viz. A(3 + 22 + 2?). 
For m = —2, we have the integral 
co(u?’ + 4ut+ 6+ 4u+ u*), or co(u-? + 4u++ yi). 
Hence, the second particular aly, may be taken in the form 
ADS 
yn. = UT ch AUT SG! —y+es4a- (one 
Thus, corresponding to x = 1, we have the solution 
=F eet a Oke 
y= AB+ 20+ 24) +B ae les (ik 


Here no infinite series are involved. Hence this form of solu- 
tion, involving only algebraic functions, may be taken as the de- 
sired form of solution holding throughout the plane. 

As a matter of fact, it is easy to show that 

a ‘ 
= g4(1 + 22+ 327+- . j= G—ay lel <a 
For, ; 
tata: : e+ 28 tw 4 Garg flet< 4. 
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Differentiating this power series term by term, we have 
1 , 
1+ 22+ 8a? +-++-+namt+e-e = Goi te< 1. 
Similarly, 
- tence io Bb aelts 
yi = “(stator : wo Tap i ithe mil, 
as may be seen by noting that 
1 i 


nae Ca) 
t 


differentiating this Laurent series term by term, we have 


i i! 2 3 : 
(es eee a al - if [z| > 1. 


ie 1 : 
arutirniee t as te . Eh it kee a be 


Moreover, 


xt 44 — 3 
GQ—2)? (SF 2x --it) re (i — 2)?" 


' Usually, when the solution of a differential equation can be ex- 
pressed in terms of elementary functions, the solution can be found 
by elementary methods. In this case the differential equation 
is exact. Hence its solution can be found by quadratures only. 
The student should do this. ; 


Exercise 2. Find a form for the particular integral of the differ- 
ential equation of Ex. 1, corresponding to a term 2 in the right- 
hand member, viz. 


(a — x*)y"” — 3y’ + Qy = a. 

In the following exercises, find the solutions in powers of z. 

3. ay” + 2? y'! sb cy =e. 4. (x?—2)y"’+ (4—3)y’—4y=0. 

6. A4zy’’ + 2y’ + y= 0. 

6. 27(1 — x)y"’ + (1 —2)y’ + 38y = 0. 

7. (2a + 2°)y” — y’— 6xy = 0. 

8. 9a(1.— ax)y"’ — 12y’ + 4y = 0. 

9. vy!’ + xy’ + (2? — n?)y = 0, if nis not an integer or zero. 
10. (1 — 2°)y”" — vy’ + zy = 0. 
11. (1 — a)y” — ay’ + by = 0. 
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12: aty’’ + 2y’ + y= 0. 
13.2279" — ay’ -- (1 — x*)y = 23. 
14, 4(¢ — 2)y"’ + (6 — 8x)y’ — y =.0. 


IX-6. Roots of the indicial equation repeated. We shall 
also introduce the method, applicable in this case, by an illus- 
trative exercise. 


Exercise1. zy” +y’ + y = 0. 


' The result of putting y = x” in the left-hand member is 
mgm) am, 


Here the two distinct powers of x differ by 1, and m — 1 is the 
smaller exponent. Moreover, the coefficient of x”-1 is quadratic 
in m. Hence the method I(a), §1X-5 applies. 
Here the indicial equation is m? = 0, and its roots are 0, 0. 
If we put 
y = cox™ — cyemt} a cont? oe #55 is, 


the values of the c’s are found to be given by the law 





_— Co = = — C1 = Co oF e768 
= ~ (m+ 1p? @~ ~ (m+ 2)? (m+ 1)2(m+ 2)" 


=~ mem OY ED ea 


Hence 
2. 


a 
rhe coon | 1 — (m+ mat (mF 1)%(m + 2)? 
or 
tV GEE wt 
is a solution if m = 0. We, thus, have one particular integral 
yg an 
n= 1—Gmt apn Gets + CD apt 


To find a second particular integral, we proceed as follows: 

The result of substituting the value of v for y in the differential 
equation is 
(1) coma}, 
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The result of substituting the value of dv/dm for y in the differen- 
tial equation is 


0 
(2) ce com2am-1, or 2coma™-1 + com?x™—! log x. 
For, since x and m may be taken as independent variables in », the 
order of differentiation with respect to them is interchangeable. 


Thus 
PP Ov d ov Pages Cae 0 dv 0 dv aes 
vx? Om | dx oa in ” 9m dx?’ Om da at 
F) Fi) 
m salen da? oa da ei o|- dm Wee 


But (2) also vanishes for m = 0. Hence a second integral is 


(2 
, Om /m=o 


where (dv/0m)m=o is the value of 0v/dm form = 0. Here 


oe vlogx+ 
1 ir 


aes (> ewe ant m+ 2) (m+ 1)*(m-+ 2)? 





+ aa Pate) Gee ‘| 
Hence, putting m = 0 and letting y, = aon) y We have 
m= nloge + 3{ Gy (73 aan Gets +3) 
+(-o(G+5+ gts + th) gat: 


The general solution is then 
y= Ay + By 


2 n 


+28[ a (G+ het 
$(-et(Gt pte + +5) ant |. 
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This form is consistent with part (a) of the existence theorem of 
§IX-4. 


The process, by which we solved Ex. 1, illustrates the general 
method: 

If the indicial equation has a double root, m = my, find the 
form of the integral given by method I(a), §1X-5 for a general 
value of m. Call this v. Two independent integrals will then 
be obtained by putting m = m, in v and in dv/dm respectively. 

Extensions to triple and higher multiple roots of the indicial 
equation can be made. But, they are beyond the scope of this 
treatise. 


Exercise 2. Find the particular integral which must be added to 
the complementary function if the right-hand member of the 
differential equation in Ex. 1 is az’, viz., 

ay’ + y' + y = az. 

8. ay’ +y + czy = 0. 

4. (a — 2*)y” + (1 = 52)y’ — 4y = 0. 

6. zy” + (1+ 2)y’ + 24y = 0. 


IX-7. Two roots of the indicial equation differ by an integral 
multiple of 7. In order to illustrate the method applicable in 
this case, we shall consider the following exercise: 


Exercise 1. (x — 2*)y"’ —,32y’ — y = 0. 
The result of putting y = x” in the left-hand member is 
m(m — 1)a2™-! — (m + 1)2a™, 
Here the two distinct powers of x differ by 1, and m — 1 is the 
smaller exponent, The method I(a), §1X-5 applies. 
The indicial equation is m(m — 1) = 0, and its roots are 0, 1. 
If we put 


(1) y = Cox™ aL cyt + com? ob EGE 
the values of the c’s are found to be given by the law 
m+1 ) Mma 2 m+ 2 _™m +r 





ro =, Conga aCe Co° °c 
Ci m 0, C2 m+17 m ) ) m ? 
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For m = 1, we have one particular integral 
y= at Qe+ 3er+---. 
For m = 0, all the c’s after co are infinite. 


To overcome this difficulty, let the first coefficient in the trial 
series (1) be mko. Then 


er = (m + 1)ko, C2 = (m + 2)ko, + + +) Cr = (m + 1)ko,* ++; 
and the result of substituting 
0 = kevin + (m + 1)z + (m+ 2)? +--+ (mri. + 
for y in the differential equation is 
(2) kom?(m — 1)a™-, 


As in the previous case, the presence of the squared factor m? 
suggests that not only does the expression (2) vanish for m = 0, 
but so also does its derivative with respect to m, viz. 


(3) Qkom(m — 1)a™-! + kom2a™! + kom?(m — 1)a™— log a. 
But, as in the previous case, (3) is the resultof substituting dv/dm 


for y in the differential equation. Hence (2) 58 also an integral. 


Here 
2 vlog.2 + kerm(l +2 + 2+ se fates), 
Hence, letting y2 = ah 2) , and noting that v reduces to y; 
ko om m=0 


when m = 0,* we have 
Yo=yilogr+1+atar?+--.-fart.-s, 


This illustrates the general method for this case, which may 
be stated as follows: 

If two roots of the indicial equation are m; and m; + gl, where 
g 18 a positive integer, and | is the difference between the exponents 
of the two distinct powers of x arising on substituting y = x” in 
the differential equation, replace the trial series by 


YS (m =S m1) kou™ = cam! + coymt2l +e. et cpamtrl ens ae 


*In practice, y; should be obtained in this second way. See general method. 
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Calculate the c’s in terms of the coefficient of x™ by the rule of method 
I(a), §1X-5. Let v be the resulting form of y. Two independent 
integrals will then be obtained by putting m = m, in v and in 
dv/dm respectively. 

An integral can also be obtained by putting m = m, + glinv. 
This differs by a constant factor from the one obtained when 
m= my,inv. The latter is, however, more useful in the expres- 
sion of the other independent particular integral. 

Remark. The solution of the differential equation in Ex. 1 
can be expressed in terms of elementary functions. As in the 
case of Ex. 1, §IX-5, 


x 





a+ 222+ 328+---=2(1+ 224+ 322+. - Vie cemasts 
and 
Le oe, 13+ => 
Hence 
h= qs and Sige hieer 


Examination of the equation shows it to be exact. Hence, 
being linear of the second order, its solution can be effected by 
quadratures. It is suggested that the student do this. 


Exercise 2.. x?y"' + ay’ +,(2? — 1)y,= 0. 

3. zy” ty =0. a (Ry i tye ay = 0. 
6. ay’ + a2(i+ 2)y’ + (2a -— 1)yy= 0. 

6. et “zy Pe Zyl ag = 0 


1X-8. Gauss’s equation. Hypergeometric series. The in- 
tegration of the equation (reduced to a special form) 


2 
(Az? + Bze+ cy + (Dz+ ny 4 Fy = 0, 


where A, B, C, D, E, F are constants and B? — 4AC = 0, leads 
to a remarkable series exhaustively studied by Karl Friedrich 
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Gauss (1777-1855). This series and its differential equation 
were discovered by Euler (1707-1783). 
Putting 2 = ax + b, we have 
[Aa%x? + (2Aab + Ba)a + Ab?+ Bb+ oo oy (D'x + py oe 


+r'y = 0, 
where D’, EH’, F’ are constants. 
Choosing a and b so that* 


Ab?+ Bb+C=0 and 2Ad}+ B= —Aa#¥0, 
and dividing by Aa’, we have 
(x? — 2) 44 (Pa +o2 + Ry = 0, 


where P, Q, R are constants. If we put 
P=a+8+1,Q=—7, Ff = a8, 


our equation takes the form 
(x? — a) 544 [a+ B+ 1)x— ne + oBy = 0.F 


The result of substituting y = 2” in the left-hand member is 
= (ya Ley) cee l= (m + a)(m + B)x™. 
Using the method I(a) of §[X-5, we have 


m= 0) or sey. 

_ (m+a)(m+ B) 

~ (m+ (m+ 7) 
ee eee 
ie (oF Nea eA ey 


ast Khela ie Bh ins 1) 
; (mFrimty+tr—-h &» 

* If B? — 4AC < 0 the values of a and b are not real. But this does not 
affect the form of the equation; and the theory, employing power series, nat- 
urally extends itself to the consideration of complex values of coefficients and 
variables. 

+ This is usually referred to as Gawuss’s equation. 
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For m = 0, we have 


geal _ (@+1)(6+1) | _ a(a+1)66+1) 
ag ah ok ett SNC IOL) Snot > Ty 1°H 


ak 
— Hatt): (arr (B-- 1)" (-+r—1) 
r 1-2-3---r-¥(y#1)-+: (ytr—1) Co, 


Putting co = 1, we have the particular integral 


eee at BIE) 
neltayth 1-2-y(y¥+1) oa 
a(a+1) +++ (a--n—1)8(B+1) +++ (B-+n=1) 


FT -8-8-- n erly nD) 


artes, 


This is the hypergeometric series, and is usually represented by 
F(a, B, ¥, x). 


For m = 1 — y, the student should show that the integral 
is Co¥2, where 


w= 2 7F(a—y+1,8 —vy+1,2— 7,2). 
If 1 — y is not an integer or zero, the general solution is 


y = Ayr + By. 


Moreover, in this case, y; reduces to a polynomial if a@ or Bis a 
negative integer. servi 

If 1 — y = —g, where g is a positive integer or zero, y: is 
still an integral, but y2 will be of the form (§§IX-7, IX-6) 


y1 log x + a power series in 2, 


unless a or B is equal to one of the positive numbers 1, 2,- - -, g. 
In this case, y2 is also still an integral and reduces to a poly- 
nomial if the integer, to which @ or £ is equal, exceeds 1. Other- 
wise, if a or 8 = 1, a factor in the numerator and one in the 
denominator of every coefficient, beginning with c,, vanish. 
As noted in §1X°5, the result obtained by ignoring these factors 
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(ie., by taking their quotient equal to 1) gives us an available 
form for y2.* 

If 1 — y = h, where h is a positive integer, the expression for 
yo is still an integral, but that for yi will contain a logarithmic 
term (§IX:7), unless @ or @ is equal to one of the numbers 0, —1, 
—2,°°°*,—(h—1). In this case, y: is also still an integral 
and reduces to a polynomial if the integer, to which a or @ is 
equal, is algebraically greater than —(h — 1). Otherwise, a 
factor in the numerator and one in the denominator of every 
coefficient, beginning with c,, vanish. As before, an available 
form for y; is obtained by ignoring these simultaneously vanish- 
ing factors in numerator and denominator. 

The power series involved in the expressions for yi and ye 
are convergent for |z| < 1. 

Using the method I(6) of §TX-5, the student should show that 


T= ZF (alta—v1t+a-8, *), 
i = BF(B1+6-11+8-a,2) 


are a pair of linearly independent integrals. 

A discussion, similar to the one above, can be given here in 
case a — 8 equals zero, or a positive or negative integer. 

The power series involved in the expressions for ¥; and y 
are convergent for || > 1. 

The hypergeometric series may at times represent well-known 
functions. 


Exercise 1. F(—n, 8, B, —x) = (1+ 2)" for B any constant. 
2. «F(1, 1,2, —x) = log (t+ 2). 
3. Limita-veF (1, B, 1, 5) = et, 


eae 3 2 : 
4. Limite, psoxF | a, B, 5) ~ gop ) = sine. 


* For example, see Schlesinger, Hinfiihrung in die Theorie der Differential- 
gleichungen, §34. 
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5. «Fh, $, $, 2?) = sin-! 2. 
6. aF (3, 1; %, —2*) = tan-' 2. 


Ne 1 2 
7. Limite, rok (a, B, 5) Ea) = cosh a. 
8. eer as hypergeometric series the following functions: 
7 at ayt (1 — x)", (1+ x)" — (1 — 2)", cos x, et + e-*. 
For further examples, see Gauss, Collected Works, Vol. III, p. 127. 


IX:-9. Legendre’s equation. The differential equation 
(1 — 2?)y"” — 2ay’ + n(n + ly = 


where n is a constant, has been named for Adrien Marie Legendre 
(1752-1833), an outstanding French mathematician. It occurs 
frequently in problems of applied mathematics. Often n is a 
positive integer. 

By means of the simple linear transformation of the inde- 
pendent variable mentioned at the beginning of §IX-8, this 
equation can be brought into the form of a Gauss equation. 
However, it is easy to find the solution of the equation as power 
series, either in x or in 1/z, by the methods of §[X°5. It will 
be left for the student to show that, by the method I(a), we have 


n(n+1) n(n—2)(n+1)(n+3) 
Pete ee eae Oo ee 


y= 1— 
_ 2 0=2) =A) AA INO BOS) 
efi?,No eer tes 


and, by the method I(b), we find 


a n(n—1) _, , n(n—1)(n—2)(n—3) . 

th = 2" — don) + 9. 2an—1)(2n—3) 

n(n—1)(n—2)(n— 3) (n—4) (n— Bees 
23 « 3!(2n—1)(2n—3)(2n—5) 
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ee been tp lth ite) ie (n+1)(n+2)(n+3)(n+4) 9 
eT ones) Ip re 3) On biae” ; 
a (n+1)(n-+-2)(n+8)~ +: 1(n-+6) noeiler ie, 
2. 31(2n+3) (Qn+5) 2Qn-+7) 





The power series defining y; and y: are convergent if || < 1. 
The one defining y; reduces to a polynomial if 7 is an even posi- 
tive integer, zero, or an odd negative integer. The same is true 
of the series defining y if n is an odd positive integer or an even 
negative one. 

The infinite series defining y1 and ye are convergent if |z| > 1. 

If nis a positive integer or zero, the series defining 7; is finite, 
coinciding, to within a constant factor, with that defining y, if 
n is even or zero, and with that defining y, if n is odd. 

Similarly, if n is a negative integer, the series defining y is 
finite, coinciding, to within a constant factor, with that defining 
yx Or Yy2 according as n is odd or even. 

‘ Since the roots of the indicial equation are n and —n — 1, 
and J is equal to 2, it follows that, if 2n + 1 is zero or an even 
integer, a new form, containing a logarithmic term, must be 
found for one of the particular integrals y:, yo (§$1X-6, [X-7). 

The series representing y; and y play important rdéles in 
physical applications, when n is a positive integer. Multiplied 
by definite constants, they are usually designated as follows: 


(2n)! _ 2(n!)? _ 


seer IC aaa er edrees Pigs eT 


The function P,, is a polynomial of degree n; It is not diffi- 
cult to show that 


Po = 1, [n! = 1 whenn = 0] P, = 2, 


Pz = $2" — 3, Pye Bo ee, 
(5) 523 3:1 9-7 i fad) 5-3 
Pas 0.0% a ntg ahead 9” chee ta 5 


4-2 4-2 


The function P, is known as the Legendrean coefficient of 
the nth order, and also as a zonal harmonic. 
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The function Q, is an infinite series. It is known as a zonal 
harmonic of the second kind. 


IX-10. Bessel’s equation. Another very important differ- 
ential equation of Mathematical Physics is 


ay + ay’ + (x? — n*)y = 0, 


where n is a constant. The equation is named for the famous 
German astronomer Friedrich Wilhelm Bessel (1784-1846). 
In treating a problem in orbital motion, he first made use of 
functions, now known as Bessel’s functions, which appear in 
the solutions of the differential equation under consideration. 

Using the method I(a) of §TX-5, it is not difficult to show that, 
in general, two independent integrals of Bessel’s equation are 
given by 

x a 

1 al ~ FOF) TNT + OF a) 


6 
— eB wep aerA) Tt oh 
x Dia 
Hair [1 — #0 —n) + #2 — n)@—n) 





76 
8.3 ne@-ne—nmt ‘|. 

The expression for yz may be obtained from that for y; by re- 
placing n by —n. ten 

If n is neither an integer nor zero,* both series converge for 
all finite values of z. 

Moreover, the series defining y; converges when n is a positive 
integer, and that defining y, converges when n is a negative 


integer. 
Bessel’s functions are the following constant multiples of 


these integrals: 


Y pane mee ake rs 
J,(«) = aT Ea and J-n(x) = 2—-T(1 — n)’ 


* If n is a positive or negative integer or zero, only one of these solutions 
holds. A second solution may be found by the method of §IX:7 or §1X-6. 
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where I'(1 + 7) is the gamma function of Euler. Evidently, 
J_, is the same function of —7n that J, is of n. 

If n is a positive integer, [(1 +7) = n!. In this case, we 
have 


Y1 
Jn = Qn! 


This is known as Bessel’s function of ordern. Taking 0! as equal 
to 1, we have 


2 a4 6 
Joa) =1— et gope— aapet 


IX-11. Riccati’s equation. The equation studied by Count 
Riccati (1676-1754), and to which his name has been given, is 
of the form 


dy: Caen 
Ege by? = cx™, 


where b, c, m are constants.* The equation in Ex. 1, §TX:3 is of 
this type. For certain special values of b, c, m this equation can 
be integrated by means of quadratures.t But, in general, the 
only way to obtain the solution is to integrate in series. 

Riccati equations arise frequently, and it is often desirable to 
make use of the properties of their solutions without actually 
knowing the latter. On the other hand, it is sometimes possible 
to find the general solution by quadratures or by merely alge- 
braic processes, when certain information is available. The 
following properties will at times prove of value. We shall es- 
tablish these for a more general form, which is now usually 
considered as Riccatz’s equation, viz., 


d 
oe = Xo+ Xiy + Key, 


where Xo, X1, X2 are functions of z. 


; d : 
* Frequently the equation x ae — ay + By? = yx" is taken as the type of a 


Riccati equation. This is obviously reducible to the other form by the trans- 
formation z = x%, y = uz. 

t See, for example, A. R. Forsyth, A Treatise on Differential Equations, 
4th Ed., §§108 and following. 
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1° If a particular integral y; is known, the substitution 
y = 1/ze + y: transforms the equation to 


d. 
s+ (Xi t+ 2y:Xe)2 = — Xs, 


which is linear, and can, therefore, be solved by two quadratures 
(S$II-9). Hence we have the important result that, if a particular 
integral yi 1s known for a Riccati equation, the transformation 
y = 1/z + y: gives rise to a linear equation in z which can be solved 
by two quadratures. 

2° Since the form of the solution of a linear equation of the 
first order is z = y(x) + Cé(x), that is, since the constant of 
integration enters linearly, we see that 


dl 
y= Dy yi(xz) = yas Ca y1(x) 


_ «(&) + CB(z) 
~ -¥(x) + C8(a)" 


Hence, the constant of integration appears bilinearly in the general 
solution of the Riccate equation. 
a+ BC 
+ + 5C 
tion when a definite value is assigned to C. Corresponding to 
any four values of C, viz. Ci, C2, Cs, C1, we have y1, Yo, Ys, Ys. 
Since double ratios remain unaltered by bilinear transformations, 
we see, from the form of the equation defining y, that 





3° The equation y = determines a particular solu- 


{y1, Yo, Ys, Yat = {C1, Co, Cs, Ca} = a constant. 


Hence, if y1, Yo, Ys, Ys are any four particular integrals, the 


Junction (Ye = Ys)(Ye = yy) zs equal to a constant for all values of x. 
(ys — ys)(Y2 — Ys) 
4° As a direct consequence of 3°, it follows that, if we know 


three particular integrals, 1, Y2, ys, the general solution is given at 


once by 
Peg pie et. we 
yo i acl te 


208 DIFFERENTIAL EQUATIONS 1x11 


ys(yo — ys) — Cyily2 — Ys) 
Y2 — Yr — C(y2 — Ys) 
algebraic means. 
5° If y: and y are two known particular integrals, let 


—~Y¥~ 1 Taking the derivative of the logarithm of both 
Y¥— ¥2 





whence y = , Le., y 7s given by purely 





sides, we find 
yall ie au _ ohn) _ 1 im oe): 
ada ry — yt y — Ye dx 
Since 
dy 5 
Aha Xot Xiy + Xey’, 
d 
B= Xo+ Xi t+ Koy’, 
iz 
= = Xot Xiyo + Xoy2?, 
we have 
1 dz 
S sap oa Ulin a) 
whence ‘ 


fo a Dd CoS Xen — wae 
y — Y2 


from which y can be obtained at once. Hence, zf two particular 
integrals y1 and y2 are known, the transformation z = a leads 


to an equation in which the variables are separated, so that it can 
be solved by a single quadrature. 

Properties 1°, 4°, 5° call attention to the close analogy of the 
Riccati equation to linear differential equations; for, the knowl- 
edge of each additional particular integral brings us nearer to 
the general solution. Thus, the knowledge of a single particular 
integral enables us to reduce the problem of solving a Riccati 
equation to one of solving a linear equation of the first order, that is, 
to one involving two quadratures; the knowledge of two particular 
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integrals enables us to find the general solution by performing a 
single quadrature; while a knowledge of three particular integrals 
gives us the general solution by a very simple algebraic process. 
6° As a matter of fact, the substitution 
a4 emteten 2, 

a X02 dx 
transforms the Riccati equation into the homogeneous linear equa- 
tion of the second order 

d’z 


d 
Xe ot Thy (X1X2 + Xo’) at SG NPP. 


Let the student show that, conversely, the substitution 


vdx 5 5 
y= e/* transforms a homogeneous linear equation of the second 
order into a Riccati equation. 


CHAPTER X 
TOTAL DIFFERENTIAL EQUATIONS 


X-1. Integrable total differential equation. A differential 
equation, involving three or more variables, of the form 


(1) P(a, y, z)dx + Q(a, y, z)dy + RG, y, 2)dz = 0 


is called a total differential equation. We shall be interested 
primarily in equations whose solutions can be put in the form 


(2) u(z, y, 2) = ¢. 


Such differential equations are said to be integrable. 
The differential i ae arising from (2) as a primitive is 


Ou 
jade + 5 ay +S de = 0. 


Hence this must either be the same as (1), or differ from it by a 
factor u(x, y, 2); ie., if (1) zs zntegrable, there must be an inte- 
grating factor for it. For, then a function y(2, y, z) exists, such 
that 


Ou Ou 
an 7 EP: OF BQ, ou = ph. 
Moreover, 
dQ nee Ou es dru _ Ou 
wpe +05 miler ial es Oydz dzdy’ 
OR, pu 8Ps pH, cinco Su _ au 
Ha, 0 an Wage ge) Veils aa naae 


OP, pau 204 9d atu _ dtu 
ay og ba tO ae aaa on 
The function » must satisfy these three equations. It is, there- 
fore, necessary that the functions P, Q, R satisfy a certain con- 
dition or conditions. 
210 
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If we multiply these equations by P, Q, R respectively and 
take their sum, all of the derivatives of u “apa and we have 


a AB) a(GE- B22) er 


after dropping the common factor yu, which is not zero. 

This is a necessary condition among the coefficients P,Q, R 
that (1) be integrable. Moreover, we shall prove that this 
condition is also sufficient. 

Consider any one of the variables, e.g. z, as a constant tem- 
porarily. Then the equation (1) takes the form 


(4) Pdx + Qdy = 0. 


Still considering z as constant, we integrate (4); but, now, the 
constant of integration may involve z. Let the solution be 


(5) u(x, y, 2) = $(). 


We shall show that, if the condition (3) is satisfied, we can 
choose ¢(z) so that (5) will be the solution of (1). For, differ- 
entiating (5), Aa into account all the variables, we have 


(6) 5 dx +o tay +50 dz = de. 

Since (5) is a solution of (4) when z is taken as constant, we have 
Ou Ou _ 

(7) Ox zi B(a, Y, z) i oy Fi u(a, Y; 2)Q), 


where p is, in fact, an integrating factor of (4). (See §II-6.) 
Comparing (6) with (1) multiplied by », we have 








Ou 
(8) Erieg R )de = dd 
* This may be written in the following symbolic determinant form: 
P..Q-R 
09-3 9 
(3) Of ue oe |! 
'PEOgee 


which is very easy to remember: 
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This equation can be solved for ¢ provided du/dz — wR re- 
duces to a function of z and 4, ie., a function of z and u, when 
use is made of (5). If du/dz — wR and wu are considered as 
functions of x and y, z being treated as a parameter, the only 
requirement for du/dz — wR to be a function of u is the vanish- 
ing of their Jacobian :* 


du du aR pm 
5 da’ Oxdz2 “Oz Ox 
(9) Ou O07u OR Ou 


ay’ dydz a Oy oy 

Making use of (7), we may put this in the form 
OP 0 

uP, Mort P 


924 9 oH 2 _ pon 
BQ, Voz ins eubgg Tia, 
or 


0Q =#OR OR OP Ou Ou 
2 Eee ED: EEN Wise aah gy! 
” [ Oz e+ a(F x) | pR( P5 0x ]* 


If (8) is satisfied, this becomes 

8Q_9P\, om du 

ube Se Sp) + O3e Pag) 
or 
A(uQ) _ OP) 

B rl Onin Oyr-de 
Since » is an integrating factor of (4), this vanishes. Hence 
the Jacobian (9) vanishes, and equation (8) can be solved for ¢; 


putting this in (5), we have the solution of our equation (1), 
and our theorem is proved. 


The necessity and sufficiency of the condition (3) can be proved much 
more briefly as follows (without suggesting, however, a general method for 
solving a total differential equation when the condition is satisfied): 


* See Note I in the Appendix. 
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When integrable, the equation 


(1) Pdx + Qdy + Rdz = 0 
is equivalent to the two partial differential equations 
0z P 0z Q 
10 See sd Na A 
L} dz Tt oo aay R 


For, as we saw above, if 
u(Pdz + Qdy + Rdz) = du(z, y, 2), 
we must have 


Ou Ou du 
Oz = uP, oy = uQ, Oz = wR. 
And from the solution u(z, y, z) = c, we have 
Ou du 
Oz" 5 Ox iets Oz wy _ _Q 
Men he wiki bits ayes du EB 
Oz Oz 


In order that equations (10) may hold simultaneously, it is necessary and 
sufficient that 


eat ee 


In the notation oe ee here, 


du du dz du dz 
(=), Means 7 = a Oz ax’ Fy means ay ak —— =e @ 


Compare the author’s an §108, p. 346. 
Performing the operations implied in (11), we have 


oP eR) -P eRe) _p 9Q os) Q tae) 


elated 1 Oe ae Or eon ons 


Since ae =— Za and = =— 2, this reduces at once to the form (3) above. 
X-2. Method of solution. The first proof given in §X-+1 for 
the sufficiency of the condition (3) suggests the following 
method for solving a total differential equation, which satisfies 
this condition: 
Integrate the equation considering one of the variables* as a con- 


* We usually select that variable as constant which will have the effect of 
simplifying the resulting equation in the other two variables as much as possible, 
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stant. Instead of a constant of integration, introduce an undeter- 
mined function of this variable. Redifferentiate, taking into 
account all the variables, and compare the result with the original 
differential equation. A new differential equation arises, in- 
volving only @ and that variable of which it is a function. From 
the solution of this equation, the form of ¢ is obtained, involving 
an arbitrary constant. Thus the complete solution 1s found. 
Apply the test for integrability and integrate the following: 


Exercise 1. y*dx + zdy — ydz = 0. 
a oa] 
00 
a Oy 02 
epee y 
While, in this simple case, there is very little choice in selecting 
the variable to be constant, there is, perhaps, some advantage in 
letting y be so chosen. Then we have 


|e Sc 


= YL Lr 20 0) yO 2a) = 2y8 ye 0. 


© 


y’dx — ydz = 0; whence sy — z= ¢(y). 
Differentiating this, we have 
ydx + ady — dz 


do, 
or 
y2dx + xydy — ydz = yd. 
Comparing this with the original differential equation, we have 
(xy — z)dy = yd¢, 
or ia 
ody = ydp. ..p = cy, 
Hence the general solution is 
LY — Z= cy, 
2. 2eydx — zady — y2dz = 0. 
8. adze + ydy — V a® — x* — y*dz = 0. 
4, (x2 — y? — 22)dx + 2xydy + 2xzdz = 0. 
5. Determine f(z) so that 
(1 + 2°) cos dz + f(z)dy + (yz — zsin z)dz = 0 


is integrable. When this has been found, solve the equation. 
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X:3. Special methods of solution. 

1° Since an integrable equation is either exact or can be 
made so by the introduction of an integrating factor, whenever 
such a factor can be found, by inspection or otherwise, it should 
be used and the resulting exact equation integrated directly. 

In this connection it should be noted that whenever one of the 
variables in an integrable total differential equation is “‘ separated” 
from the other two, the equation is exact. Thus, z is said to be 
“ separated ” from the other variables if P and Q do not involve 
z, and R does not involve zx and y, and, in: epnen, fis= 0.* 
The equation is then of the form 


(1) P(a, y)dx + Q(x, y)dy + R(z)dz = 0, 
and the condition for integrability reduces to 

dP AQ | 
(2) R oy | = de = 0. 


Since R == 0, 0P/dy — 0Q/dx = 0; hence, P(z, Naz + Q(a, y)dy 
is the differential of some function of xandy. Moreover, R(z)dz 


is the differential of f R(z)dz. Therefore, (1) is exact. 


Thus, in Ex. 1, §X-2, x is separated from the other variables 
if the equation is divided mie by y®. Doing this, we have 


= 


a+ = 0. 


This is obviously exact ane fe for solution 


z 
t——=¢, 
y 
It is suggested as an exercise that the student examine the 
remaining exercises of §X-2 for cases in which one of the variables 
is separable. 
2° At times, it is possible to replace a function of two or more 
of the variables by a single new variable, so that the resulting 


* If R = 0, z does not appear at all, and the ones is an ordinary differ-. 
ential equation involving x and y only. 
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equation is an ordinary differential equation in two variables, or, 
at least, takes a simpler form. 
Thus, in Ex. 4, §X-2, if y? + z? = u, the differential equation 
becomes the ordinary one 
x*dx + xdu — udz = 0. 


An obvious integrating factor is 1/x?; whence the solution is 
found to be 


ar 


als 


= 6, OF 4a? 4? <1 22 = cr, 


Exercise 1. xdzx + V x? — 2zdy — dz = 0. 

Ht Ge yee ivan (c+ y+z— 1)dy+ dz=0. 
(a? + y + z)dx — xdy — xdz = 0. 

(y? + 2*)dx — xydy —‘xzdz = 0. 

yzda — xedy — (x? + y*)dz = 0. 

(y222 — ayz)dx + x*zdy + x?ydz = 0. 

2Qxydx — zdy — ylog y: dz = 0. 


Nea wp 


X-4. Homogeneous equation. If P,Q, and R are homoge- 
neous functions of the same degree, one of the variables can often 
be separated from the others in a‘manner analogous to that 
employed for the homogeneous ordinary differential equation of 
the first order ($II-2). Here we select two of the variables, 
x and y for example, and introduce the new variables u and v by 
the transformation x = uz, y = vz. Then, 


dx = zdu + udz, dy =-zdv + vdz, 
and the differential equation becomes 
(1) 2(Pidu + Qidv) + (uPi + Qi + Rijdz = 0, 
where 
= P(u,v, 1), Q1 = Q(u, », 1), Ri = R(u, », 1). 


If uP: + vQi + R, == 0, the equation may be put in the form 


Pidu + Qidv dz 


Y uPi to + Rit 2% 
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Now, if the original equation satisfies the condition for integra- 
bility, equation (2) does also; hence the latter is exact, since 
z is separated from the other variables. 

If, however, uP: + vQ; + R, = 0,* the problem of solving 
the total differential equation is replaced by that of solving 


(3) Pidu + Qidv = 0, 


an ordinary differential equation of the first order. 


Exercise 1. (y? + 2?)dx — 2(xy + yz)dy + (a? + y?)dz = 0. 
If we put « = uy and z = vy, the equation becomes 


(v2 + 1)du+ (w2+ 1)dv , dy _ 
ee 9 Cath Crear Se Tr 


which is exact. Employing the method of §II-8, we must first 
evaluate 
ie (v? + 1)du 
(u + v)(uw — 1)’ 
where »v is a constant. 


This fraction can be decomposed into a sum of partial fractions 
very easily by adding and subtracting wy in the numerator. Then, 


ipa Pp MEY? OF )a ae uw — 1 
Up lene: bee wee 


This is readily seen to be the integral of the entire first term of (4). 
Hence the solution of (4) is 








yuu — Y _ c 
uto ~ 
Multiplying numerator and denominator by y, we have finally 
Leah hh ae 
rae os 


* This arises when xP + yQ + zR = O, for, 
P+ yQ+2R = 2H (uP; + 0Q1 + Ri), 


qwhere r is the common degree of P, Q, and R. 
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Exercise 2. 
2(a? + Qey — y?)da + 2(2ey + y? — x*)dy — (22° + y*)(a+ y)dz = 0 

HerezP+yQ+2zkh=0. Hence, if we put x = uz, y = v2, the 
equation becomes 

(uw? + -2uo — v*)du + (v7? + 2uv — w)dv = 0, 
an ordinary differential equation, not exact, but homogeneous. 
Hence (§II-11) 1/(wM + oN), or 1/(u? + v”)(u + 2), is an integrating 
factor. Introducing it, we have 
u2 + 2u.— ere Aube Bey 

Adding and subtracting u* in s the numerator of the first term in (5), 
we have 


GH) 4? + Quy — ot oe fee Sine log u? + 2 
& (u2ich v2) (uck A ae wet -w ss Ub» 
This is readily seen to = the integral of the entire left- haat mem- 
ber of (5). Hence the solution of the latter is 
utter 
Pe 
Multiplying numerator and denominator by z*, we have ake 
i a 
wet yz 
ter ae ict dy ut ry)dz = 0. 
2(xy + vz)dx-- (y? + 2ye — 2*)dy — (a? + y?)dz:=. 02: 2:2 
(y + z)dx + (2 — x)dy — (x + y)dz = 0 19H 
xyda — (20? + y? + 22?\dy + yzdz = 0. 
(y? + ye + 2?) da + (age 2") dy + (2? + ry + y*)dz=0. 
(xy — y? — yPz)da + (ay? — xz — a3)dy + (ay? + ay)dz=0. 
9. Taking account of the step from (1) to (2), show that when- 
ever the equation Pdx + ae t- Rdz = 0 is homogeneous, and 

















C. 


SJ Rego al DS yo 


eP-- yQ + 2R == 0, | PEW ER is an integrating factor. 


10. Show that «P + yQ a 2R = 0 when Pdx + Qdy i Raz = 0 
arises from a primitive ula, Y, z)=cin which Be a De is ase 
geneous, of degree zero; and conversely. | : on 


X'5 TOTAL DIFFERENTIAL EQUATIONS 219 


X:5. Total differential equation involving more than three 
variables. Consider the equation 


(1) Pdx + Qdy + Rdz + Sdt = 0. 


If this is integrable, it will remain so when we let any of the 
variables be a constant. Letting x, y, z, ¢ be constants suc- 
cessively, the conditions are 


> oo nG-)+ 2 

@) RG -52)+ 8(G2- nt ACI RL 
(4) s(5¢- 5.) + PG Shee 2 — 
(BE )+0(SE-28) + 0(8- 


But these conditions are not all independent. For, if we 

multiply (2), (3), (4) by P,.—Q, R respectively and add, we 
obtain (5) multiplied by S. Moreover, it can be shown that, 
in general, any three of these conditions are independent. 
- Tf the equation contains n variables, we obtain’ as many 
conditions as there are ways of selecting three variables from n; 
that is, the number of conditions is n(n — 1)(n — 2)/3!. Of 
these, only (n — 1)(n-— 2) /2 are independent. 

Moreover, these conditions can also be shown to be sufficient. 
When they hold, the solution is found for an equation in n vari- 
ables by successive applications of the method for one in three 
variables. First integrate, considering all but two of the vari- 
ables constant. Replace. the constant. of integration by a 
function ¢ of those variables temporarily considered constant. 
Redifferentiate, taking into account all the variables, and com- 
pare the result with the given equation. The two variables, 
originally treated differently from the others, no longer appear 
in the new differential. equation, which is integrable and in- 
volves, at most, the remaining n — 2 variables and 4, that is, 
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nm — 1 variables in all. The process may then be repeated. 
The following exercise will illustrate. 


Exercise 1. z(y+z)dx+2(t— x)dy+ y(a— thdz+ y(y+z)dt=0. 
Let y and z be constants temporarily. Integrating, we have 
xz + yt = oy, 2). 
Differentiating and comparing with the original equation, we have 
(ty + zx) (dy + dz) = (y + 2)dg, 
or 
o(dy + dz) = (y + z)dg. 
We now have an equation in the three variables y, z, ¢. This 


can be solved by the general method (§X-2). But an obvious 
integrating factor is 1/(y + z)p. Introducing this, we have 


@ = cy + 2). 
Hence the general solution is 


xz + yt = c(y + 2). 


Special methods, corresponding to those of §§X-3 and X-4, 
can also be employed, at times. 


Thus, in the above exercise, since the equation is homogeneous, 
let 


z= u,y=v,2= ut. 

The resulting equation is 
(6) wiv + w)du+ wl — u)dv + (ul - wha dt ere 

(v + w) (uw + v) t ’ 
which is exact. If we write the respective coefficients of dv and dw 
as 

wl — u) = w- wuto-—v=0+ w— (w+) 
and 
o(u— 1) = w—o+ ww — uw = ulvo+ wv) — (uw), 

equation (6) may be written 


wdu+ dv+udw_ dv+dw dt _ 
uw + v Eitan: aie a 
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Its solution is 
t(uw + v) 
vtw  ® 
or, finally, 
z+ yt = c(y+ 2). 
2. xtdx + ztdy + yidz + (t+ 1)(x? + 2yz)dt = 0. . 
3. (yi — yz — at)dx + (x + i) (a+ z)dy+ (e+ t)(y + tdz 
=“ (a2 — xy — yz)di = 0. 
4. (y+2—t)dx — (a+ 22 — t)dy — (x — 2y 4+ t)dz 
+ («@ — y+ 2)dt = 0. 


X-6. Non-integrable case. If Pdzx + Qdy + Rdz = 0 does 
not satisfy the condition for integrability, it is impossible to 
find its general solution in the form 


u(z, y, 2) =e. 


But, as the equation involves three variables, we should expect 
to find an indefinite number of solutions. As a matter of fact, 
if we assume an arbitrary relation, (2, y, z) = 0, this will 
determine one of the variables in terms of the other two. 
Using this relation in the original equation, we obtain a new 
differential equation in two variables. We see, then, that the 
general solution of a total differential equation, which does not 
satisfy the condition for integrability, consists of an arbitrarily 
chosen relation among the variables and a second relation involving 
an arbitrary constant. The latter relation depends upon the 
choice of the former, and cannot be determined until the choice 
has been made. 


Exercise. ydx + ady — (x ty+2)dz = 0. 
This, it is readily seen, does not satisfy the condition for integra- 
bility. If we assume x + y + z = 0, our equation becomes 


ydx + xdy = 0, whose solution is ry = c. 


Bey ep esl; 


lution is 
Hence a soluti { esis 
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If we assume x + y = 0, our equation becomes ydx + xdy — zdz = 0, 
whose solution is 2xy — 22 = c, Hence another solution is 


{ ze+y=0, 


Qry — 227 =c. 


X:7. Geometrical interpretation. It will be recalled that 
an equation in three variables 


(1) u(x, y, 2) =e 


represents a surface-in space of three dimensions. If (2, y, z) 
is any point on this surface, the direction cosines of the normal 
to this surface at that point are proportional to the values 
which the respective partial derivatives 


du du du 
dx’ dy’ Oz 
take at that point. If (1) is the general solution of the in- 
tegrable total differential equation 


(2) _ Pdx + Qdy + Raz = 0, 


we saw, in §X-1, that du/dx, du/dy, du/dz are proportional to 
‘P,Q, R respectively. Hence the direction cosines of the normal 
to the surface (1), at any point on it, are proportional to the 
values which P, Q, R have at that point. We shall restrict 
our considerations to a region in which the functions P, Q, R 
are regular and do not vanish simultaneously. At each point 
(x, y, 2) in this region P,Q, R have definite values. These may 
be taken as proportional to the direction cosines of a line 
through that point. The geometrical interpretation of the fact 
that (1) is the general solution of (2) may now be stated. as 
follows: At each point in the region of space under considera- 
tion, the differential equation (2) determines a direction. The 
solution (1) is the equation of a family of surfaces, known 
as integral surfaces, whose normal at each point is the line de- 
termined by the differential equation at that point. 
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In the non-integrable case, the assumed relation 
(3) . ¥(z,y,2) = 0 


is the equation of a surface, the direction cosines of whose nor- 
mal at each point are proportional respectively to the values of 


By 4 OV... OV 
dx’ dy’ Oz 


at that point. In general, these are not proportional to P,Q, R 
at that point. Thus, at each point of the surface (3) we have 
two lines, the normal to the surface and the line determined by 
the differential equation (2). The solution in this case con- 
sists of two relations, viz. the assumed relation (3) and another 
one involving an arbitrary constant. Since two equations in 
three variables determine a curve, and, since one of the two 
equations, constituting the solution, is the relation (3), we see 
that the geometrical representation of the solution in this case 
is a family of curves on the assumed surface (3). Moreover, 
it can be shown that the line determined by the differential 
equation (2), at each point of the region under consideration, is 
eut orthogonally by the curve of the family through that point. 
Thus, in the case of Exercise, §X-6, we have on the plane 
xzty+z=0 the curves cut out upon it by the family of 
cylinders zy = c; while on the plane x + y = 0 we have the 
curves cut out by the hyperbolic paraboloids 2xy — z? ='c. 

This applies also to an integrable equation, except that, in this 
case, the curves on an arbitrarily selected surface are precisely 
the curves of intersection of this surface with the Agile) of 
integral surfaces. 


X-8. Summary. The general method for solving the total 
differential equation 
Pdzx + Qdy + Rdz = 0, 
satisfying the condition for integrability, requires the. solution 
of two ordinary differential equations of the first order (§X-2). 
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The problem of solving such an equation can often be sim- 
plified. 

Since an integrating factor exists, if one can be found by 
inspection, it should be employed, thus reducing the problem 
of solving the equation to quadratures (§X:3). 

If one of the variables can be separated from the others, an 
integrating factor can be found (§X-3). 

If P, Q, and R are homogeneous and of the same degree, the 
problem of solution can be reduced either to quadratures or to 
the solution of a single ordinary differential equation of the 
first order (§X-4). 

At times, it is possible to introduce a new variable which 
transforms the total differential equation into an ordinary one 
of the first order (§X-3). : 

If the condition for integrability is not satisfied, solutions 
can still be found, but of a more special type (§X-6). 

, The general method for solving a total differential equation in 

n variables, satisfying the conditions for integrability, requires 
the solution of » — 1 ordinary differential equations of the 
first order (§X-5). 

The problem of solving such an equation can often be simpli- 
fied by methods analogous to those applicable to the equation 
when 7 = 3. 


Apply the test for integrability, and solve the following: 
Exercise1. (y+ z)du + (2+ x)dy (2+ y)dz = 0. 
(2 + 1)(adz + ydy) — (2? + y*)dz = 0. 
(a+ y2?+ 227+ 1)dx + Qydy + 2edz = 0. 
(y + a)?dx + zdy — (y+ a)dz = 0. 
(y + z)dx + dy + dz = 0. 
2xdx + dy + (2x22 + 2yz + 227+ 1)dz = 0. 
(2a + y? + 2xz)dax + 2rydy + 22dz — dt = 0. 
zady — yedx + a*dz = 0. 
a(y — 1)(@— 1)dz + y(z — 1)(a — 1)dy 
+ 2a — 1)\(y— 1)dz = 0. 


Se 7 3 Se a a 
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10. (y — z)du + 2(a + 3y — z)dy — 2(4@ + 2y)dz = 0. 
11. t(y+z2)de+t(yt+2+ 1)dy-+ tdz — (y+ z)dt = 0. 
12. 2(y+ z)dz+ 2e(§ — x)dy + y(x — de + y(yt+ 2z)dt = 0. 
13. (yz — ryz)dx + (2a — xyz)dy + (xy — xyz)dz = 0. 
14. (ly — kz)dx + (hz — lx)dy + (ka — hy)dz = 0. 
15. yedx — xtdy + zrylogx: dz— rylogy:dt= 0. 
16. (y* + 24+ t4)dx — 4(a2?2t + zry’)dy 
—A(a?yt + wz3)dz — 4(ax?yz + xt3)dt = 0. 


CHAPTER XI 
SYSTEMS OF SIMULTANEOUS EQUATIONS 


XI-1. General method of solution. It is proved in the gen- 
eral theory of ordinary differential equations that a system of 
n equations involving n dependent variables can, in general, be 
solved. 

We shall consider here the case of n = 2.* Let the equa- 
tions be 


(1) Fil)m, (Ye, t] = 0, 
(2) Fal (x) m+p, (Y)s, t] = 0, 


where the highest ordered derivatives of x appearing in (1) 
and (2) are respectively m and m + p, those of y are r and s. 
Here ¢ is the independent variable. Some of the numbers 
m, p, 7, smay be zero. By differentiating these two equations 
we obtain additional ones, involving higher derivatives of the 
dependent variables. This process can be conducted in such 
a manner that a stage is reached at which the number of equa- 
tions exceeds by two the order of the highest derivative of one 
of the variables. This dependent variable and all its deriva- 
tives can, in general, be eliminated from these equations. The 
result is a single differential equation involving only one de- 
pendent variable. Thus, differentiating (1) p times, we obtain 
successively 


(3) fal(©)m+1, (y)r+1, #] = 0, 
(4) Fal(©)m+2, (Y)r+2, t] = 0, 
(p + 2) Fo+2l(X)m+p, (Y)r+py t] = 0. 


* With obvious modifications, this method can be made to apply in the case 
of n any positive integer. 


226 


XT-1 SYSTEMS OF EQUATIONS 227 


We now have p + 2 equations from which to eliminate z and 
all of its p + m derivatives. In general, this will not be suffi- 
cient,* for we must have at our disposal one more equation 
than the number of quantities to be eliminated. We proceed 
now to differentiate both (2) and (p + 2). Since this introduces 
two new equations and only one new derivative of x, we see 
that, by repeating the process the proper number of times, the 
number of equations will exceed by unity that of the quantities 
to be eliminated. Performing the elimination, we have a 
single equation in y. Integrating this and substituting the 
value of y in (1), we have an equation in z only, which must 
then be solved. If m > 0, additional constants of integration 
appear which, in general, are not independent of those appearing 
in the parse solution of y. The relations between the con- 
stants can be determined by making use of the fact that the 
values found for xand y must satisfy equation (2) fe tteaeh 
This will be illustrated in the next section. 
Of course, if preferred, one may first eliminate y and its 
derivatives, and then solve for z. 
Or, one may solve for x and y separately. The relations 
between the constants of integration can then be found by 
substituting the general solutions for x and y in one, or, if neces- 
sary, in both of the equations (1) and (2). 
“* Jt will be sufficient. if m= 0, or if, during the process, a set of differential 
equations arises from which z or some of its derivatives are absent, so that those 


which do appear can be eliminated from a set of fewer equations. Thus, con- 
sider the system 


a Seenyean0 and c+ Dot =o, 


where A, B, C, D are constants. Differentiating the second equation, we ob- 
tain 
ote diy 

Cp + D is a % 


dz 
giving us three equations from whieh dt and a can be eliminated.. The Te- 


sulting differential equation in y is. of the third order, and not of the fourth 
order, as the general method would lead us to expect. Here, however, the gen- 
eral solution of the system of equations involves four arbitrary constants, 
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The differential equations, resulting from the elimination of 
zx and its derivatives, and of y and its derivatives respectively, 
are frequently of the same order. Then the number of inde- 
pendent constants appearing in the general solution of the 
system of equations is equal to this common order. If the 
orders of the two resulting equations are different, the number 
of independent constants is equal to the higher of the two orders. 


XI-2. System of linear equations with constant coefficients. 
The general method of the previous section can be carried out 
readily in case the equations are linear and the coefficients are 
constants. Thus, consider the system 


Lt 5 = cost, 


dias Bay 
Wiha widhite “uante heee 


These may be written 


(1) (D+ 1)z — Dy = cost, 

(2) (D? + 3)z — (D+ l)y = &%, 
where D=d/dt. Differentiating (1), we have 
(3) CD2eE PD) 0 Shey ie are 


We must eliminate x, Dx, D®x; this requires four equations. 
Hence we must differentiate (2) and (8). This gives rise to 
(4) (D + 3D)x — (D? + D)y = 2¢%, 

(5) (D§ + D*)z — D’y = —cost. 

We now have five equations, from which we can eliminate 
the four quantities z, Dz, D*x, D'’x. By taking — 8 x (1), 
1 X (2), 1 X (4), — 1 X (5), and adding the results, we have 
(6) (D3 — D? + D— 1)y = 3e% — 2 cost, 


which is a linear equation in y only, and can be solved readily. 
Before doing so, however, we shall see how (6) can be ob- 
tained directly from (1) and (2). Since, when looked upon 
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algebraically, (3) and (5) are respectively D and D2? times 
(1), and (4) is D times (2), the above method of elimination 
is equivalent to subtracting (D? + 3) times (1) from (D + 1) 
times (2). But, this is precisely the method we would have 
pursued in eliminating x from (1) and (2), had D and its powers 

been algebraic quantities instead of operators. Now, so long 
as the equations are linear with constant coefficients, this 
process is always allowable, since it involves only the operations 
of addition, subtraction, and multiplication with the operator 
D. Hence we need only write our equations in the form of (1) 
and (2) and solve them as algebraic equations, remembering, 
however, that D is an operator in case there are any terms in 
the right-hand members. In practice, it is frequently convenient 
to use determinants. Thus, solving (1) and (2) for y, we have 


D+1 —-—D lu=|pe4 3 cos t 
D+3 —(D+1)\%" |D+3° & |’ 


or 
(6) (D§ — D?+ D— 1)y = 3e% — 2 cost. 


The complementary function is Y = ce! + ce sint + ¢; cost. 

For the particular integral, we try V = ae* + btsint + ct cost. 
Substituting this for y in (6), we find that a = 2, b = 3,¢ = 3; 
whence 


(7) y= cyet+aqsint + cpycost + £e*% + Ht sin t + 4¢ cost. 


To find x we may substitute this value in either (1) or (2), 
and solve the resulting equation in x.* 


* Tn general, in solving for the variable first eliminated, it is necessary to solve 
a differential equation. For example, if we put the value of y given by (7) in 
(1), we have an equation of the first order to solve; if we put it in (2), we have 
an equation of the second order to solve. The new constants of integration that 
arise now are not arbitrary, but must be determined so that the other equation 
may also be satisfied. This is done by substituting in the other equation, and 
equating coefficients. In this particular exercise it would have been simpler to 
solve for x first. The value of y could then be obtained immediately from the 
equation resulting from subtracting (1) from (2). 
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Or, we can eliminate y and its derivatives, and obtain a linear 
equation in z. Thus, 


D+1 —D aes |e cos t 
De piwcp+pay* [Ded e& 


‘or 
(8) (D? — D? + D — 1)x = 2e” + sin t — cos#.* 
The solution of (8) is 
(9) x= cy'e + c! sint + cs’ cost + 2e% + Ft cost. 


These constants are not independent of those in (7). Their 
values may be found by substituting (7) and (9) in either of the 
original equations and equating coefficients. Doing this, we 
find cy’ = 3¢1, C2’ = 3(C2 ~- 3) + G, Cs’ = 2(c2 + 6s) + F. 

Hence the general solution of our system of equations is 

Ade = 2cyet + (2c2-- 2c3 + 3) sin t +-(2cg + 2c3 +1) cost 

+ $e% + 2t cos ft, 

‘y= cet + esint + cs cost + ge% + 3 (sint + cost). ; 


aoe 32 + 2y = e, 
Exercise 1. q : 
4g — sat 3y = 3b. 


d’y dz * 
y aitacuai 4y = 2t, 
: dx dy 
d2 
aa 3x — 4y = sint, 
3. 


ad? 
etety= cos t. 


* We see by this method of solution that the differential equations in x and. 
in y, each resulting from the elimination of the other variable, have the same 
left-hand members, and that the complementary functions are, therefore, of the 
same form, It is obvious that this is also true in the case of n dependent vari- 
ables defined by n linear equations with constant coefficients, 
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Max yod?y : 
ic ia he y = sin wt, 
4. 
dx , dy 


eae at Y —1Ue 


XI-3. System of equations of the first order. If the equations 
are of the first order, we shall suppose them solved for the first 
derivatives of each of the dependent variables. [We shall 
consider the case of two dependent variables. But the methods, 
developed here, obviously apply to the case of n such variables. ] 
Let the system be 











dx . PG, Ys t) 

To see ltl, Vad), 

@) dy _ Q(z, y,.t). 
dt R(z, y, t) 


The general method of §XI-1 applies. But, in certain cases, 
the solution can be obtained very much more readily by special 
methods. Some of these cases will be considered in this section. 
First, we shall write equations (1) in the more symmetrical form 

Deine MY spilt 
ot Bio ®s bE 

1° One of these equations may involve only two of the vari- 
ables, or it may be possible, by a proper choice of a pair of 
members of (2), to eliminate a common factor so as to obtain 
an equation involving only two of the variables. Thus, for 
example, suppose that ¢ does not appear in dx/P = dy/Q, or 
can be removed from it. Solving this, we have 


(3) u(x, y) = C1. | 

If this can be done a second time, so that a second relation of 
the form 
(4) vy, t) = 0 
can be found, the complete solution consists of As two rela~ 
tions (3) and (4). 
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Remark. From the general method of §XI-1, we see that 
the general solution of (1) or (2) consists of two relations be- 
tween the variables involving two arbitrary constants, 

coos ft, C1, C2), ve d(t, C1, (2). 
The solutions found in this section are of the form 

u(z, Yy, t) C1} v(x, Y, t) = ied 
It should be noted that there is no unique form for the functions 
uandv. We shall see in §XIII-1 that 

o(u, v) = const., 

where ¢, an arbitrarily selected function of u and v, may replace 
either one of the two relations in the general solution. 

Exercise 1. oe = dy = a, 

yt te xy 

From the first two members we have u = 2? — y? = ¢4. 

From the last two members we have v = y? — t?? = &. 

(Using the first and last members, we obtain t? — x7 = c. But 
this is obviously not distinct from the other two.) 


2° If we can find one integral expression by the previous 
method, e.g. (8), we can, by means of it, express one of the 
variables in terms of c, and the other variable; thus, we can 
solve (3) for x in terms of c; and y. Substituting this value of 
x in dy/Q = dt/R, we have an equation involving y, t, and the 
constant c;. Solving this, we have a second relation 


(5) wy, t, ¢1) = C. 
Relations (3) and (5) together constitute the general solution. 


At times, it is desirable to replace c; in (5) by its value in terms 
of x and y. The solution is then 


u(a, y) PCL) wy, t, u) = 


Exercise 2. a = dy = ee 
xt yy ay 
Here we have 
dx dy x 
eer ye) whence me Cie 
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Therefore, x = cyy; and we have 
dy dt 
aie ay? or cyydy = tdt; 

whence 

ayy—f=e, or zy—f=«. 
The solution is 
r—ay=0, zy—?= ae. 
3° It happens sometimes that multipliers A(z, y, £), u(z, y, 2), 
v(x, y, t) can be found to enable us to make use of the fact that 
dx dy _ dt _ddx+ udy + vdt 
P Q RK rx3wP+HQ+ rR 


(a) The last member, when combined with one of the others, 
may give rise to an equation which can be solved. 
(b) By a choice of two sets of multipliers, 


Aidx + widy + vidt 4. oda + pedy + vedt 
MP + mQ + 1k AP + weQ + wh 


may be solvable. 

(c) AP + wQ + vR may equal zero, at the same time that 
dx + udy + vdt = 0 satisfies the condition for integrability 
(§X-1). 

If we can find two independent relations by any of these 
methods, each involving an arbitrary constant, we have the 
general solution. ‘ 


dt 
Exercise 3. de = dy =. 
Yy x t 
d. d 
From 7 = - , we have 2? — y? = ¢. 


Letting \ = uw = 1, v = 0, we have 


dx + dy _ dt a 
rol gr dlnaad whence x+y = et. 





By letting \ = 1,4 = —1,v = 0, another relation 
(x — y)t = ce 


can be found. But this is not independent of the other two. 
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E ri dx dy _ dt 
‘xercise Le coy Ce 
Letting \; = 1, #1 = 1, 1 = 0, and Ay =" 1, pe = —I1, % = 0, we 
have 
dz + dy. dx — dy | lot oh oe 
@+y? @—y Whence pry aay 
or ir 
2y = c1(z* — y?). 
Again, 
det dy _ dt a 
@ + ys Gh pe whence «+ y= cot. 
eerie es dx thes = iy cht 
xercise poe ae rm 


ee a,u=bv= eric diprritinc printer t 0. 
*, adz + bdy + cdt ="0;) whence ax+ by+ct= «41. 
Similarly, letting \ = z, up = y, v = t, we have 
adz + ydy + tdt= 0; whence 2?+ y*+ = @. 





























a yd) de ya 
aad ests lonme-ill Ta tie = tne 1+? 
a ew dt dx dys dt 
yes ate aby LP ety” Say at 
16 dc. dy” _ dt 
‘gysit tw tHkeeanos 4erg 
11 BOY: le. ON dy a dt 
Pry ry w+ yt — at (et yt 
i dpe ee ma dycem dt 
“ya — 224 ~ 244 — aby Dt? — 7°) 
get ee he ee 
a =F) (EP —F) — i) 
Dee a ee ee 
"yy — t2 te Batt — By 2982%yi+ iat 
16 ada _ dy dt 
et See Pee ys 
16. dx dy Pa 


at(ay + #)- —yt(ay +P) ~ at 


XT-4 SYSTEMS OF EQUATIONS 235 


XI-4. Geometrical interpretation. The functions P(a, y, z),* 
Q(z, y, 2), R(«, y, 2) may be regarded as determining a line 
through each point (2, y, 2), at which they are regular and do 
not vanish simultaneously (see §X-7). An integral curve of the 


system => = — =- is, then, a curve which, at each of its 


points, is tangent to the line determined by the values of 
P, Q, & at that point, The general solution, we have seen, 
consists of two relations, u(x, y, z) = ci, v(2, y, 2) = Ce, involving 
two arbitrary constants. That is, the general solution repre- 
sents a doubly infinite system of curves, which are the inter- 
sections of two singly infinite systems of surfaces. 

The family of integral curves is fixed by the differential 
equations, but the families of surfaces determining them are not. 
If u(a, y, 2) = ci and v(2, y, 2) = ~ are such a pair of families of 
surfaces, we may employ in their stead the pair ¢(u, v) =a 
and y¥(u, v) = b, where ¢ and y are any two arbitrarily selected 
independent functions of uw and v. This follows from the 
Remark in §XI-3. Thus, in the case of Ex. 3, §XI-3, the in- 
tegral curves are the intersections of the family of cylinders 
xz? — y? = c with the family of planes z + y — coz = 0. They 
may also be obtained as the intersections of the family of cylin- 
ders xz — yz = c with the family of planes + y — coz = 0. 

In §X-7 we saw that a solution of the integrable total differ- 
ential equation Pdz + Qdy + Rdz = 0 represents a surface 
whose normal, at each of its points, has its direction cosines pro- 
portional to the values of P,Q, R at that point. Hence we see 
that the integral curves of se = 3 = e cut orthogonally any 
integral surface of Pdr + Qdy + Rdz = 0. Since we can find 
a family of integral surfaces of Pdx + Qdy + Rdz = 0 only 
when P, Q, R satisfy the condition for integrability [$X-1, (3)], 
we see that only in this case will there exist a family of surfaces 


which has the family of integral curves of = = 4 -% as 


* From now on we shall use the three letters x, y, z, instead of x, y. t. 
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orthogonal trajectories. Thus, since yzdx + zady + xydz = 0 
has xyz = c as its general solution, we see from Ex. 1, §XI-3, 
that the curves of intersection of the cylinders x? — y? = ¢1 
and y? — 22 = ~ are cut orthogonally by the family of surfaces 
xyz =c. On the other hand, since xedx + yedy + xydz = 0 
does not satisfy the condition for integrability, there is no fam- 
ily of surfaces which is cut orthogonally by the curves whose 
equations are x — cy = 0, ry — 2? = @ (Ex. 2, §XI-3). The 
converse problem of finding the orthogonal trajectories of a 
family of surfaces whose equation is f(z, y, z) = c requires the 
solution of the system of equations 


dx » dy _ dz, 
OF sp eise Wel 
Chine Chip - eye 


In general, these can be solved. 


_ Exercise 1. Find the orthogonal trajectories of the family of 
spheres x7 + y? + 22 =. 

2. Find the orthogonal trajectories of the family of spheres 
x= y? + 22 = cx. 

8. Find the orthogonal trajectories of the family of central 
quadrics ha? + ky* + lz? = ¢. 

4, Find the orthogonal trajectories of the family of hyperbolic 
paraboloids ry = cz. 

5. Find the orthogonal trajectories of the family of elliptic 
paraboloids x? + y” + cz = 0. 

6. Find the orthogonal trajectories of the family of circular 
cones x? + y* + cz? = 0, 


7. Find the orthogonal trajectories of the family of hyperbolic 
paraboloids yz + zz + zy = c. 


XI-‘5. System of total differential equations. It can be 
shown that the general solution of two total differential equa- 
tions in three variables, 


(1) { Pidx + Qidy + Ridz = 0, 
Podz + Qedy + Redz = 0, 
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consists of two relations among the variables involving two 
arbitrary constants. In actual practice, we proceed as follows: 

If each of equations (1) separately satisfies the condition for 
integrability [$X-1, (3)], we solve each one, and, thus, obtain the 
solution of our system. 

If only one of the equations satisfies the condition for integra- 
bility, we integrate it and obtain a relation ¢(z, y, z) = c. 
Since the other equation in (1) is non-integrable, we employ 
the method of §X-6, and use ¢(z, y, 2) = c: as the assumed 
relation. The resulting solution of the non-integrable equation 
is the solution of the system (1). 

If neither of the equations is separately integrable, it is 
sometimes desirable to put (1) in the form 


d d d 
(2) > = = = = 
where JP) c= Qik, = Q2R, Q = RiP. _> RP, R = PiQ> sea) PQ). 
The methods of §X1I-3 may now be tried. 


If they are not applicable, we select one of the variables as 
the independent one, e.g. z, and write the equations in the form 


dz art fy 

; dz 
oe dy _Q 
. deus ie 


The general method of §XI-1 may now be employed. 


XI-6. Differential equations of higher order than the first 
reducible to systems of equations of the first order. Given a 
single equation with one dependent variable, we shall suppose 
it solved for the highest ordered derivative. Thus, consider 





dry dry 
(1) dz® a =7(2,45 Us Aa oe as ah 
If we introduce the new variables 


d 
Yi a ya dz?’ f° tin aT dar-! 


238 DIFFERENTIAL EQUATIONS XI-6 


as we did in §IX-1, the equation (1) may be replaced by the 
system of n equations of the first order 


(2) ape Y2, 


As an illustration, the differential equation 
da? 
me hin = 9 


is equivalent to the system 


Gy cs AU 

fe. ade ee 
or 

dx _ dy _ dyi 

Lit sigiw bay 


\ 


Using the last two terms, we have 


yt yr? =o, or y= Ver — 





: ULI 
Op a Vo? — 2 es 
Integrating, we have 
sint 7 =xr+eo, or y=cisin(r+ a). 


In an analogous manner, a system of n equations of any 
order in n dependent variables may be replaced by a system 
of equations of the first order, by taking as new variables all the 
derivatives of the dependent variables except those of highest 
order. Thus, by letting 2, = dx/dt, the system of equations 
of §XI-2 may be written 
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dx 

ao 7 

d 

= 1 +2 — cost, 

dz 

Go 1 Pe ry + ee — cost. 


XI-7. Summary. To solve a system of two ordinary differ- 
ential equations involving two dependent variables, we differen- 
tiate these equations a sufficient number of times to enable us 
to eliminate one of the dependent variables and all of its 
derivatives, thus giving rise to a single equation involving only 
one dependent variable and its derivatives. We integrate this, 
and, substituting for this variable and its derivatives their 
values in terms of the independent variable in either of the 
original equations, we obtain a new differential equation, whose 
solution determines the other dependent variable. Or, we can 
treat both of the dependent variables symmetrically by solv- 
ing for each one separately. The relations among the con- 
stants of integration are found by substituting in one of the 
original equations, or, if necessary, in both of them (§XI-1). 

While this method is frequently not practicable, it can be 
carried out very readily in case the equations are linear with 
constant coefficients (§XI-2). 

If the equations are of, the first order, special methods can, at 
times, be employed (§X1I-3). 

A system of two total differential equations in three variables 
can be written as a system of ordinary differential equations, to 
which the methods of §XI-1 and §XI-3 may be applicable 
(§XI-5). 

A single differential equation in one dependent variable of 
higher order than the first may be replaced by a corresponding 
system of differential equations of the first order, to which at 
times the special methods of §XI-3 apply (§XI-6). 

It is almost needless to add that, if each of a system of equa- 
tions involves a single dependent variable, each is to be inte- 
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grated independently of the others. Thus, see Ex. 1, 2, 3, and 
4 below. 


Exercise 1. Find the path traced by a particle, moving in a 
vacuum and acted upon by gravity only,.if it is given an initial 
velocity vp in a direction making an angle a with the horizontal 
plane. 

2. If the particle in Ex. 1 moves in a medium which exerts a 
resisting force proportional to the velocity, find its path. 


3. A particle moves subject to an attracting force which varies as 
the distance of the particle from a fixed point O, called the center 
of force, and is directed along the line joining the particle with O. 
Taking O as the origin of coérdinates, determine the motion of the 
particle, if it starts to move from a point on the axis of a at a dis- 
tance a from the center, with an initial velocity v9 making an 
angle a with the axis of 2. 

[If the acceleration due to the attracting force is P, and r is the 
distance of the particle from the center of the force, the equations 
of motion are 

dx By dy 


Ge iieley poy CUtasocn) 3 
dt? fio Oh OG 
_ In this case P = k?r.] , 

4, If the force is a repulsive one, study the motion of the particle 
in Ex. 3. 

5. A solid of revolution, with one point of its axis of symmetry 
fixed, is acted upon by gravity only. Find its angular velocity and 
the position of the instantaneous axis of rotation in the body. 

(if A, B, C are the moments of inertia of the body with respect 
to the principal axes of the momental ellipsoid about the fixed 


point, and p, q, r are the components of the angular velocity on those 
axes at any instant, Euler’s equations are 


d 

Aw + (C —A)gr’= 0, 
dq 

Ag (C= A)rp = 0, 
dr 

Cu = 0, 


since B= A.] 
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6. The component of the velocity of a particle parallel to each 
of the coérdinate axes is proportional to the product of the other 
two coérdinates. Find its path. Also find the time of describing a 
given portion in case the curve passes through the origin. 

7. A charged particle starts from rest in the xry-plane at a time 

= 0 and is acted upon by a uniform electric field of strength X, 
parallel to the z-axis, and by a uniform magnetic force H, parallel 
to the z-axis. Find the path of the particle, assuming the equations 
of motion to be 


Px dy 
m 7a = eX eH =, 

ay dx 
mae = eH a: 


Here m, e, X, H are constants. [H. Bateman, Differential Equa- 
tions.] 


CHAPTER XII 
PARTIAL DIFFERENTIAL EQUATIONS 


XII-1. Primitive involving arbitrary constants. Partial dif- 
ferential equations may be obtained from primitives involving 
either arbitrary constants or arbitrary functions. In this 
section, we shall restrict ourselves to the first of these cases. 

Consider the family of spheres of fixed radius R, with their 
centers lying in the plane z = 0. The equation of this family is 
obviously 


() (e— a)? + (y— bP +2 = Re, 


where a and b are arbitrary constants. 
We shall consider x and y as independent variables, and shall 
put 
da de te ae ale 
dn? ay % ax2— " day © ays © 
Differentiating (1) with respect to x and y respectively, we 
obtain 


(2) t—a+tzp=0, 

(3) Yi bor eeeR 0. 
Eliminating a and b from (1), (2), (3), we have 
(4) ce lh gk al Jaa eal 


which is known as the differential equation corresponding to the 
primitive (1); on the other hand, (1) is said to be a solution of (4). 
This suggests the general mode of procedure. Starting with a 
relation involving two arbitrary constants and three variables, 
(1’) (x, y, 2, a, b) = 0, 
242 
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where z is taken as the dependent variable, we obtain, on differ- 
entiating with respect to x and y respectively, 


0 0 

@) aa rhiRars, 
0 0 

(3’) on 050 = 0 


We now have three equations from which, in general, a and 
b can be eliminated. When this is done, there results 


(4’) F(2, y; 2, P, g) = 9, 


a differential equation of the first order which has (1’) for its 
primitive. 

If the primitive involves more than two independent arbitrary 
constants, more than three equations will be necessary to elimi- 
nate them. Hence, if only two independent variables are in- 
volved, the resulting differential equation will be of higher 
order than the first. Thus, consider 


(5) ax? + by* + cz? = 1. 

Differentiating with respect to x and y respectively, we have 
(6) ax + czp = 0, 

(7) - by + czg = 0. 


We have now only three equations from which to eliminate 
a, b, c. Hence we must differentiate again. Differentiating 
(6) with respect to x, we have 


(8) a+ c(er + p*) = 0. 
Eliminating a, b, c from (5), (6), (7), (8), we have 
a? y" g2 ae | 
oe 0 2p 0 Seago 
0 y 2q 0 
1 4) zr + p* 0 
(9) xer + xp? — zp = 0, 


which is a differential equation resulting from (5) as a primitive. 
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If we differentiate (6) with respect to y, we obtain 


(8’) czs + cpg = 0; 
whence, on eliminating a, b, c from (5), (6), (7), (8’), we have 
(9’) zs + pq = 0, 


which is also a differential equation resulting from (5) as a 
primitive. Again, differentiating (7) with respect to y, we 
obtain 


(8’’) b+ c(zt + q*?) = 0. 
Eliminating a, b, c from (5), (6), (7), (8’’), we have 
(9””) yet + yg? — 2q = 0, 


which is also a differential equation resulting from (5) as a 
primitive. 

Since (9), (9’), (9’’) are all of the second order, there is no 
choice among them, and all may be said to be differential 
equations belonging to (5). 

There is no such ambiguity in the case of the partial differ- 
ential equation of the first order arising from a primitive in- 
volving two arbitrary constants. 

A primitive involving only one arbitrary constant gives rise 
to two independent differential equations of the first order. 

As we shall see in the next chapter, a solution of a partial 
differential equation of the first order which contains two in- 
dependent arbitrary constants plays a very important rdéle in 
determining all solutions of the differential equation. 

In order to obtain a unique partial differential equation of the 
second order, the primitive must contain five independent arbi- 
trary constants. For, in this case, we obtain two additional 
relations by differentiating once with respect to each of the 
independent variables, and three additional relations involving 
second partial derivatives by differentiating the primitive twice 
with respect to x, once each with respect to x and y, and twice 
with respect to y. . 


XII-2 PARTIAL DIFFERENTIAL EQUATIONS 245 


In the general case, it can be shown that, in order that a prim- 
itive may give rise to a unique partial differential equation 
of the nth order, it must contain n(n + 3)/2 independent arbi- 
trary constants. This number is the sum of all the integers 
from 2 ton +1. 

Form the differential equations having the following equations 
for primitives, a, b, c, f, g being the arbitrary constants to be 
eliminated : 


Exercise 1. (4 — a)? + (y — a)? + 22 = 8, 

2. (c-aP?+t(y—bt+2=a 3 z=artbyt+ Vato. 
4. 2= (e+ a)(y+ d). 

Be a(t G)” bly ab)? ob (2ia€)* if, 

6. 2= axr-+ by + cay. 7 ax? + by? + cz? + 29a + 2fy = 1. 


XII-2. Primitives involving arbitrary functions. In this 
section, we shall briefly indicate how partial differential equa- 
tions may arise from primitives involving arbitrary functions. 
In doing this, we shall restrict our consideration to two simple 
types of primitives. 

1° Let u and v be two known functions of 2, y, z. We shall 
start with the relation 


(1) ou, v) = 0 


as a primitive, where ¢(u,v) is an arbitrary function of u and ». 
Differentiating with respect to x and y respectively, we have 


Op (Iu dp (Ov + 
(2) Ba jet 5p? r) +565 at 5g? p)= 0, 

db (Iu do (dv f 
(3) du set 5p a) +5 mt 5ed 1)= 0. 


Here ¢ does not appear in (2) or (3). Moreover, (2) and (3) 
are linear and homogeneous in 0¢/du and 0¢/dv. Hence these 
can be eliminated by equating to zero the determinant of the 
coefficients; thus 


246 DIFFERENTIAL EQUATIONS XII-2 


U 
a2 + az P al ee 
? 
ant a2? nila ice 
or 
(4) Pp+Qq= Fk 
where 
du du du au du du 
pa Oz oy _ |x dz pal Ox 
~ Javan}? °F Jan ao? *~ Ja ao |” 
Oz oy Ox Oz Oy - Ox 


Equation (4) is the partial differential equation correspond- 
ing to the primitive (1). It is of a special form and is known as 
a linear partial differential equation of the first order. By such a 
partial differential equation we mean one that is linear in the 
derivatives of the dependent variable (the way in which the 
dependent variable itself enters playing no réle).* 

2° If wand v are two known functions of z, y, z, and we have 


(5) Fx, y, 2, 6(u), W(a)] = 0, 


where f is some known function, but ¢ and y are arbitrary 
functions, we says on differentiating, 


©) Ft gee + 55900 (Se + 52?) + ap¥'O(Ge + ge?) =2 
(7) + oa apo) ay haee a)+5p BY OS; ae) = ‘ 


Since (6) and (7) introduce two new functions ¢/(u), ¥/(v), five 
equations are necessary to eliminate the four functions ¢(u), 
¥(v), ¢’(u), ¥’(v). If we differentiate (6) and (7), we obtain three 
new equations involving second derivatives of z and the new 
functions ¢’’(w) and y’’(v). In all -we have now six equations 


* The student will note the difference between this definition and that given 
for a linear ordinary differential equation of the first order (§II-9). 
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from which, in general, it is not possible to eliminate the six 
arbitrary functions. Hence, we must differentiate again, this 
time obtaining four new equations, involving third derivatives 
of z and the two new functions ¢’’’(u) and w’(v). That is, 
we have now ten equations from which the eight functions 
can be eliminated, in general, in two distinct ways. Hence 
we are led in the general case to two differential equations of the 
third order. 

In the case of special forms of the function f, we can eliminate 
the six functions ¢(u), ¢’(u), ¢’’(u), ¥(v), ¥’(v), W'’(v) from the 
first six equations arising in the above process. Thus, for 
example, suppose f = w — [¢(u) + ¥(v)] = 0, where w is a 
known function of z, y, z. Then 


p— [ow (Ge+ Sn) +vo(B+ Hr) ]=0, 
aoa [oo (Fe4 520) tvm(F4 20) ]=0. 


These two equations contain ¢’(u) and y’(v), but do not in- 
volve ¢(u) andy(v). Hence, since the three equations obtained 
by differentiating them involve only ¢’(u), ¢’’(u), W/(v), W’(v), 
these four functions can, in general, be eliminated from the 
five equations in which they enter. A single differential equa- 
tion of the second order arises which has w = (uw) + ¥(v) for 
primitive involving the two arbitrary functions ¢ and y.* 

Find the differential equations arising from the following 
primitives: 

Exercise 1. d(x ty +2,22+y?+ 2) =0. 

Lettingeg fy te=u,22+ y+ 2 = », we have (u,v) = 0. 


* The five equations are linear in ¢’(u), $’’(u), ¥/(v), ¥/’(v). Hence the 
elimination can be effected readily. Moreover, r, s, ¢ enter linearly also, and in 
such a way that the resulting differential equation is also linear in them, that 
is, it has the form Rr + Ss+ Tt.= V, where R, 8S, T, V are functions of 
2, Y, 2, p, gq. Such linear partial differential equations of the second order 
yield more readily to general methods of solution than do non-linear partial 
differential equations of the second order. 
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Differentiating, we obtain 


28 (1 + p) +S (ae + 2ep) = 0, 


F) F) 
$1 +g) + 55 2y + 220) = 0. 
we (Lick 9) (yt 2g) (1 tg) (a a 2p) = 0, 
or 
G—.2)p + GX 2g =.2 — y: 
Za 6(2- xy, v) 2 (Up 3. b(a* + y*, 2 — zy) = O. 


4.z2=o(e+ty)t¥(e-y) 6 2=o(a+y) + ¥(zy). 


XII-3. Solution of a partial differential equation. Since a 
primitive which gives rise to a differential equation is obviously 
a solution of that equation, we see that arbitrary functions as 
well as arbitrary constants may enter into the solutions of partial 
differential equations. From the general existence theorems 
for partial differential equations, it is seen that, in general, a 
partial differential equation, or system of such equations, has a 
solution containing a definite number of arbitrary functions. 
As an arbitrary function may contain an indefinite number of 
arbitrary constants, a solution involving an arbitrary function 
is much more general than one that contains any fixed number 
of arbitrary constants. We shall speak of the solution given 
by the existence theorem (which is,a solution involving one or 
more arbitrary functions) as the general solution. 


The mere statement of the existence theorem for a system of partial 
differential equations of any order is quite complicated. We shall give 
here only a statement in the cases of a single equation of the first and 
second orders in three variables: 

1° Consider the equation f(x, y, z, p, g) = 0. We shall suppose that p 
actually appears. * , When solved for p, the equation takes the form 


p = F(z, y, 2, 9). 


* Tf p is absent, then qg must appear, and the argument here employed can be 
carried out by interchanging in it p and g, and 2 and y. 
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The existence theorem states that, if F(x, y, z, q) is regular in the regions 
of & = Xo, Y = Yo, = 20, ¢ = Qo, and tf $(y) is any arbitrarily chosen func- 
tion of y, regular in the region of yo and such that (yo) = 20, $'(Yo) = Qo, 
there exists one and only one solution, z = ¥(x, y), which is regular in the 
regions of X = Xo, Y = Yo, and which reduces to z = o(y) when xz = 2. 

Geometrically this means that, in general, given any curve z = $(y) in the 
plane x = Xo, there exists one and only one integral surface (in any region for 
which there are no singular points* of the differential equation) passing through 
that curve. 

This can be generalized. It can be shown that, in general, a unique 
integral surface can be found passing through any arbitrarily chosen 
curve, whether plane or skew (as long as we avoid singular points of the 
equation). See Goursat-Bourlet, Equations aux dérivées partielles du 
premier ordre, p. 21. 

2° Consider the equation f(z, y, 2, p, g, 7, s, t) = 0. If this contains 
neither r nor ¢, a linear transformation will introduce one or both of these. 
We shall suppose then that one of them appears; and there will be no loss 
in supposing that it isr. When solved for r, the equation takes the form 


ai F(a, Y; % P, q, 8, t). 


The existence theorem states that, if F is regular in the regions of x = 2, 
Y = Yo, 2 = 2, DP = Po, Y = Yo, § = So, t = bo, and if o(y) and v(y) are any 
arbitrarily chosen functions of y, regular in the region of yo and such that 
d(Yo) = Zo, (Yo) = Go, $ (Yo) = to, (Yo) = Do, W'(Yo) = So, there exists 
one and only one solution, z = B(x, y), which is regular in the regions of 
L = Lo, Y = Yo, and such that z = $(y) and p = Wy) when x = ao. 

Interpreted geometrically, this means that, in general, given any curve 
z= oly) in the plane x = Xo; there exists an indefinite number of integral 
surfaces which pass through it.. But, if at each point of this curve we fix a line, 
there exists one and only one integral surface through the curve and normal 
to these lines. For, the direction cosines of the normal to the integral sur- 
face are proportional to p, g, —1. When the curve is given, we know 
¢(y). The q at each point of this curve is ¢’(y), which is also known. 
Hence the assigning of a normal at each point determines p, which is our 
yy). Once 4(y) and y(y) are given, the existence theorem assures a 
unique integral surface. As in the previous case, no singular points of the 
differential equation may appear in the regions in which we are interested. 

This theorem also may be generalized to apply to any curve whether 
plane or skew. 

* By a singular point of the equation, we mean one whose coérdinates to- 
gether with the corresponding value of g determine a set of values in the regions 
of which F ceases to be regular. 


CHAPTER XIII 


PARTIAL DIFFERENTIAL EQUATIONS OF THE 
FIRST ORDER 


XIII-1. Linear partial differential equation of the first order. 
Method of Lagrange. Lagrange deduced the following very 
elegant method of solving a linear partial differential equation 
of the first order. The general type of such an equation for 
one dependent and two independent variables is 


(1) Pp+ Qq = R, 


where P, Q, R are functions of ey s. 
Consider the linear equation with three independent variables 


ZY, @ 

Of 1 o Of. ciaes 
(2) Pa tg, + Ba, = 0- 
It is homogeneous (in the partial derivatives), and the coefficients 
are functions of the independent variables only. If u(z, y,z) =c¢ 
satisfies (1), f = u(z, y, 2) will be a solution of (2); for, differ- 
entiating u = c, first with respect to x and then with respect to 
y and solving the results for p and q, we find 


Ou Ou 
__% Wot 
Wf olay au’ Torneo day 
dz dz 


Substituting these in (1), we see that f = w satisfies (2). 
Conversely, if f = u is a solution of (2), uw = c will satisfy (1). 
For, from (2) we have, on putting f = wu and solving for R, 


du du 
Ox Oyen. 
Oz Oz 
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But 


au au 
Babes wthsitie 
Be he ag tn 
Oz Oz 


when u=c. Hence (1) follows. From this we see that the 
problem of solving (1) is equivalent to that of solving (2). 
Consider now the system of ordinary differential equations 
dx dy _ dz 
@) Tamme 
If f = u(a, y, z) and f = v(2, y, z) are two independent solu- 
tions of (2), w = c; and v = cz constitute a solution of (3); for, 
if we multiply numerator and denominator of these fractions by 
du/dxz, du/dy, du/dz respectively, it follows, by composition, 
that each of the fractions of (3) is equal to 
du 
Ox 


Ou Ou 
oF sia stan 
Ou Ou Ou 
et a, aa 








Since, by hypothesis, the denominator is zero, the numerator 
(which is dw) must also be zero. Hence, wu = c; may be used 
as one of the two relations constituting a solution of (3). Sim- 
ilarly, v = cp can be shown to be another relation of this sort. 
Conversely, if uw = ci, v = cz is a solution of (3), each of f = u 
and f = v satisfies (2). For, by differentiation, we have 


du Ou ae = ov ov Oy 5. 
(4) 4, 4 + a dy +a de = 0, ae Pee 0. 


Moreover, since u = C1, v = Cz is a solution of (3), it follows 


that 
da. ay dz-= "Pit OR: 


Replacing the former by the latter in each of (4), we have 
Ou Ou Ou _ Ov ov Ov _o. 
a dg aie Pget 2a, 6 eS, 0; 


ie., (2) is satisfied by f = u and by f = ». 
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We have thus shown that the problem of solving the linear 
partial differential equation (1) may be replaced by that of 
solving the system of ordinary equations (3). 

Moreover, if u(x, y, 2,) =a, v(a, y, 2) =c is the general solu- 
tion of (8), and if ¢(u, v) is an arbitrarily selected function of wu 
and v, f = ¢(u, v) will satisfy (2). For, substituting it in the 
bel ide member of (2), we have 


ao( Pget eget RS 3) +56 (PE+eRt RE). 


This vanishes, since both u and » satisfy (2). Hence f = $(u, v) 
is also a solution of (2). 

Therefore, ¢(u, v) = 0* is the general solution of (1), since it 
contains an arbitrary function. Moreover, since ¢ is an arbi- 
trary function, there is no loss of generality in replacing the 
arbitrary constant in the right-hand member by zero. 

This method of solution may be extended, with only obvious 
modifications, to a linear equation with n independent variables. 
Accordingly, we shall merely state the result: 

To find the general solution of 


F Days’ ahaeh ty anon Wel ah Oneanee 


solve 
day. dt _ |, _, din _ ae 
1 gather’ Us ipa (3 
If the general solution of this system is 
Up Rr C1, Us Fy Ca, 9 UR Crh, 
then (u1, Us,* + +, Un) = 0, where ¢ is an arbitrary function of 
U1, U2, * * +) Un, Will be the general solution of (1). 


Exercise 1. xep + yzqg = xy. 
To solve this, we consider the system of equations (3) 
de _ dy _ de. 
we ye xy 
* The solution may also be written in the form u = f(v), or v = W(u), where f 
and y are arbitrary functions. 
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Multiplying numerator and denominator of the three members by 
y, Z, —2z respectively, we find that 


ydx + xdy — 2edz = 0. (Method 3° (c), §XI-3.) 

Seay — 22 =e. 

Besides, — ao or cae 2th has the solution “ = C2. 
ae eye x y zc 


£: o(2y — 27, uy = 0 is the general solution. 
. du, du ») Ou 
Exercise 2. det ant (1+ 2%) a = 0. 


Consider the system of ordinary differential equations 
dx _ dy dz 


_ _% _ du. 
= yuliocail [l-tac*= « O 
We have at once 


U_= C1. 


The differential equation obtained by using the first two members 
has the solution 


vt y? = o&. 
Multiplying numerator and denominator of the first two mem- 
bers by —y and z respectively, we have, by composition, 
ady—yde dz A ; 
2+ yp = i+? A (Method 3 (a), §XI 3.) 





.tan-! 2 — tan-1z = ¢; 
& 
or 
ea a 
x+ yz ¥ 


2.9 (u wticte' y?; ure) - 0, or u = s(t + vi), is the 








general 


3. yp —zqg=2?— yy’. 4. (y—z)pt+(ze—aq=axr—-y. 
Bol -- yp Cl =. 2g = 2. 


6. (az + yz)p + (we — ye)g= 2? + y?. 
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XIII-2. Equation in which p or qg is absent. If either of the 
first derivatives is absent, the differential equation may be 
solved for the derivative that appears, thus giving rise to a 
special form of linear partial differential equation. If, for 
example, g is absent, so that the equation is of the form 


(1) f(x, y, 2, p) = 9, 
we have, on solving for p, 
(2) p = F(a, y, 2). 


The corresponding system of ordinary differential equations (3), 
§XIII-1, is 


(3) 1-0 F@y2) 


Here one relation is y = a. ‘The other is obtained as a solu- 
tion of 

d 

(4) a = F(a, a, 2). 

If this solution is ¢(x, a, z) = c, the general solution of the 
original partial differential equation (1) is 


(5) $(z, y, 2) = vy), 


where ¥(y) is an arbitrary function of y. 

As a matter of fact, it is not necessary to solve equation (1) 
for p and thus reduce it to a linear equation. Writing (1) in 
the form 


(6) (9,2, E)*0, 


where dz/dx is an ordinary derivative and y is considered as 
constant, we solve this ordinary differential equation by any of 
the methods of Chapters II and IV. If its solution is 


o(2, Y, é, c) ad 0, 
where y is still a constant, the general solution of (1) will be 
(7) lz, y, 2, ¥(y)] = 0, 


where y is now variable and y(y) is an arbitrary function. 
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If p is absent, we consider x as constant and q as the ordinary 
derivative dz/dy, solve the resulting ordinary differential equa- 
tion, and in its solution replace the arbitrary constant by an 
arbitrary function of 2. 

Exercise 1. xp? — 2zp + zy = 0. 

Considering y as constant, we write p = dz/dz, thus obtaining an 


ordinary differential equation of the first order. We shall use the 
method of §1V-2. Writing z’ for dz/dz and solving for z, we have 


(8) 22 = xz’ + a 


Differentiating with respect to 7 and arranging the terms, we have 


(.-5)0-7e)=0 


Neglecting the factor 2’ — y/z’ and integrating the resulting equa- 


tion, we find 
2’ = cx. 


Eliminating z’ between this and equation (8), we find the solution of 
the ordinary differential equation (8) in the form 
22 = ca? + - 
c 
the solution of the original partial differential equation is, therefore, 
— ON . 
(9) 22 = AWW) + Fo 
The singular solution of (8), viz. 
22 — xy = 0, 
is also a solution of the partial differential equation. Since it cannot 


be obtained from the general solution (9) by any form of the arbi- 
trary function ~(y), it is known as a special solution.* 


2. (« — yg? — («x +2) = 0. 3. 2? + (2 — yg)? = 1. 

4. (p7 — ly "air. 6.. 9° + 2e-+ y)q +2? —2=0. 

Remark. Special solutions may also arise in the case of 
linear partial differential equations of the first order, as treated 


* This term is employed by Professor Hill, in the memoir cited on the next 
page. 


256 DIFFERENTIAL EQUATIONS XIII-2 


in §$XIII-1, when the coefficients P, Q, R are not single- 
valued.* Thus, consider 


6 (it+Ve—a¢—y)ptq=2. 


To solve this, we consider the system of ordinary differential 
equations 


Using the method 3° (a) of §XI-3, we have, on putting \ = —1, 
Lak ae i Lei : 


Integrating, we find 
We-xz—-yty=a. 
A second relation is evidently 
Ai) = 2 ES Wy 
Hence the general solution is 
ACL Rice See RARE ire io Vln 

But z — x — y= 0 is evidently also a solution; for, then p= 1 
and g = 1, and the differential equation is satisfied. Moreover, 
this eal solution cannot be obtained from the general solution 
by any choice of the arbitrary function ¢. 

As in many cases of this kind, the existence of z — « — y = 0 as 


a special solution may be shown by replacing the radical appearing 
in the differential equation by a new variable. Thus, let 


Vze-x2—-—y=w, or e-r—y= vw? 
Then 


p= 2w oe Std and g= 52+ 1. 
Putting these in the differential equation, we find 


w[ 20+ w) 52 s- aoe + 1| = 


Equating the factor w to zero, we obtain the special solution. 


* For a detailed study of these and other special solutions, see M.T.M. Hill, 
Proceedings of the London Mathematical Society, Series 2, Vol. 16 (1917), pp. 219- 
272. Some of the exercises of this section are taken from this memoir. 
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As an exercise the student should show that the special solution 
in the case of Ex. 1 becomes apparent by making the change of 
dependent variable 


V2 — xy = w, 
this radical appearing when the differential equation is solved 
(algebraically) for p. 
7 pt 2aq= ty V2. 8 Vipt Vy¥q= v2. 
9 d+2)p+ i+ y2)¢=V1— 2. 
10. [1+ @—2—y)log(—2—y)]p+q=2. 


XIII-3. Integrating factor for the ordinary differential 
equation Mdx + Ndy=0. We are now in a position to treat, 
in a general manner, the problem of finding an integrating factor 
for an ordinary differential equation of the first order and degree. 
We have seen ($II-7) that the necessary and sufficient condition 
that u be an integrating factor of Mdz + Ndy = 0 is 

O(uN)  O(uM) 


ey Beta cee 
i OM fe) 
ON Me , 
(is bens 
whence ef an Fs 
B * 
(1) 5M _ oN set aN OM fy 7 i. 
Oy Ox Ox oy 


In order to solve (1), we consider the system of ordinary 
differential equations 
oM_aN  aN_aM 
(2) oy Ox sy Ox Oy 5 dy 
iy da = apt = dy F 
In actual practice, when trying to integrate Mdx + Ndy = 0, 
we are not desirous of finding the most general form for y; 
as a matter of fact, a simple form is usually preferable. It 
* Since the number of solutions of this linear partial differential equation is 


infinite, we see again that. an ordinary differential equation of the first order 
has an infinite number of integrating factors (§II-6). 
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should be noted, however, that the method of this section is 
not usually practical. But, for special forms of M and N, 
a solution of (2) can be found. Thus, the following general 
classes of equations for which we can find a solution of (2) may 
be noted here.* 
ou _ ON 
at core ge is a function of z only, e.g. fi(x), we find, 


from (2), that up = ef f@de is an integrating factor (§II-13). 


ue ee is a function of y only, eg. fe(y), then 


p= ef AUDA i obviously an integrating factor (§II-18). 

3° If the equation is linear, then M = Py—Q, N =1, and 

yo Bs = of Pde 

ea (2) become Pdx Bye ad ; Hence, p = e 
is an integrating factor (§II-9). 

4° If M and N are homogeneous and of the same degree n, 
we obtain, by composition, after we have multiplied numerator 
and denominator of the first two members of (2) by y and « 


yoy abot 





OM 
ee U 9p Van eet (Sen 8 du 
aM + yN rey 
By Euler’s theorem for homogeneous functions, we have 
OM, aM aM aM 
ee ee nM Y oy Tea? oa" 
ON ON ON 


ope tug nN cP ae woe Yay) 
whence (3) i be written 
OM ON 
(ae dx Aid ay yay) + (Se dx we aed )— MOET Ave du 
aM + yN ars. 


* These were enumerated in Chapter II among the equations for which 
integrating factors can be found. 
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But Mdz + Ndy=0. Hence we may add (n + 1) (Mdz + Nady) 
to the numerator on the left without altering its value. Doing 


so, we have 
d(iaM+yN)_ _ du 


aM-+yN ps 
Integrating, we have 


1 
b= siityN (§II-11). 
XIII-4. Geometrical considerations. It is well known that 
the direction cosines of the normal to the surface z = ¢(z, y) 
at any point (a, y, z) on the surface are proportional to 


(eS) BS Me 
A partial differential equation of the first order 
(1) f@, y, 2%, P, gq) = 0 


determines a relation between p and q at each point (2, y, 2) 
inspace. The aggregate of all the lines through a point (2, y, z), 
whose direction cosines are proportional to 

p:q:—l, 
where p and q satisfy the relation (1), forms, in general, a cone 
with its vertex at (zx, y, z), the various lines being elements of 
the cone. 

If the normal to the surface z = ¢(z, y) at each point (, y, z) 
coincides with a generator of the cone determined by the differ- 
ential equation at that point, the equation of the surface will 
evidently be a solution of the differential equation. For, the 
values of p and q at each point (z, y, z) on the surface, deter- 
mined by differentiating the equation of the surface, will satisfy 
the differential equation. 

In the case of a linear partial differential equation 


(2) Poo Og =U, 
the cone referred to above becomes a plane. For, the functions 
P, Q, R assume definite values at any given point (q, y, z),* 


* The points under consideration are restricted to a region in which P,Q, R 
are finite, single-valued, and do not vanish simultaneously. 
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which may be taken as proportional to the direction cosines of 
a line through the point (a, y, z). The differential equation 
(2) asserts that this line is perpendicular to all the lines through 
(x, y, 2) whose direction cosines are proportional to 
(D2 @ 21, 

i.e., to all the elements of the cone. Hence the cone is a plane. 
If z = ¢(z, y) is an integral surface passing through (a, y, 2), 
its normal at (z, y, 2) must lie in this plane. 


XIII-5. Non-linear partial differential equation of the first 
order. Singular solution. We have seen (§XII-1) that a 
primitive 
(1) p(x, y, 2, a,b) = 0, 
which involves two arbitrary constants, gives rise to a unique 
partial differential equation of the first order 
(2) F(, y, 2, p,q) = 0. 

On the other hand, the relation (1) is a solution of the differen- 
tial equation (2). 

In books on the Calculus, it is shown that the equation, which 

results from eliminating a and 6 from (1) and 


(3) o8 = 9 and 38 _ 9, 

contains the equation of the envelope of the double infinity of 
surfaces defined by (1), whenever there is an envelope. Now, 
a characteristic property of the envelope of a family of surfaces 
is that its normal at each point coincides with the normal of the 
surface of the family through that point. It follows that the equa- 
tion of the envelope of the family (1) is also a solution of (2). 
This solution is known as the singular solution of the differential 
equation. It may also be obtained by eliminating p and q 
from the differential equation (2) and 

(4) x =0Q and Z = 0.* 


* For example, see Goursat-Bourlet, Equations aux dérivées partielles du 
premier ordre, p. 24. 
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Also, as in the case of singular solutions of an ordinary dif- 
ferential equation of the first order, extraneous loci may be in- 
troduced by each of these processes.* 


XIII-6. General, complete, particular solution. The prin- 
ciples discussed above can be employed to find still further solu- 
tions of the differential equation 


(1) F(@; ¥, 2, P, a) = 9, 
when a solution involving two arbitrary constants 
(2) O(a, y, 2, a,b) = 0 
is known. 
A relation between a and b in (2), e.g. 
(3) b = ¥(a), 


selects a single infinity of surfaces from the double infinity 
defined by (2). If this single infinity of surfaces has an envelope, 
the equation of the latter must also be a solution of (1).t It is 
found by eliminating a and b from (2), (3), and 


0 0 
(4) sO 4 st = 0, 


Corresponding to each choice of ¥(a), determining a single 
infinity of surfaces having an envelope, we have a solution, 
which is known as a particular solution of the differential equa- 
tion. Particular solutions are also obtained by assigning definite 
values to a and 6 in (2). 

While the primitive involving two arbitrary constants is not 
the only solution of the partial differential equation of the first 
order to which it gives rise, all other solutions can, at least 
theoretically, be obtained from it. Hence, Lagrange called it 
a complete solution of the differential equation, and used the 


*See M. J. H. Hill, Philosophical Transactions, Vol. 183 (A), 1892, pp. 


141-278. 
+ This follows also from the characteristic property of the envelope of a 


family of surfaces, mentioned in §XIII-5. 
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term general solution to apply to the aggregate of the particular 
solutions. 

According to the existence theorem for the solution of a par- 
tial differential equation of the first order (§XII-3), the general 
solution, when expressed as a single relation, involves an arbi- 
trary function. But only in the case of linear partial differential 
equations and in special forms of non-linear ones can such forms 
be found for the general solution (§$XIII-1, XIII-2). As a 
matter of fact, in most problems giving rise to the solution of 
partial differential equations, some particular solution satisfy- 
ing given boundary conditions is sought. This is frequently 
obtained independently of the general solution. For, often the 
extreme generality of a general solution involving an arbitrary 
function makes it difficult to obtain the desired particular 
solution from the general solution, even if the latter can be 
found. 

In §XII-1, we noted that, as far as partial differential equa- 
‘tions of the first order are concerned, a primitive involving 
precisely two arbitrary constants plays an exceptional rdle. 
Correspondingly, we find that, in, the case of a non-linear 
partial differential equation of the first order, a solution in- 
volving two arbitrary constants stands out prominently as a 
complete solution. But, it should be emphasized that there is 
no unique complete solution. Any solution involving two arbi- 
trary constants may be taken as a complete solution. 


We saw in (§XII-1) that a complete solution of 22(p? + g2 +1) = R?is 
(@ —a)§+(y— bt +2 = RY 


which represents a family of spheres of radius R with centers in the plane 
z=0. The envelope of these is the pair of planes z? = R®, whose equa- 
tion is obtained by eliminating a and 6 from 


(x -—a)?+(y—b)?+2=R,2-a=0,y-b=0, 
or by eliminating p and g from 
2°(p? + g? + 1) = R%, 2p =0, 24g = 0. 


Thus, z? = #? is seen to be a singular solution. 
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The choice of a relation b = ¥(a) results in selecting those spheres 
whose centers lie along the curve y = y(x) in the plane z = 0. The en- 
velope of these is obviously the tubular surface traced out by the motion of 
a sphere of radius R moving with its center on the curve y = (x) and along 
its entire length. In particular, if ¥(x) is a linear function of 2, the en- 
velope is a cylinder. As an example, suppose b = ha+k. To find the 
corresponding solution, we must eliminate a from 


(ce — a)? + (y —ha —k)?4+ 22 = RY, («@ — a) +h(y —ha —k) =0. 
From the second of these, we have 


sl + hy — hk 
~ T+ h 
Putting this in the other equation, we have 


Whe —y +k)? + (ha —y +k)? 
Tay eee a ee 


in — yt kt = (1 a he)? — 27), 


= h? — 2, 


or 


which is obviously the equation of a circular cylinder whose axis is the line 
y =he--k, z= 0. 
Since this solution contains two arbitrary constants, it is a complete 


solution. (See Ex. 4, §XIII-7.) 
As an exercise, the student should start with 


(ha ~y +k)? = (1 + W)(? — 2) 


as a primitive and show that, when fA and k are the arbitrary constants, the 
resulting partial differential equation is also A(p? + g? + 1) = ‘RP. 


XIII-7. Method of Lagrange and Charpit. The following 
method for finding a complete solution is due to Lagrange. 
According to Lacroix, Calcul différentiel et intégral, vol. II, 2nd 
edition, p. 548, it was perfected by Charpit, The memoir of 
the latter was presented to the French Academy of Sciences in 
June, 1784, but was never published. 

Given the differential equation 


(1) F(a, y, 2, P, a) = 9, 
the method consists in finding a second relation 


(2) (2, Y, 2, P, g, a) = 0, 
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which involves either p or g or both of them in such a way that, 
when (1) and (2) are solved for p and g* and their values are 
substituted in the total differential equation 


(3) dz = pdx + qdy, 


the latter is an integrable total differential equation (§X-1). 
In addition, ¢ must involve an arbitrary constant. The solu- 
tion of (3) is a complete solution of (1), since it determines z as 
such a function of x and y that the values of p and q, obtained 
from it, together with z satisfy (1); besides, it involves two arbi- 
trary constants. To obtain ¢, we may proceed as follows: 
Differentiating (1) and (2) with respect to x, we have 


of of , Of (9p Of (9I\  _ 
(4) Ree inh ak 5). = Ont 


(5) 7 apchap Maui), ay (33). x 


Similarly, differentiating with respect to y, we have 


fs ae Of (9p of 
(6) ‘Aches sare aq ake °, 
db (Op 0g (9g 
(7) oe hg xo +5 3) + Bay aye = 


The condition that (3) shall be integrable is, in this notation, 


® te fae 8 


From equations (4), (5), (6), (7), (8) we can eliminate the four 
quantities (0p/d2).,2, (Op/9Y)y,) (0G/9X) x2, (09/dY)y,. We elimi- 


* This requires that no relation exist between f and ¢, when considered as 
functions of p and g. The condition for the independence of f and ¢ is 


Of 0% _ Of db == 0, 
Odpdq dqdp~ 
See Note I in the Appendix. 
du Ou Ou Ou Ou Ou i 
+ Here (=). stands for an +o a and (sya for oD +q Pc For this 
notation, see the author’s Calculus, p. 346. 
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nate (dp/dx)z. by multiplying (4) and (5) by 0¢/dp and dof/dp 
respectively and taking their difference. The result is 


Of | Of\d> (0%, 96 df Of db _ Op OF 
(9) ( P gz Op an 8 dz Bai dqdp aq Soa) sh ect c 


Multiplying (6) and (7) by 0¢/dq and df/dq respectively and 
taking their difference, we eliminate (0¢/dy),,, and have 


100) (S5+135 ag (Gy ter az (Sp 00~ 9880) (aH)y.~° 


Making use of (8), we have, on taking the sum of (9) and (10) 
and rearranging the terms, 


(11) oe of) 96 (H+. af\ de df 6 _ df ad 





P Oz Op 1 9z 0q Opdx dqdy 
(p+ gL) 0 
P ap 199 Oz E 


This is a linear partial differential equation. Hence, to solve 
for ¢, we consider the system of ordinary equations 


oo F Fit SRST eA ae 
az! Paz ~ Op Og 
We desire to find, not the most general form of ¢, but some 
form of it that contains p or g and an arbitrary constant. 
In actual practice, a simple form is desirable. 
Remark. It is not difficult to remember (12). If, as before, 


we put 
Ou Ou Ou nea Ou 
oe mi aa t P oz ane (Sat ay T Way 
we have the skew lreniony form 
dds 


) cue 
dx 4g dy ye oq 
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the equality of each of these terms to aR results 
(P55 + 154) 
dx dy Ve : 
from a = af as may be seen by composition, after multi- 
led pracert Og 


plying numerator and denominator of the first by p and of the 
second by g and taking account of (8). 


Exercise 1. 2 — pq = 0. 
To obtain ¢, we must find a solution of 
dp _ dy _ dx _ dy 
Poveda iy 
Using the first two members, we have 
d=p— a=. 
: 


Solving this and the original equation for p and g, we have) 


= \/2 =\/2. 
p=a Q’ Gis a 
2 z 
dz = a\/2 ae + \/z ay, 


J/adz 
/2 


Then (3) becomes 


or 





= adx + dy. 


Integrating, we have 


2/az =ar+tyt+, 
or 


(13) 4az = (atx + y+ B)?, 


which is a complete solution. 
If we had used the second and third members, we would have had 
o=q-2—-a=0; 
whence 
2 


zta 





qgq=z+a and p= 
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Then (3) becomes 
2 
dz >= eta + (x + a)dy, 


or 
0 Xs + 'a)de — zde 
Yet ae oe 
Integrating, we have 
y — b= x ace a’ 
or 
(14) z= (¢+a)(y+ 5), 


which is also a complete solution. 

The general and singular solutions can be obtained from either 
(13) or (14). Thus, using the latter, we find the general solution as 
the aggregate of the particular solutions obtained by eliminating a 


from 
z= («+ a)ly+ ¥(a)] 
y+ y(a)+y'(a)\(x+ a) = 0, 


where (a) is an arbitrarily selected function of a. 


and 


In particular, show that, if we put 
y(a) =—ha ar k, 

where fh and & are any constants, the corresponding solution is 
4hz = (ha +y +k). 
This is (13). oie 

The singular solution, obtained by eliminating a and 6 from 

2=(@+rayt), yrb=0, ¢+a= 

is z = 0. 

Let the student show that this can also be obtained from the 
other form of solution (13). 

2. p= (e+ 9)’. 8 Vpt+ vq = 2. 

4. Apt+ +1) = 


XIII-8. Transformation of variables. Attention should be 
called to the effect of each of several dimple transformations of 
variables. 
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1 
(a) Putting X = log x, whence - Sok have 


rp = a this does not involve X. 


(b) Putting Y = log y, whence a #- we have 


.yq= oe this does not involve Y. 


(c) Putting Z = log z, whence z = e7, we have 


Oz 204 OZ p OZ 
= —— = 164 -—— = 2 = = —— 
Ox Ox Ox 2 (eR? 
Digs cag 527 Naeshy tT Lota gh La 
“ay © dy “dy z oy 


These do not involve Z. ; 

Moreover, the simultaneous application of any two of these 
transformations, or of all three of them, has the joint effect of 
each of the transformations. Thus, the effect of 


: Oz Oz 
(a) and (6) is to replace xp by ee and yg by se 


Dp of Ss 
(b) and (c) is to replace 2 bys oe and by ya, 


(a), (b), (c) i is to replace =" by F S and “4 by a 
and so on. 

Use of these facts, at times, enables us to transform a given 
differential equation into one which does not involve one or 
more of the variables, thus simplifying the process of carrying 
out the Lagrange-Charpit method. As examples of such equa- 
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tions to which the Lagrange-Charpit method can be applied 
readily, the following types may be mentioned: 
1° f(p,q) = 0. All the variables are absent. 
To determine ¢, the Lagrange-Charpit method leads to 
dp _ 
ost 
From this we have p = a. 
Solving f(a, 7) = 0 for g, we find g = const. Calling this b, 
we have to solve finally 
dz = adx + bdy, where f(a,b) = 0. 
Hence, a complete solution is 
z= ax+by+c, where f(a, bd) = 0. 


Because of the ease with which a differential equation of this 
type can be solved, it is desirable to transform an equation to 
this form when practicable. From what we saw above concern- 
ing the effects of the transformations (a), (b), (c), it follows that 


equations of the form f(xp, g) = 0, f(xp, yg) = 0, f(p/z, q/z) = 0, 
S(p/z, yq/z) = 0, and the like, can be reduced readily to type 
1° by one or several of these transformations. 


Exercise 1. x?p? + q? = 2’. 


If this is written in the form 


oN 2 2 
Zz Zz 
it is evident that the transformations X = log z, Z = log z reduce 


the equation to 
0zZ\? OZ? _ 
Tt), bandit 


which is free of all the variables, and is, thus, of type 1°. A com- 
plete solution is 
Z=aX+by+c, where a?+0?=1, 


or 
logz = alogz+by+c, where a@+?=1, 
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This may also be written 
z= cate, where a?+ 0? = 1. 
Here we have replaced the arbitrary constant e* by c, instead of 
using another letter. 
Because of the given relation between a and b, these may be 


replaced by the quantities sin a and cos a respectively, where a 
is an arbitrary constant. The solution then takes the form 


2 = egsin aey cos a. 
2. -7q = 27. 3. zp? — g? = 1. 
4. 9p¢.= pe 


2° f(z, p,q) =90. Both of the independent variables are absent. 
To determine ¢, the Lagrange-Charpit method leads to 


dp _ dq _ 
iat ofdfirtian 
Poz 102 


From this we have p = aq. Substituting this value of p in the 
differential equation, we have 


f(z, ag, q) = 0. 


Solving for q, we find it to be a function of z and a, eg. 
q = ¥(z, a); and, therefore, p = ay(z, a). Finally, we must 
solve the total differential equation 

dz = ap(z, a)dz + (z, a)dy. 


Divided by (2, a), this becomes exact and can be solved by a 
quadrature. 

This suggests the advisability of using transformations (a) 
and (b) in the case of equations of the form f(z, zp, q) = 0, 
S( xp, yD) = 9, f2, p, yg = 9. 


5. xp(1 + q) = gz. 6. xYpg = 2: 


3° fila, p) = foly, q). The dependent variable is absent and 
there is a quast separation of variables. 
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To determine ¢, we have 


roe eeepc eer 
oft sialon: smal 
Ox Op 
This leads to 
Of. fe} 
Gade + 52 dp = 0, or df: = 0. 


Hence, fi(x, p) = a; and, therefore, fo(y, g) = a. 
Solving these respectively for p and q, we find 


p= ¥i(z,a) and q = ¥2(y, a). 
The resulting total differential equation 
dz = Wiz, a)dx + Yoly, a)dy 


is exact. 
Evidently, if we have an equation of the form 


fi («, P) = fly, 2), 


it is usually desirable to employ the transformation (c) before 
proceeding to use the Lagrange-Charpit method. 


7. 2q = 2yp’. 8. xzp — y2? = Q?. 


Remark. While the: method suggested for finding a com- 
plete solution of an equation of type 3° seems the obvious one, 
in some cases it may be preferable to find ¢ by using some other 
differential equation of the system of equations (12) of §XIII-7. 
Thus, consider 


Sir Psy, =2". 


It is possible to solve q? + yg = a for q and to proceed to a com- 
plete solution. However, if use is made of the fact that the system 


of differential equations (12) of $XIII.7 also includes 


a more desirable form of complete solution results. 


272 DIFFERENTIAL EQUATIONS XIII-9 


XIII-9. Extended Clairaut equation. Recalling the form of 
the solution of a Clairaut equation (§I1V-4), one can find, by 
inspection, a complete solution of the extended Clairaut equation 


z=a2pt+ yat f(r, @) 
in the form 
z= axr+ by+ f(a, d). 


It is easy to verify that this is a solution of the differential 
equation. 

This solution is the equation of ©? planes. Usually the 
equation of the envelope of these planes, which is the spe saps 
solution of the differential equation, is of interest. 


Exercise 1. 2=aptygtVpt?etl. 
2. 2= zp + yq+ p? + @?. 

1 
3. OEP TUE a Te 
4.z=aptygt+p?t+pgt?”. 


-XI0-10. Summary. Partial differential equations of the 
first order may be grouped into two general classes: those which 
are linear in the derivatives of the dependent variable, and those 
which are not. 

1° For the solution of linear partial differential equations of 
the first order, the method of Lagrange applies, giving the gen- 
eral solution (§XIII-1). 

Special solutions may occur when the coefficients of a linear 
partial differential equation are not rational (§XIII-2). 

2° For the solution of non-linear equations of the first order, 
the general method of Lagrange and Charpit applies (§XIII-7), 
giving a complete solution. From this the other solutions can 
be obtained (§§XIII-5 and XIII-6). 

A transformation of variables may aid in solving a differential 
equation. The choice of new variables is frequently suggested 
by the form of the differential equation. In §XIII-8 trans- 
formations are discussed, as a result of which one or more of the 
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new variables are absent from the transformed equation. Such 
simplification of the differential equation is usually desirable 
before applying the Lagrange-Charpit method. 

A complete solution for an extended Clairaut equation is 
found most readily by the method of §XIII-9. In this case, 
the singular solution is usually of importance. 

Partial differential equations of the first order, in which only 
one of the partial derivatives appears, may be solved as ordinary 
differential equations (§XIII-2). 


Exercise 1. 2*p + y?g= 2%, 2. 2%p?-+ y2q? = 22, 
Ou Ou Ou 
3. tat tat Za, = tye. 4. z= pxr+ qyt pq. 


5. xypg = 2. 6. y’zp + a2zq = y?a. 
7 g= «p+ 2°p?. 8. (p+ g)(pxt gy) = 1. 


9 («+ y)(p+ 9g)? + @— y(p—g?=1. 
[Let e+ y = 2 —y = 07] 


10. (p? + 9?)x — pz = 0. 

11. (x? + y?)(p? + 7) = 1. [Letx = pcos6,y = psin8.] 

12. (y?+ 22 — 2?)p — 2xyq + 2x2 = 0. 

13. q? = z2*(p — q). 

14. (y—2)(qy— pt) = (p—Q)?. [Letry=u,rty=»,] 

15. 2—ap—yq=enwre+yt 2. 

16. pg = prt qy. 

1, tet Set eC bute) Get (ut at oe 
=a+ty +z 

18. yq = xp? + 1. 19. p? + g? = (a+ y)z2*. 

20. 2(p?+q@’)=2?+y% [Let cy = u,v? — y? = 201] 

Q1. (x2 — y*)pg — ry(p? — g*) = 1. [Introduce polar coérdinates.] 

22. yzp? = q. 23. 2? -- (g— yg)? = 1. 

4. pe+ gf = x, 25..2 = p2+ qy + 3ayi/. 

26. Determine a family of surfaces such that the normal at 

each point makes a constant angle with the plane of xy. 
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27. Determine a family of surfaces such that the codrdinates 
of the point where the normal meets the plane of xy are proportional 
to the corresponding coérdinates of the point on the surface. 

28. Determine a family of surfaces for which the product of 
the distances from two fixed points to a tangent plane of a surface 
is the same for all the tangent planes of that surface. 

29. Determine a family of surfaces for which the product of the 
intercepts of a tangent plane of a surface on the codrdinate axes is 
the same for all the tangent planes of that surface. 

30. Determine a family of surfaces for which the sum of the inter- 
cepts of a tangent plane of a surface is the same for all the tangent 
planes of that surface. 


Nots. In regard to exercises 26-30, it should be recalled that 

@) o/VP+ PHI, (VETTE +1, -1/VP+ EFI are the 
direction cosines of the normal to the surface z = f(z, y), or F(z, y, 2), 
at (x, Y, 2); 

; x = Y— Z— 

(0) 7 c= are =— = are the equations of the normal to the 
surface at (x, y, z), where X, Y, Z are the codrdinates of a variable 
point on the normal; 

(c) (© + pz, y+ qz) is the point where the normal meets the 
xy-plane; 

(d) p(X — x) + q(Y — y) = Z— zis the equation of the tangent 
plane to the surface at (a, y, 2), where X, Y, Z are the codrdinates of a 
variable point in the tangent plane; 


p(Xo— &) + g(Yo— y) — (40-2). ; 
(e) Vere Pal —x~is equal to the distance of 


the point (Xo, Yo, Zo) from the tangent plane; 

(f) (ep + ya — 2)/p, (ap + ya — 2)/¢, —(ep + yq— 2) are the 
lengths of the intercepts of the tangent plane on the axes of 2, y, z 
respectively. 











CHAPTER XIV 


PARTIAL DIFFERENTIAL EQUATIONS OF HIGHER 
ORDER THAN THE FIRST 


XIV-1. Linear partial differential equation. We shall first 
consider partial differential equations which are linear in the 
dependent variable and all of its derivatives. The general type of 
such an equation is 


Onz Org Onz Onz 
(1) Po an at Pn-1,1 550-19, i Pr22 Fong ye + TERS = Pon ayn 


xr dy 
On—lz Ortsz Oz 
= Punt). 5a be hee hy Ps aaspyt + aaa at Pip ae 


0 
Pas ay + Pooz = f(a, y), 


where the coefficients are functions of x and y. If we put 
0/dx = D and 0/dy = 9D, (1) may be written in the form 


(Pao D®-+ Po-11D"° "D+ Pyro D™ a+ > + + + Pog D® + Pe-19D" 
Pe i Ps DIY PPL oD Poot Poe =i (2, 8); 


or, more briefly, 
(1) F(D, D)z = f(x, y), 


where F(D, D) is a symbolic operator, which, looked upon alge- 
braically, is a polynomial of degree n in D and ®. There are 
many points of similarity between this equation and the linear 
ordinary differential equation of the nth order ($VI-1). 
Obviously, 
F(D, D)(u+ ») = F(D, D)u+ F(D, D)o. 
Hence, as in the case of linear ordinary differential equations, 
the problem of solving (1) can be divided into two parts, viz. 
that of finding the general integral of 
(2) F(D, D)z = 0, 
275 
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which we shall call the complementary function of (1), and that 
of finding any particular integral. The sum of these will give 
the general integral of (1). 


XIV:2. Homogeneous linear equation with constant co- 
efficients. Following a generally adopted convention, we 
shall use the term homogeneous to apply to a linear partial 
differential equation in which all the derivatives are of the same 
order. In this case the symbolic operator, F (D, D), is homoge- 
neous in D and 2. Suppose, besides, that the coefficients are 
constants and the right-hand member is zero. Our equation 
will be of the form 
(1) (koD™ + ky D?D + +» - + heya DD! + ky, D)z = 0, 
or 

F(D, D)z = 0. 

If ¢ is a function of y + ma, 

DD'o(y + mx) = mo*)(y + mz), 


doy + mz) 
[dy + mx) t*" 
result of substituting z = $(y + mz) in (1) is 

$™(y + mx)F(m, 1) = 0. 
Hence, z = ¢(y + mz) will bea solution, provided F(m, 1) = 0; 
i.e., provided 


where ¢°+)(y+ mz) means Consequently, the 


(2) kom + kymm-! + +» + +kq-1m + kn = O. 
If the roots of (2), which we shall speak of as the auziliary 
equation, are distinct, e.g. mi, m2 + + +, Mp, 


z= di(y + mix) + holy + max) ++ + > + daly + maz) 


will be a solution. Since it contains n arbitrary functions, it 
is the general solution.* 


* If F(D, D) contains D as a factor, F(m, 1) is only of degree n — 1. The 
lost root in this case is ©, and the corresponding integral is ¢(x). This is also 
obvious from the form of the differential equation in this case. For, to say that 
®D is a factor of F(D, D) means that every derivative of z is taken at least 
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Exercise 1. id ia ae. (), 
The auxiliary equation in this case is 
m—a=0. ..m=+a. 
Hence the general solution is 


z= o(y + az) + Wy — az). 





022 07z 072 08z 08z 08z 
ae Ox? 3 Oxdy +2 Oy? 0. 8. 6x3 UE cen + 10 dxdy? = Os 
082 082 082 
i. Ox2dy dere ee a Ee: 


XIV:3. Roots of auxiliary equation repeated. If any of the 
roots of the auxiliary equation are repeated, the method of 
§XIV-2 fails to give us the general solution. In this case, we 
proceed by a method entirely analogous to that in §VI-7. 

The symbolic opera or f(D, D) may be written as the product 
of its factors 

(D — mD)(D — mD)- + - (D — m2). 


Moreover, it is readily seen, in a manner similar to that 
employed in §VI-6, that the order of these factors is immaterial. 
Suppose that mis arepeated root. We wish to find a solution of 
(D- mD)(D — mD)z = 0. 
If we let (D — mD)z =.v, our equation becomes 
(D — m,D)v = 0. 
Hence, by the method of §XIV-2 or of §XIII-1, 
v= o(y + mz). 
We now have to solve 
(D — mD)z = o(y + mz). 


once with respect to y. Hence, F(D, D)¢(x) = 0. Similarly, if ¥(D, D) con- 
tains D7 as a factor, $1(x), ydo(x),* + +, y’—¢y() are readily seen to be integrals, 

All cases could have been accounted for at one time by selecting ¢ as an arbi- 
trary function of mx + ny, where, now, only the ratio m/n or n/m plays a role. 
But the method used in the text, including the first part of this footnote, seems 
simpler in practice. 
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This is linear, of the first order, and can be written in the 
form 
p— mg = oy + mit). 


Hence the method of Lagrange ($XIII-1) applies. Employing 
it, we have 
dz _- dy | dz 


1 m $y mix) 


From the first two members we have 





y + mye = a. 
Putting this in the last member, we have 
de 
$(a) 
* £O(a) 2 = 0. 


di 


Hence the general solution is 


ap(y + mix) —2= Vy + me), 
or 
z= Wy + mx) + xo(y + mz). 
In other words, 2f m1 7s a double root of the auxiliary equation, not 
only is d(y + mix) an integral, but so also is xb(y + m2). 
In an entirely analogous manner it can be shown that, 7f m 
ts an r-fold root, 
dily + mix), xp2(y + mix), wos(y + max), - + +, at—lb-(y + mz) 
are all integrals. 
By a proof similar to that employed above, we can show that 
dily + mix), yooly + mx), > ++ , y—Mbe(y + mi) 


is also a set of r independent integrals in this case. 





; 072 072 
Exercise 1. Fa ae a aT 
es eat 08z ore MOP2 Otz O4z 





dxdy dxdy? dy and 3 oat Paap dx°0y? +55 rt = 0. 
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XIV-4. Roots of auxiliary equation complex. If the coeffi- 
cients in the differential equation are real, the complex roots of 
the auxiliary equation occur in pairs of conjugates. Hence, if 
a + 28 is a root, a — 78 will also be one. The corresponding 
terms in the complementary function will be 
(1) o(y + ax + 18x) + oly + ax — iBz). 

If we let 
@=¢itwW and y=¢- YW, 


where ¢; and y are any two arbitrarily chosen functions, the 
expression (1) becomes 
pi(y + ax + iBx) + oily + ax — iBz) 
+ taily + ax + iBr) — ily + ax — iBz)]. 


For ¢; and y; any real functions, this is real. 


Exercise. a — 2a + 2 = as 
The auxiliary equation is 
m—2n+2=0 “«.m=1THt. 
The general solution is 
z= o(ytar+t iz) + Vy + 2 — 12). 
It will assume a real form 
z= di(y + 2+ iz) + oily + « — 12) 
+ ivily + @ + iz) — pily + 2 — iz)], 
for ¢; and y any real functions. 


For example, if we choose ¢1(u) to be cos wu and ¥(u) to be e, 
we have 


cos (y+ 2+ tz) 


cos (x + y) cos tx — sin (4+ y) sin ix 
cos (x + y) cosh « — isin (2 + y) sinh 2, 


Il 


cos (x + y) cos ix + sin (x + y) sin i 
cos (x + y) cosh « + @sin («+ y) sinh x, 


cos (y + x — ix) 


Il 


‘eutatir— pute—iz = eytz(eit — e-it) = Diev+* gin x, 
é é 


..2 = 2cos (z+ y) cosh x ~ 2e**¥ sin x. 
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XIV‘5. Particular integral. General methods for finding the 
particular integral which must be added to the complementary 
function to obtain the general integral, in case the right-hand 
member of the equation is different from zero, may be deduced 
along lines entirely analogous to those for linear ordinary differ- 
ential equations with constant coefficients (§§$VI-7, VI-8). In 
a large number of cases, these can be found more simply by 
trial, employing essentially the same method as that of unde- 
termined coefficients (§VI-10). The following exercises will 
illustrate: 

072 072 07z 


ax EES: Vial Sapa (e + 2y) — 2 sin (7+ y) 
+a+ zy. 


The complementary funetion is ¢(y + x) + W(y — 22). 

To obtain the part of the particular integral corresponding to 
sin (x -+ 2y), we try z= asin («+ 2y), since all the derivatives are 
of the second order. Then 


ae, ty 
Ox? © Oxdy 


Exercise 1. 


2 
2 = 5a sin (a + 2y). 


If a = 4, this becomes sin (x + 2y),. Hence the required partic- 
ular integral is + sin (a + 2y). 

Since sin (x-+ y) is part of the complementary function, it is use- 
less to try z= bsin (x + y) in order to obtain —2 sin («+ y), the 
next term in the right-hand member. Trying z= basin (x+y), 
we get 3b cos (ec + y). Hence, we must try z= bx cos (x+y). 
Doing this, we have as a result of, substituting in the equation 
—3bsin (x+y). This will be —2 sin (x+y) if b= %. Hence, 
2x cos (cx + y) is the required particular integral for this term. 
[It will be left as an exercise to show that we might also have used 
z= by cos (x + y).] 

For the term x we try z = cx’. Substituting this, we have 6cz. 
This equals x if 6¢ = 1; hence the corresponding particular integral 
is 23/6. 

For xy we try z = fx®y. Using this, we have 6fzxy + 3fz?. So 
we try z= fay + gat. Using this, we have 6fry + (3f + 129)2?. 
This equals zy if f = 3,9 = —a zg. Hence the required particular 
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integral for this term is }a°y — sg. And the general solution is 
z= oy + x) +YH(y — 2x) + Esin (« + 2y) + 32 cos (x + y) 
+ att + daty — dat 


‘ 022 022 072 
Exercise 2. => — 3 = ett2y + erty, 


az Panay? Fay 

The complementary function is 6(y + 2) + W(y + 2z). 

For e**+*v we try z= ae*+*v, Using this, we have 3ae7+2”, Hence, 
zet+2v is the particular integral desired. 

Since e7+¥ is a part of the complementary function, we shall try 
z= bzet+¥, Using this, we have —bet+v. Hence, —-ze*+” is the 
particular integral desired. [Of course, we might have used 
z = byet*v instead.] And the general solution is 

z= oy +2) + V(y + 2x) + ferty — wer, 
Exercise 3. ade, = Hae oe = nee 
Ox?0y aay" OI” 

The auxiliary equation is m?— 2m+1=0. ..m=1,1. 

The complementary function is d(7) + P(y + x) + ax(y + 2). 

Here, there is no term in 0°z/dz*. Hence, in order to get 1/x? we 
may take y times a function of x whose second derivative is a con- 
stant times 1/z?; that is, we shall try z= ay log x. Doing this, we 
obtain 1/xz? when a = —1. Hence the general solution is 

z= o(z) + V(y t+ 2) + xx(y t+ 2) — ylogs. 
2 2 2 
4, 25a Say — 35a sin (c + y) + 3a*y. 
0°z 07z 072, 

5. ae dzdy aes 

XIV:6. Non-homogeneous linear equation with constant 
coefficients. If F(D, ©) of §XIV-1 is not homogeneous in 
D and 9, but the coefficients are constants, it is only under 
certain circumstances that we can obtain solutions involving 
arbitrary functions, although we can usually find solutions with 
an indefinite number of arbitrary constants. 

Since Dret*thy = artemthy, Dreaxthy = hre+y, the result of sub- 
stituting 2 = cet in the left-hand member of 
(1) F(D, D)z = 0 
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is ce**+) F(a, b). If a and b satisfy the relation 
(2) F(a, b) = 0, 


which we shall call the auziliary equation, z = ce%*+y will be a 
solution of (1) where c is any constant. Corresponding to any 
value of b there will be a definite number of values of a satisfying 
(2). Hence we can find as many particular solutions as we need 
by giving various values to b. Now, the sum of any number of 
integrals of (1) is also an integral. Hence 


(3) z= Licesr ty 


is a solution where the c’s and 6’s are arbitrary constants, 
indefinite in number, and each a is so chosen that with the 
corresponding 6 it satisfies (2). 

If, corresponding to any value of b, we have the k values of a 
satisfying (2) in the form f1(b), fo(b), - - -, fz(b), we can write 
(3) in the form 


(4) 2= Dees, x+y oh DYicefOztby + ieike > a Dicere@z+by, 


where the c’s and the b’s are arbitrary. 

In general, F(D, D) has no rational factors. If there is a 
linear factor D — \D — yu, the equation (2) will contain the 
factor a — \b — », whence a= drb+4 Hence one of the 
f’s, e.g. fi(b), becomes Ab + yw, and the corresponding set of 
terms in (4) may be written 


(5) z= DY cebQaty) +e = eu cedQrty), 


Since the c’s and the 6’s are arbitrary, Dice?O*™ is an arbitrary 
function of \x + y,e.g.¢(Ax + y). Then, (5) may be written in 
the form 


(6) z= ep(rAx + y). 


Hence we see that, corresponding to every distinct linear 
factor of (2), we have a solution of the form (6).* 
* In the case of the homogeneous equation (§XIV-2) all the factors are linear. 


Besides, in that case, 4 = 0, and the result there obtained coincides with what 
we have found here. 
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If there is a linear factor of F(D, D) which is free of D, the 
corresponding factor in (2) will be free of a; let it be b — yu. 
The corresponding set of terms in (4) may be written 


(5’) z= LDeewtwy = env cert, 


Since the c’s and a’s are arbitrary, Dice is an arbitrary func- 
tion of x, and (5’) may be written in the form 


(6’) z= e¥d(z). 


If the right-hand member of the differential equation is not 
zero, a particular integral may, at times, be found by trial as 
in §XIV-5. 


. 072 fe] Oz : 
Exercise 1. jn andgee ae z= sin (x + 2y). 


The auxiliary equation (2) is 

a’+ab+b—1=0, 
(a+ 1)(a+6-—  1)=0. 

Using a+ 1 = 0, we have \ = 0, » = —1, and from (6) we see 
that z = e~*(y) is a solution of the differential equation when the 
right-hand member is replaced by zero. 

Using a+6b—1=0, we have (\=-—1, w=1. Hence a 
second solution is z = ew W(y — x). The complementary function 
is, therefore, \ 


or 


e*p(y) + ey — =). 

For a particular integral try z = asin (« + 2y) + B cos (x + 2y). 
Substituting this in the left-hand member, we have 

(—4a — 28) sin (x + 2y) + (—48 + 2a) cos (x + 2y). 
This will equal sin (x + 2y) if a = —}, 8 = —7y. Hence a par- 
ticular integral is 
—$ sin (x + 2y) — zy cos (x + 2y), 

and the general solution is ; 


z= e*h(y) + e(y — x) — ry [2 sin (x + 2y) + cos (x + 2y)). 
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. 072 2 Oz 
Exercise 2. age a, aye Pt BESO, 
The auxiliary equation (2) is 
a? = b* + 24 + L= 0, 
(a+tb+1)(a—b+1)=0. 


Hence the complementary function is 
e*[o(y — xe) + vy + 2)]. 


Since e-* is part of the complementary function, we would 
naturally try z= aze-*. But, this is also part , as complemen- 


or 


tary function, as may be seen by putting ¢ = — —>—, ae = jovee 


We must then try z= axe-*. OTe fom in the dab 
member, we have 2ae-*. Hence, a = 4, and the particular integral 
desired is 4x2e-*. The general sd ertiticts is 
z= e*[o(y — z) + Wy + 2) + 32°]. 
072 072 Oz Oz mie ‘ 
Ss: Err ery pm 2 oat 25a 2 5. e27+8Y +. sin (22 -- ¥). 
Oz iE GE 
Saas Ora Oi — z= cos (1+ 2y) + e&. 


XIV:7. Equation reducible to linear equations with constant 
coefficients. If the coefficient of D’D’ in F(D, D) of §XIV-1 is a 
constant times zy’, the equation can be reduced to one with 
constant coefficients by the transformation log = X, log y= Y. 
(Compare method employed in a “11. te Thus, e.g. 





D = 1S wDe = 22 
2 2 
Dea Gem ROVT ay PDEA 5 
DDz = » ie ire» a He: 
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: 072 072 0? 
Exercise 1. x? a2 + aE Say + y? sat = 7+ y*, 


If we let log «= X, log y= Y, the equation becomes 
oz 072 ore Oz dz 
ox?” 7axay tay: ax aye * te”, 
which has constant coefficients. The auxiliary equation (2), 
§XIV-6, is 
a+ 2ab+b?-—a—b=0, or (a+ b)\(atb—1)=0. 
Hence the complementary function is ¢(Y — X) + e%¥(Y — X). 
For the particular integral try z = ae?X + Be?¥. Doing this, we 
find that a = 8 =}. Hence the general solution is 
z2= o(Y — X) + eXW(Y — X) + 4(e?¥ + e?¥), 
Passing back to x and y, and remembering that Y — X = log y/z, 
we obtain the general solution in the form 


e= (4) + ai (“Z)+ dat + v’. 


07z 07z 072 Oz 
SOS Ee EIS. Es os 
3. 2°55 Ary Eps + 4y ay + 6y ay zeyft, 


Other equations may be reducible to linear equations with 
constant coefficients. (But the transformation is not always 
as obvious as in the case cited above.) Thus, let the student 
apply the transformation X = 3z?, Y = 2y* to the following 
exercise. 

itro72 ne Indes gi00*4)\y Ii dz 


XIV:8. Particular solution. In the case of some important 
physical problems, where a particular solution is desired satis- 
fying certain initial or boundary conditions, the general solu- 
tion, involving arbitrary functions, is not as serviceable as the 
exponential form of solution, involving arbitrary constants, 
mentioned in §XIV:6. The following exercises will illustrate: 
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; O2U, ay 07k “ 
Exercise 1. af bet eS 0. 


Required to find a solution, which does not grow indefinitely, 
and which vanishes when ¢ = 0, also when x = 0. 
Using the method of §XIV-6, we find that u = cee+At will be a 


solution if 
B?—aa=0, or B= aa. 


Hence we may take 

U = E%2(cyetat + cye-aat) | 
where ¢1, 2, @ are arbitrary constants. Since u must be finite for 
t = ©, a must be imaginary. Leta= i. Then 

U = etme (cyetaut + Cretan), 
As was done in §VI-4, this may be written 

wu = et(A, cos aut + B; sin ant). 

Similarly, ] } 
u = e~2(As cos aut + By sin apt) 
is a solution, and so also is 
u = eut(A, cos aut + By sin aut) + e#(A» cos aut + Bz sin apt). 
As before, the latter may be written 


u= Acosuxcosaut-+ Bsin wx cos aut + C sin uz sin apt 
+ D cos ux sin aut, 
where A, B, C, D are arbitrary constants. 
Since wu must vanish, both when ¢ = 0 and when z = QO, it follows 
that A = B= D = 0, and the solution will be the sum of any num- 
ber of terms of the form 


u = Csin px sin aut, 
where C and p are still arbitrary constants. 


* This equation holds for the transverse vibrations of a stretched string. 
Its general solution we found (Ex. 1, §XIV-2) to be 


u = p(x + at) + ¥(a — at), 
‘which represents two waves traveling with speed a, one to the left, the other to 


the right. (For example, see Ames and Murnaghan, Theoretical Mechanics, 
§106.) 
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(jeer — 
Exercise 2. h a a ot = 


This is the differential equation determining the temperature at 
any point in the plane z = const., normal to the rectilinear flow of 
heat in a body whose exposed olin the plane x = 0, undergoes 
simple-periodic variations of temperature.* The eamucenes con- 


dition is 
= @sinwt when «= 0. 


If we put 6 = ce%+, the auxiliary equation is found to be 
h?a2.— 6 = 0. 


From the nature of the problem, 6 must be imaginary. Put 
b= +ia, thna=+V +ia/h. But 


T 
+7= cos 5 -£ isin 5: 


Using De Moivre’s theorem, we have 


Viet [ cost + isin’ | Bee) nee + %) 


and 
f in/2 (lien (4 
V— i= +[ cos ising _=eee 
cet V2a(1 +1)x/2h tiat 


ae 
ce + V 2ax/2h p+(V2ax/2htat)i, 


Since 6 does not grow- indefinitely with x, we must select the 
minus sign for the first exponential factor e—¥2«2/2A, 

There is no loss of generality if we select the plus sign for the 
coefficient of at in the other exponential factor. We still have a 
choice of sign for the third + that appears. Using both and 
making two arbitrary choices of c, we can write 


@ = e-V2ax/2hl oy e(V2ax/2h +at)i + ore—(V2oan/2h+at)i], 


* This problem arises if an insulated rod, indefinite in length, is heated at one 
end periodically. It also arises in studying the behavior of the temperature at 
a point below the earth’s surface. Thus, see Ingersoll and Zobel, Mathematical 
Theory of Heat Conduction, Chapter V. 
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As before, the terms in brackets may be replaced by real terms in- 
volving sine and cosine, giving us 


@ = e-V2a2/2h[ A sin (V 2a2/2h + at) + B cos (V 2ax/2h + at). 


This will satisfy the initial condition if A = 0, B= 0, anda =w. 
Hence the desired form of the solution is 
0 = Ooe~¥202/2h gin (VW Qua/2h + wl). 


3. Find a solution of 0?u/dz? + 0?u/dy? = 0 which vanishes 
when « = © and when y = 0. 

4. Find a solution of 0?u/dz? — d?u/dy? = 0 which vanishes 
when z= © and when y = ©; also one which vanishes when 
x = © and becomes infinite when y = 2. 


XIV:9. Fourier series. In treatises on Analysis, it is proved 
that a function f(x), which is single-valued, of bounded varia- 
tion, and has only a finite number of maxima and minima in an 
interval 2r in length,* can be expressed uniquely as a Fourier 
series 
(1) f(x) = ao + ai cos x + 61 sin + a cos 22 + be sin 2a -+ ++ > 

++ Gy cos nz + basin na -+--* >, 


This holds throughout the interval, except possibly for a finite 
number of values of the variable, depending upon the character 
of the function and upon the choice of the interval. If, for 
example, the interval is (— a, 7), the coefficients in the Fourier 
series are equal to 


1 (7 AY Wadigne Oh 
(2) a= x J fear, an = * [7 1@) cos nada, 
A. 1 
bn = * 7) sin nadxz, (n = 1,2,+ + +), 


If, in particular, f(x) is an odd function, that is, if 
FL) ny (eh 


* Tf the interval is not 27 in length, a unique expansion is still possible 
in terms of another variable. Thus, if the interval is of length a, the cor- 
responding Fourier series involves sines and cosines of integral multiples of 
y = 272/a. 
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it is not difficult to see* that 


Qo dy FS eS dy Ss =10; 


and the Fourier series involves sine terms only. 

With this established, we can represent a given function f(z), 
which is single-valued, of bounded variation, and has only a 
finite number of maxima and minima in the interval (0, 7), by 
a Fourier series which involves sines only and which holds for 
the interval (0, 7), except possibly for a finite number of values 
of z, including « = 0 and x =7. For, if we consider now a 
function F(x) which is defined as 

F(x) = f(x) in the interval (0, =), 

F(x) = — f(— 2) in the interval (— 7, 0), 
we have a function which coincides with the original function 
in the interval (0, 7) and is odd in the larger interval (— 7, 7). 


Hence it contains only sine terms. 
To calculate the numerical coefficients, we have 


bn = 2 F@ sin nzdz = — = fa x) sin nadx 
=- * le f(x) sin nada. 


If we put x = —y, the first integral in the right-hand member 
becomes 


= Cs f(y) sin (— ay dy) = — rio sin nydy 
=if{; F(y) sin nydy. 


This is equal to the second integral in the right-hand member. 
Hence, 


(3) by = =f, f(x) sin nada. 


* For, fi f(x) cos nadz = pas f(x) cos nada + fv" s@ cos nadx. If we 

put « = —y and note that f(—y) = —/(y), the first of the integrals in the 

0 3 

right-hand member becomes fe f(y) cos nydy, or — SV sw cos nydy. This 
is the negative of the second integral appearing in the right-hand member. 
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The series 
(4) by sina + bo sin 2a +-+-+ bysinna+--:., 


where the b’s are defined by (3), is known as the Fourier half- 
range sine series. It equals f(x) for all values of x* in the in- 
terval (0, 7), except possibly for = 0 andz=~7. For, as is 
obvious from the form of the series (4), the latter takes the 
value 0 when x = 0 and xz = for all choices of the function f(z). 
In an analogous manner, a function f(x), satisfying the con- 
ditions mentioned before, can be developed as a Fourier half- 
range cosine series 
(5) ao + a, cosx + acos2a+---++a,cosna++ ss, 


where 
1 (7 POW Wig 
(6) a= =f, f(a)dx, an = 2f, f(x) cos nada, (n = 1,2, + +). 


To show this, construct an even function F(x), defined as 
F(x) = f(x) in the interval (0, 7), 
F(x) = f(— 2) in the interval (— 7, 0), 


and proceed in a manner similar to that employed in the case 
of the half-range sine series. : 


Exercise 1. Expand f(x) = x as a half-range sine series. 
Here 

=7{; i -T2 rcosnz , sin nz |* — 12 
Dn = 5 sin nade = =| rs + 72 fac SS a en 
sin 2¢ sin 3% __ ) 

2 3 


This holds for x = 0, but fails for « = 7. 








Ln 2( sin _ 


Exercise 2. Expand f(x) = 2 as a half-range cosine series. 
Using (6), we find 
Pee £ 4 
do = 5, n= 0 for n even, and — ane tor n odd. 


PAE Sa eH cos 3x, cos 5a 
.2= 5-2 (cosa+ 3p ob ee +--+): 


* Provided f(z) is also continuous in the interval. 
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Exercise 3. Expand f(x) as a half-range sine series if 
f(z) = xin (0,7/2) and f(z) = x — x in (r/2, 2). 
Here 


: = cid Ws ; DN ea : 
a The Jo x sin nada + xj ™ — &) sin nada 








ve xcosnz , sinnz |*/2 2 (r—x)cosnx sinnz |* 
=7|- Se | +2|- eee 
0 T n n r/2 
(n—1) 4 
=(—1) 2 ont for n odd, and 0 for n even. 


i A an Sime ver eitl Oe 
(2) = £(sin z 32 =. 52 —-++); 








Exercise 4. Expand the following functions as half-range sine 
series for the interval 0 << 4 < 7m: 

(a) f(x) = 1; (6) f(z) = 0 from z = 0 to 7/2 and f(x) = cos x 
from x = 1/2 to7; (c) f(z) = cos 2; (d) f(x) = e. 


XIV:10. Application of Fourier series. Use is frequently 
made of the expansion of a function by a Fourier series when, to 
cite a simple case, among the initial or boundary conditions 
there is one giving the dependent variable as a known function 
of one of the independent variables when the other independent 
variable is equal to zero. This function may be a constant, but 
it cannot be zero. The following exercises will illustrate: 


Exercise 1. Consider thé steady flow of heat along a thin metal 
strip, infinite in length, whose two surfaces are insulated. Suppose 
that the strip is of width a, that the temperature along the long 
edges and at infinity is constantly 0°, while at the short edge it is 
maintained at 4) degrees. 

If the short edge is taken as the axis of x and one of the long edges 
as the axis of y, the differential equation to be solved is 

2 29 
sat gaa 0 


and the initial or boundary conditions are 
4(0, y) = 6(a, y) = 0, A(z, 0 ) a 0, 6(z, 0) = 80. 


292 DIFFERENTIAL EQUATIONS XIV-16 


Using the method of §XIV-6, we put 6 = cest+6u, The auxiliary 
equation is 


a? + B2 = 0. 
Hence the sum of any number of terms of the form 
(1) cyebuetBe + crehve-tBx, or eBy(cye*Bt +- coe-t8) | 


will satisfy the differential equation. As we have shown before 
(§VI-4), the expression (1) may be written 
(2) Ae®y sin Bx + Be®y cos Ba, 
where A, B, B are arbitrary constants. 

Since 0(0, y) = 0, we must make B = 0. 

Since @(a, y) = 0, we must make B = n/a, where nis an integer. 

Since 0(z, ©) = 0, B must be negative, viz. —n/a, where n is 
now any positive integer. Hence our expression @(z, y) must 
consist of a sum of terms-of the form 
(3) 6 = Do Ane-n79/2 sin Pe 

n a 
Finally, we must select the A’s so that 6(a, 0) = 4, i.e., 
é ye? ; 

(4) A= Aysin = + Ag sin as a A,sin =~ . es 


for0 <x<a. This is a Fourier half-range sine series, in which 
the variable is r2z/a. 
In Ex. 4 of §XIV-9, it is found that 


a. : : 
1 == (sine + gsin 32+ $sin 52+ - +); 
and this holds forO <z< a. Putting z = rz/a, we have 
(5) = 2(sin 4 4 sin = + 4 sin 4. 3 ‘), 


which holds for 0< x<a. Multiplying both members of (5) 
by 60, we have the values of the A’s in (4). Hence the desired solu- 
tion of our problem is 


46 - We e-ry/a 38r2x e~ry/a Bara 
= — —ry/a te te ° ‘ 
0 _ [ x sin. a + 3 sin ae - 5 sin re +..- | 





Exercise 2. Suppose that a thin metal rod of length a is heated 
so that the temperature at a point, at a distance x from one end of 
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the rod, is f(z), a known function of z. The rod is then instantane- 
ously insulated completely as to the passage of heat, and the ends 
are thoroughly packed in ice. It is desired to find 0(a, t), the tem- 
perature at each point, as a function of x and the time ¢, the latter 
being 0 when the ends are packed. 

The differential equation for the flow of heat in this case is 


and the initial or boundary conditions are 
A(0, t) = O(a, t) = 0, A(x, ©) = 0, A(x, 0) = f(z). 
To make the problem precise, we shall suppose 


f(z) = efor0 << 5, and f(z) =a—afors <a <a. 


In order to solve the equation, we shall let 6 = cest+#t, The 
auxiliary equation is 
h?a? — B = 0. 
Hence the sum of any number of terms of the form 
(6) cennthrart 


will satisfy the differential equation. Here ¢ and a are arbitrary 


constants. 
Since @(z, ©) = 0, it is clear that a? must be negative. Let it be 


equal to —p*. Then a = + tp. 
Taking the sum of a pair of terms of the form (6), we have 
eh*pt (cy etpt ae C2 —tpe), 
We can write this, as before, in the form 
e-h’pt(A sin px + B cos pa), 


where A, B, p are arbitrary constants. 

Since @(0, t) = 0, we must make B = 0. 

Since O(a, t) = 0, we must make p = nr/a, where n is an integer. 
There is no restriction in supposing ” positive. Hence our ex- 
pression for 6(x, ¢t) must consist of a sum of terms of the form 


+ NTL 
6 = Y Ane —hn?x%t/a? sin - . 
n 
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Finally, we must select the A’s so that 6(x, 0) = f(z), ie., 


f(x) = 2 An sin forOS2Sa. 


This is a Fourier half-range sine series, in which the variable is 
wx/a. 

In our exercise, f(x) was defined thus: 

f(z) =x for OS 2 Sia/2,f(z)=a—-2 for a/2S2Sa. 
Putting zg = rz/a, or x = az/7, we have 

f(az/r) = F(z) =az/r for 0527/2, 
F(z) = (r#—2z)a/xr for 7/2527. 

Comparing this with Ex. 3 of §XIV-9, we see that the Fourier 
half-range sine series for this function is 


MNGi sin 3z , sin 52 
F(z) = 23 (sin > 32 52 Poatacwe -); 


and this holds for 0 < z < zw. Hence the desired solution of our 








problem is 
Pia . me en 8hPmt/a® Bary | eH 2h*w't/a® Bary 
maa] 6 lat/a* ein Set en oe ee 
T a 9 a 25 a 


This holds for 0 S x Sa. 


Exercise 3. Find the solution for the problem in Ex. 2, in case 
f(x) = 100°, a constant. This can be realized by immersing the 
rod originally in boiling water. 


XIV-11. Partial differential equation of the second order, 
linear in the second derivatives. Monge’s method. The 
general type of a partial differential equation of the second 
order, linear in the second derivatives is 


(1) Rr+ Ss-+ Ti = V, 


where R, S, T, V are functions of x, y, z, p,q. Gaspard Monge 
(1746-1818) suggested a method, which is known by his name, 
by which a first or intermediary integral is found in the form of 
a partial differential equation of the first order involving an 
arbitrary function. The solution of this equation by any of the 
methods of Chapter XIII, or otherwise, will then give the gen- 
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eral solution. While this method applies only in case R, S, T, V 
satisfy certain conditions, differential equations of this type 
occur sufficiently often to justify our giving here at least the 
rule by which solutions are obtained by this method.* 

In addition to 


(2) dz = pdx + qdy, 

we have 

(3) \? = rdx + sdy, 
dq = sdx + tdy. 


Eliminating r and ¢ from (1) and (8), we have 
(4) s(Rdy? — Sdxdy + Tdx?) — (Rdydp + Tdxdq — Vdzdy) = 0. 


Whenever it is possible to satisfy simultaneously 


(5) Rdy? — Sdxdy + Tdz? = 0 
and 
(6) Rdydp + Tdxdq — Vdzxdy = 0,7 


equation (4) will be satisfied and, therefore, so will (1). Equa- 
tion (5) is equivalent to two equations of the first order, 


(7) dy ae Wi(z, Y, 2, D, q)dx =0 and dy > W2(z, Y,%, P, q)dx ai 0, 


which become identical in case 
(8) | 4RT = 82, 


Equations (2) and (6), together with either one of (7), consti- 
tute a system of three total differential equations in the five 
variables 2, y, z, p, g. Such a system can be solved only in case 
certain conditions are fulfilled, and it is for this reason that 
Monge’s method is not always applicable. It can be employed, 
if it is possible to find 


u(2, Y, 2%, DP, q) aC Un(a, Y, 2, DP, q) =, 


* For a detailed account of this method, see Forsyth, A Treatise on Differen- 
tial Equations, §229 and following. For a more recent treatment of the subject, 
see Goursat, Sur l’'intégration des équations aux dérivées partielles du second ordre. 

+ Equations (5) and (6) are usually referred to as Monge’s equations. 
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two independent solutions of this system. In this case, it can 
be shown that 


(9) U1 = (ta), 


where ¢ is an arbitrary function, is an intermediary (or inter- 
mediate) integral. Looked upon as a partial differential equa- 
tion of the first order, (9) must be integrated again. Its gen- 
eral solution will be the solution of (1). 

If it happens that not only one equation of (7), but each one, 
together with (2) and (6), determines a system that can be 
solved, we have two intermediary integrals (9). Solving these 
for p and q, we put the values of the latter in dz = pdx + qdy. 
The integral of this is the general solution of (1). 


Exercise 1. g’r — 2pqs +:p*t = 0. 
Monge’s equations are 
qrdy? + 2pqdady + p*dx? = 0, 
q’dydp + p*dxdq = 0. 
The first of these equations is a perfect square, 
(qdy + pdx)? = 0. 
Substituting this in the second equation, we find 


qdp — pdq = 0; 
whence 


The first of the Monge equations, combined with dz = pdx + qdy, 
gives 


dz = 0; 
whence 
z2= Cc. 
An intermediary integral is, therefore, 
p = qo(z). 


In this case, we have only one intermediary integral. Hence we 
must integrate it. Since it is linear, it can be solved by the method 
of Lagrange (§XIII-1). Its general solution is 


vp(z) + y = (2). 
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Exercise 2. r — a*t = 0.* 
Monge’s equations are 
dy? — a’dx? = 0, or dy—adt=0 and dy+adr=0, 
dydp — a*dxdq = 0. 
Using dy — adz = 0, we have y — az = cy. Combining it with 
the second of Monge’s equations, we obtain 
dp — adg=0; whence p— aq= «a. 
Hence an intermediary integral is 
p — aq = Wy — az). 
Using the other equation, dy + adx = 0, we find a second inter- 


mediary integral 
p+ ag = $(y + az). 
Solving these for p and gq, we have 


p = $d(y + az) + ly — az)], 
7 = 5, 6 + az) — vy — a2)]. 


We must now solve 


dz = $1o(y + ax) + Vly — a2)]de + 5 [bly + a2) — Wy — az) dy 


+ oy + a2)(dy + adz) — 5-¥(y — az) (dy — ade), 


which is exact. Since ¢ and y are symbols of arbitrary functions, 
we shall retain them and write the solution in the form 


z= oy + ax) + W(y — az). 


There is no loss in failing to add an arbitrary constant, since either 
of the arbitrary functions may be supposed to include it. 


* A much simpler method of solution for this equation was given in §XIV-2. 
This equation plays an important réle in Mathematical Physics. It was first 
integrated by Jean-le-Rond D’Alembert (1717-1783) in a memoir entitled 
Récherches sur les vibrations des cordes sonores, presented in 1747 to the Berlin 
Academy. In studying the vibrations of a stretched elastic string, he con- 
sidered the equation in the form 02y/0t2 — 0?y/dx” = 0, where t is the time, and 
x and y are the rectangular coérdinates of a point of the string, x the coordinate 
measured along the line joining the extremities of the string, and y the displace- 
ment of the point from the position of equilibrium. His proof is givenin Marie, 
Histoire des Sciences Mathématiques et Physiques, t. VIII, p. 217. 
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4p ; 
oe 





Exercise 3. r—t = — 


Monge’s equations are 
dy? — dx? = 0, or Assilh SA and dy+dzr=0, 


dydp — dzdq + par dady = 0. 


Using dy — dx = 0, we have y — x = cy. Combining it with the 
second of Monge’s equations, we have 


(10) 2Qcdp + 4pdx — 2xdq + ci(dp — dq) = 
Also, 

dz = pdx + qdy 
becomes 


dz = pdx + qdz. 
Combining this with (10), we obtain 
2(adp + pdx) — 2(adq + gqdx) + e1(dp — dq) + 2dz = 0. 
This is exact, and has for solution 
(2x + c1)(p — g) + 22 = &, 


(e+ y)(p — q) + 22= @. 
Hence an intermediary integral is 
(7 + y)(p — 9) + 22 = p(y — 2). 

Using the equation dy+dx=0, we have a system of total 
differential equations which is not integrable. Hence, we must 
integrate the intermediary integral. This is linear. Employing 
Lagrange’s method, we pass to 

dx TY on | i dz 
eb Une tt ta eat (Ym 2) 2g 


From the equation of the first two members we have 


or 








et+y= 
Replacing y by its value a — x, we have 
dx dz 


@ (a= In) — 22’ 


or a 
a4 -—Z= ~$(a = 22). 
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This is a linear ordinary differential equation of the first order. An 
integrating factor (§II-9) is e®*/*, and the solution is 


aze?*/4 = if e**/4h(a — Qx)dx + b. 
Replacing a by its value x + y, we have the general solution 


(et yedelem — [e/*g(a — 2x)dz = Yat 9). 


Here, as in the case of the non-linear partial differential equa- 
tion of the first order (§XIII-6), the general solution cannot be 
obtained explicitly. For, until the form of ¢ is known, the above 
integral cannot be calculated. In any given case, in which the 
initial conditions determine ¢, the a which appears in the integral 
must be replaced by x+ y after the integration has been effected. 


4. g1l+q)r— (p+qt 2pq)s + pil + pt = 0. 
5. ps— qr = 0. 
6. (b+ cq)?r — 2(b + cq)(a + cp)s+ (a+ cp)*t = 0. 


XIV-12. Special method. At times, by considering one or 
the other of the independent variables as a constant temporarily, 
the equation may be looked upon as an ordinary differential 
equation. Of course, an arbitrary function of the variable con- 
sidered as constant must take the place of the arbitrary constant 
in the solution. The following exercises will illustrate this: 


Exercise 1. xr = p. ” 


Letting y be a constant temporarily, we can write this as the ordi- 
nary differential equation 


wile =f 7,7) OF D _ se 
Integrating, we have p = f(y), where f(y) is an arbitrary function. 
Again, letting y be a constant, we have 
dz 
aa = WY); 


whence z = 2*f(y) + ¢(y), where $(y) is another arbitrary func- 
tion. Here the factor 4, arising on the right, is included in f(y). 
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Exercise 2. r+s+ p= 0. 
If we integrate this, considering y as a constant, we have 
p+qt+z=fly). 


This is linear and of the first order. Employing Lagrange’s method, 


we pass to 
ake GB dz 


From the first two members we find 
x—y=a. 


From the last two members we have the linear ordinary differential 
equation 


nte= fu). 
An integrating factor is e¥ (11-9), and the solution is 
zor = filyedy +d 
= o(y) + 6. 


Hence the general solution is 


zev — p(y) = V(x — y), 
2 = g(y) + ewe — y), 


where the factor e- is included in ¢(y). 


8. yt — q = zy’. 4. 3 = cy. 5. r+ p= cy. 


or 


XIV-13. Summary. The number of classes of partial differ- 
ential equations of higher order than the first which can be 
integrated by elementary means is very small. In this chapter 
we have dealt almost entirely either with differential equations 
linear in the dependent variable and all of its derivatives, or 
with differential equations of the second order linear in the 
highest derivatives only. The latter class occasionally yields 
to Monge’s method, §XIV-11. 

If the equation is linear in the dependent variable and all of its 
derivatives, and has constant coefficients, the general method of 
§XIV-6 applies. 
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If the linear equation with constant coefficients is “‘ homo- 
geneous,” that is, if the dependent variable is absent and all the 
derivatives that appear are of the same order, the method of 
§XIV-2 applies. 

If the equation is linear, but the coefficients are not constants, 
a transformation can sometimes be found to reduce the equation 
to one with constant coefficients (§XIV-7). 

At times the special method of §XIV-12 can be applied di- 
rectly to an equation. 


Exercise 1. ys = a+ y. 


2. r—s— 6¢= zy. 3. er+ p? = 3ay?. 
e+ 4 
4. ar— (z+ y)s+ yt = as q). 
[Use Monge’s method. Also, let c+ y = u, zy = 0.] 
6. ar — p= xy. 6. r—t— 3p+ 3q = et*, 


7 wr — yt = (<+ Ly. 

8. xr + Qeys + yt+ ep + yq — nz = 0. 

9. ar + p = 9xy?. 10. s—t=2/y?. 

11. s= pg. 12. r—2st+t=(c¢#+y)% 
13. (q+ 1) — 2patotat Det (Pt 1)%=0. 
14. gs — pt = 0. 15. stp—q=2+ cy. 


NOTE I 


Condition that a relation exist between two functions of two 
variables. Jf wu and v are two functions of x and y, the necessary 
and sufficient condition that an identical* relation exist between 
them is that their functional determinant (also called their 
Jacobian) vanishes identically, that is, for all values of x and y 





du dv 

O(u,v) _ . _ [Ox Ox} _ 

O(a, y) aes Tx,y(u, v) a (u, v) x,y Pm du dv ra 0. 
; Oy Oy 


1° To prove the necessity of the condition: 
_ If u = ¢$(v), we obtain, on differentiating, 


Ou __ dd dv 
Ox dv Oz’ 
Ou _ dd dv 
dy dv dy 


These two equations in the single quantity d¢é/dv can hold 
simultaneously only if 


=) 0, 


which proves the necessity of the condition. 


* By an identical relation between uw and v is meant one that holds for all 
values of x andy. Thus, ifw=a2+yandv= («4+ y)2, u? = » for all values 
of « and y. If there is no identical relation existing between u and v, we may 
still equate one of them to a function of the other. But the resulting relation is 
not an identity; it holds only for selected pairs of values of x and y. Thus, 


ifu=x2+yandv =a — y, the relation uw? = v holds only for the codrdinates 
of the points on the parabola (a + y)? = a — y. 
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2° Now, to prove the sufficiency of the condition: 
Suppose u and v to be given by 
u= fila, Y); vr fa(x, y). 
From these we can eliminate y. The resulting relation, when 
solved for wu, may be written as 
u= $(z, v). 
Since x and y are independent variables, we obtain, upon differ- 
entiating with respect to each of them in turn, 
du db , db dv 


Ox Ox! Ov Oz’ 


du_ dd dv 
ay Ov Oy 
Ou Ov 
Ox Ox p : 
If oases =.0, these equations can hold simultaneously only 
dy dy 


provided 7 = 0. But this means that ¢ is free of x. Hence, 


when the Jacobian vanishes, 
| u = o(0), 
which proves the sufficiency of the condition. 
Remark. This theorem can be extended to n functions of n 
independent variables. 


NOTE II 


Condition that n functions of a single variable should satisfy 
a linear identical relation with constant coefficients. Consider, 
first, the case of two functions y:(x) and y2(x). Suppose that an 
identity* of the form 
(1) aryi + ary2 = 0 

* By an identity we mean an equation which holds for all values of the 
variable. 
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exists, where a; and a are constants, both of which are not zero. 
Differentiating, we have 


(2) ary1’ + arye’ = 0. 


In order that these two homogeneous relations in a, and de, 
may hold simultaneously, it is necessary that 


Ot ye Ys 
yr! Ye" 


(3) 


? 








for all values of x. Hence (3) is a necessary condition. 
To show that (3) is also sufficient, we write it in the expanded 
form 
yiy2’ — yeyr’ = 0, 


and integrate, obtaining the linear relation with constant co- 
efficients 
Y2 = CY. 


Consider, now, the case of three functions yi(x), yo(x), y3(x). 
Suppose that an identity of the form 


(4) ary + aye + asy3 = O 


. \ 
exists, where a1, d2, a3 are constants and all of them are not 
zero. Differentiating this twice, we have 


aes agy2’ + azy3’ = 0, 


(5) ayy" fe anya!" a8 agys” = 0. 


In order that these three relations, homogeneous in ai, de, Qs, 
may be satisfied simultaneously, it is necessary that 








Yi Y2 ¥3 
(6) Ya ie’. »Ys' |= 0. 
ile Yyo!' ys 


Hence (6) is a necessary condition that a linear identical relation 
with constant coefficients exist between the functions y1, y2, ys. 
To show that it is also sufficient, we proceed as follows: 

If a determinant vanishes, there is an identical linear relation 
(not necessarily with constant coefficients) connecting corre- 
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sponding elements of the rows (and of the columns). Thus, 
since (6) vanishes, three quantities j4, 42, us, all of which are not 
zero, exist such that 


fe + peye + msys 


I 
S 


(7) Miy1’ + peye’ + wsys’ = 0, 


bay1”’ + meye’’ + psys’’ = 0. 
For example, we can take 


Y1 Yo Ys 
yr’ Ye’ ys’ 


= (Eee 


Y1 Ye 
“Tl ys’ Yt ; 


yr’ Yo" 


. 





, 





I= Yo Ys 
yo" Ys’ 











(8) Mitmetus = | 


If any one of these two-rowed determinants is zero, a linear 
identity of the form (4) results. Thus, for example, suppose 
that the first two-rowed determinant is zero. We saw above 
that this is the condition for the existence of a linear identical 
relation connecting y2 and ys, viz., 


Yo — cy3 = 0. 


Moreover, this is of the form (4), where ai = 0, a2 = 1, a3 = —e. 
If none of these two-rowed determinants vanishes, none of 
H41, M2, #3 is zero. Moreover, we shall show that they are pro- 
portional to constants, so that the first identity of (7) is of the 
form (4). 
Differentiating the first two equations of (7), and taking ac- 
count of the last two, we have 


H1'Y1 + we'y2 + us'ys = 0, 


(®) pa’ys’ + pe! ye! + ps’ys’ = 0. 

Since these are homogeneous in py’, 2’, us’, we have 
ee eee tan See Od ee 

CLO) ipa ue ie ath rh yg? yo! ys’ bys’ yr lL ya’ ye" 


























Comparing these with (8), we have 
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where, in general, \(x) involves x, although in special cases it 
may be a constant. Integrating each of the differential equa- 
tions (11) in turn, we have 
sities cre Mode, sive ced ModE, mae cae) Made. 
Les 
Hi: M2 M3 = C1: C2 : cz, a Set of constants. 


The sufficiency of the condition (6) is thus established. 

By induction, the method can be employed to show that che 
necessary and sufficient condition that yi(x), ye(x),- - +, Yn(%), 
a set of n functions of a single variable, should satisfy a linear 
identical relation with constant coefficients 


aiyi + aeye + - - + + Ann = 


in which not all the coefficients are zero, ts 


Y1 Y2 . > a Un 
yi ye" o 8 Yy! 
(12) yi’ yo! et 2 Yn = 0. 


yi®D) —-yp(m-l) «s+ y(n) 


\ 


Hence the necessary and sufficient condition that the n functions 
yri(x), Yo(x), - + +, Yn(x) be linearly independent is that the deter- 
minant in (12) does not vanish identically. 

The determinant in (12) is known as the Wronskian of 
Yi, Y2 * * *) Yu It is named for J. Hoéné-Wronski (1778- 
1853). 


NOTE III 


General summary. The following is an index to the various 
foethods, given in this treatise, for solving differential equations: 
1° Single ordinary differential equation * 
(a) of first order 
general solution, Chapters II, IV, IX, 
singular solution, Chapter V, 
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(b) of higher order 
linear with constant coefficients, Chapter VI, 
of Cauchy type, §VI-11, 
with variable coefficients, Chapters VII, VIII, 
IX, §XI1-6, 
non-linear, Chapters VIII, IX, §XI-6. 
2° Single partial differential equation 
(a) of first order, Chapter XIII, 
(b) of higher order, Chapter XIV. 


3° Single total differential equation, Chapter X. 
4° System of differential equations 
ordinary or total, Chapter XI. 


; 
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Arbitrary constant, 5. 
Auxiliary equation, 104, 276, 282. 

roots of, complex, 105, 279. 

roots of, repeated, 104, 277. 


Bateman, 95, 241. 

Bernoulli, 32. 

Bernoulli’s equation, 32. ; 
Bessel, 205. 
Bessel’s equation, 205. 
Bessel’s functions, 205, 206. 
Boole, 112. 

Boundary condition, 51. 
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Cantilever beam, 70. 
neutral surface of, 70. 
Cauchy, 124. 
Cauchy’s l.d.e., 124. 
Cayley, 99. 
c-discriminant relation, 89. 
geometrical significance, 89. 
Center of force, 240. 
Central force, 141. 
Characteristic equation, 104. 


1. = linear, 


‘0. = ordinary, p. = partial, 


Charpit, 263. 
method of Lagrange and, 263. 
Chrystal, 99. 
Clairaut, 35, 80. 
Clairaut’s equation, 80. 
extended, 272. 
Classification of differential equa- 
tions, 3. 
Coble, 122. 
Commutative operations, 109. 
Complementary function, 103, 276. 
Complete l.d.e., 101. 
Complete solution of o.d.e., 9. 
of p.d.e., 261, 262. 
Condition for exactness 
of o.d.e. of first order, 24. 
of l.o.d.e. of higher order, 163. 
Condition for integrability of t.d.e., 
yA 
for 1. independence of functions, 
308. 
for relation between functions, 
302. 
for repeated roots of an algebraic 
equation, 88. 
Curve of pursuit, 173. 
Cuspidal locus, 93. 


Damped vibration, 130. 
Darboux, 99. 
Degree of a d.e., 3. 
Dependent variable absent, 155. 
Derivation of an o.d.e., 6. 

of a p.d.e., 242, 245. 
Differential equation, 1, 7. 
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Differential equation 
of a family of curves, 46, 48. 
of simple harmonic motion, 129. 
Differential expressionsin Geometry, 
formulas for, 52, 53, 274. 
Discriminant, 87. 
relation, 89. 
Distribution of temperature, 134, 
136, 137. 
Double root, condition for, 88. 


Electric circuit, 63, 139. 
Envelope, 86, 260, 261. 
Euler, 35, 103, 200, 206. 

factor or multiplier, 35. 
Even function, 290. 
Exact differential, 23. 

condition for, 24. 
Exact d.e., 23, 27, 162. 
Existence theorem for o.d.e., 175, 

178. 

for l.o.d.e., 182. 

for p.d.e., 249. 
Extraneous loci, 92. 


Falling body, 60, 61. 

Family of curves, 48. 
equation of, 48. 

Fine, 99. 

First integral, 162. 

Flow of heat, 65, 287, 291, 292. 

Forced vibration, 132. 

Forsyth, 206, 295. 

Fourier series, 288. 
half-range sine series, 290. 

Frobenius, 184. 

Fuchs, 184. 


Gauss, 200, 203. 
Gauss’s equation, 199. 
General integral, 102, 103. 
General solution of o.d.e., 9. 
of p.d.e., 248, 252, 262. 
General summary, 306. 
Geometrical interpretation of 
discriminant relations, 92. 
existence theorems, 179, 249. 
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Geometrical interpretation of 
o.d.e. of first order, 46. 
p.d.e. of first order, 259. 
system of o.d.e. of first order, 235, 
t.d.e., 222. 

Glaisher, 99. 

Goursat, 295. 

Goursat-Bourlet, 249, 260. 


Hill, 94, 99, 256, 261. 
Homogeneous function, 15. 
Euler’s theorem for, 34. 
Homogeneous 1|.o.d.e., 101. 
l.p.d.e. of first order, 250. 
l.p.d.e. with c.c., 276. 
o.d.e., 15, 34, 158. 
t.d.e., 216. 
Hypergeometric series, 199, 201: 


Identical functional relation, 302. 
condition for, 302. 
Identical linear relation, 303. 
condition for, 303. 
Identity, 303. 
Independent arbitrary constants, 8. 
Independent integrating factors, 27. 
Independent variable absent, 157. 
Indicial equation, 187. 
roots of, differ by an integer, 197. 
roots of, repeated, 195. 
Infinity of curves, 48. 
Ingersoll and Zobel, 287. 
Initial condition, 51. 
Integrable t.d.e., 210. 
‘method of solution, 213, 215, 216, 
219. 
Integral, 3, 102. 
curve, 47. 
surface, 222. 
Integrating a d.e., 10. 
Integrating factor, 23, 34, 38, 39, 
41, 164, 257. 
by inspection, 39. 
_of o.d.e. of first order, indefinite 
in number, 24. 
Integration in series, 175. 
Integration term for term, 14. 
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Intermediary integral, 296. 
Trreducible d.e. of first order, 74. 
Isobaric function, 19. . 

Tsobaric d:e., 19, 34, 159. 
Isogonal:trajectory, 55. 


Jacobian, 302. 
Kepler’s laws, 142, 144. 


Lacroix, 263. . 
Lagrange, 114, 250, 261, 263. 

method of, 250. OZ 

‘ and:Chatpit, method of, 263. 
Legendre, 125, 203. 
Legendre’s equation, 125, 203. 
Legendrian coefficient, 204. 
Leibniz, 35. 
Liebmann, 99. 
Linéar o.d.e., 30, 101. 

Cauchy’s, 124. 

complete, 101. 

condition for exactness of, 163. 

d.e. of first order reducible to, 32. 

homogeneous, 101. 

Legendre’s, 125, 203. ° 

of first order, 30. 

of second order, 148. 

reducible to one with c.c., 124. 

solution of, in series, 184. 

system of, with c.c., 228. 

with ¢.¢:,, 103): sis 4 : 


with ‘particular. integral known, 


149, 167. 
Linear p.d.é., 246,'250,'275, 294. 
homogeneous, 250. 
homogeneous, with c.c., 276. 
non-homogeneous, with c.c., 281. 
of first order, 246, 250. 
of second or higher order, 275, 
294. 
reducible to one with c.c., 284. 
Linear relation, 303. 
condition for, 303. 
Linearly independent functions, 102. 
Lines of force due to two magnetic 
poles, 68. 
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Liouville, 165. 
Literal constant, 5. 
Lobatto, 112. 


Marie, 297. 

Monge, 294. 

Monge’s equations, 295. 

Monge’s method, 294. 

Motion of a particle, 60-63, 141, 
146, 173, 240, 241. 


Nodal Iocus, 93. 

Non-homogeneous I.p.d.e. with ¢.c., 
281. 

Non-integrable t.d.e., 221. 

Non-linear p.d.e..of first order, 260. 


Odd function, 288. 

Order of a d.e., 3. 

Ordinary d.e., 3. 

Orthogonal trajectory, 56, 236. 


Partial d.e., 3. 
Particular curve, 95. 
Particular integral of l.o.d.e., 102 
108, 110, 112, 114, 118. 
of Lp.d.63 280. 
Particular solution of 0.d.e., 9. 
of p.d.e., 261, 285. : 
Perry, 73. 
Petrovitch, 95. 
Piaggio, 95. 
Picard, 99. 
Primitive of o.d.e., 7. 
of: p.d.e:; 242, 245. 


Quadrature, 10. 


Rational, entire function, 88. 

Rational operations of Algebra, 88. 

Reducible d.e. of first order, 74. 

Reduction of o.d.e. to equivalent 
system, 177, 237. 

Region, 175. 

Regular function, 178. 

Resonance, 133. 

Riccati, 206. 
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Riccati’s equation, 206. 
analogy of, to l.d.e., 208. 
Roots of auxiliary equation, 
complex, 105, 279. 
repeated, 104, 277. 

Roots of indicial equation, 
differ by an integer, 197. 
repeated, 195. 

Rothenberg, 100. 


Schlesinger, 202. 
Separation of variables, 12, 215, 
270. 
Series, integration in, 175. 
Simple harmonic motion, 128. 
equation of, 129. 
Simple pendulum, 128, 173. 
Singular point, 183, 249. 
Singular solution of o.d.e., 86, 89, 
179. 
of p.d.e., 260. 
Slope of a curve, 46. 
Solution in series, 180. 
for l.o.d.e., 184. 
Solution of a d.e., 3. 
complete, 9, 261, 262. 
general, 9, 248, 252, 262. 
particular, 9, 261. 
singular, 86, 89, 179, 260. 
special, 37, 255. 
Solving a d.e., 10. 
Summary, general, 306. 
Symbol D, 101, 228, 275. 
D, 124, 161, 275. 
Symbolic operator (D — a), 108. 
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System of differential equations, 
226. 
general method of solution, 226. 
of l.o.d.e. with c.c., 228. 
of o.d.e. of the first order, 231. 
of t.d.e., 236. 
replacing an 0.d.e., 177, 237. 


Tac-locus, 94. 
Tait and Steele, 61. 
Total d.e., 210, 219. 
homogeneous, 216. 
integrable, 210, 219. 
method of solution, 218, 215, 216, 
219. 
non-integrable, 221. 
system of, 236. 
Trajectory, 55. 


Undetermined coefficients, method 
of, 118. 


Variables, separation of, 12,215,270. 

Variation of parameters, 114. 

Vertical column, 146. 

Vibration of stretched string, 286, 
297. 


Wronski, 306. 
Wronskian, 306. 


y’-discriminant relation, 89. 
geometrical significance of, 92. 


Zonal harmonic, 204, 205. 
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SECTION I.4 
Oe rh a age: Agi! = (1 y's. 
Say — 7 — 6. 2xyy’ + 2? — 7? = 0. 
7. xyy” + xy? — yy’ = 0. 8.4" —(k + Dy’ + kly =0.. 
9. xy’? — 2yy’ —x = 0. 10. yy’ + 2ay’ —y = 0. 
1. oy’? pre he 8 } xy’ 
12; 4 = sin : ; 
y ee 
SECTION II-1 
.V1i+2+logy =c. 5.22 + cy®=c—1; 
. ¥ =ccosz'—3. 7. cosxcosy =c 
. Ssecr + tany =c, 
SECTION I1.2 
. logx —2/y =c. 4. 2% —2cy+c =0. 
5. (a? + y?)y? = cx. 6. log x — sin = Z(G 
> fe? +11 +.) J4 = cx’. 8. 2? + y? = c(my — 2). 


t 


SECTION II-3 


¥ 3) + log 42 + 1? + (y + 2)'] = 
ery + ste —-y—-P=ac, 

. 5a — 10y + log (107 + 5y — 2) =. 

. 5c + 10y — log (102 — 5y +17) =c. 

. 8a + y — 2log (54 + 2y +1) =. 





~ tana 


SECTION II-4 
e+y =cry,[m = 2). 3. v2 + Qr4y =c,[m = —2]: 
. ty + ay =¢, [m= —1]. 5. zy =Cx +c, [m = —2). 
. cf — 2 = Cc, [m ea zl. 
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SECTION II-5 
oie 
1.2+y =tan(x+c). 26 —y toe 
3. y = 2log (22 + y) +6. 4. tan («@ —y) =x+e. 
SECTION I1-8 
4, 22+ 2ry =c. 6. 322 — Qay + y? +2 —3y=c. 
6. log VF +4? + tant =e, Ue \/ 2 + toy =. 
8. x5/2y3/2 — x3/24yi/? = ¢, 9. (a? — 1)y?* — 2 =e. 
10. 2?sin¥ =. 
a 
SECTION II-9 
2. ysinz = logsecr +c. 3. y=r+cV2? +1, 

, 4. 2y = (x + 1)4 +c + 1)2. or (x — y)? = ci(x? + 1). 
5. yl +22)? =2?+2logr+c 6. y= 2X1 +ce!/), 
wWy=etet eV x22 — 1, or (x? — y)? = ey (2? — 1). 

8. 2 = y* + cy’. 
SECTION II-10 
2. log y = 2? + cx. 3 yY=r2-1tcc™, 
4. cosy = 1 + ce-cos 2, 6. x3yt4(e7 +c) = 1. 
6. 4y73/2(1-+-2+22) +3 =c(1—2)*. 7 Vytl=c2t+1+evr+i. 
8 a2=1—y+ce. 


SECTION II-12 


2. vy + ay? =, 3. xy? + y = cx. 

4. y2=cx. [Inaddition, c? = 3y2.] 

5. a3 + y = cry’. 6. (ay + 1)y!/? = cri/3, 
SECTION 11-13 

1. 3x4 + 8riy + 6r2y? + 42% = c. 


- 2 —y — cy = a7. 3. yt + xy® + 2x = cy’. 
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SECTION II-14 








0: 


6. tant = 2 +0, 6. 24 + 2(c —2)2? + 42 +c =0, 

7. clogx + y? = cz. 8. 2ry? — 1 = cry. 

9. xy? + y = cx. 10. 2? + y? — cx = a? 

SECTION I1-16 

1. 2+y=xrtan(x+c). zy—1 

Cot i cle x) 2. Le Seeman tie 3 

5. (1 —2)*4y? + 22-223 =. 6. 2y = «(1 + ce’), 

7. logl(a? — 2)? + (yt — 1)*] +2 tan? ZF =o, 

8. 4(z? + y)3 = (223 + 38zy +c). 

SECTION II-17 

1. V1 —2?°+ V1 —y¥ =¢, or (2? — y*)? + 2c;(2? + y*) + 6? — 4e1 = 

2. sin-'z + sin"!y =c, ora? + y? + 2cqzy = 1 — c;?. 

3 e+ty+3 = cer, 4, Rat Naot. = ce, 

y—x-1 

5. x*y?(8e* +c) = 1. 6. xy = ce*'¥, 

7. logy +7 =«. 8. 2? -—2cy—C=0. 

9, sin” =logz+e. 10. y = (x + a)'+c(# + a). 
11, xsin¥ =o, oe 12. (2 +y —1)9 = oz —y +3): 
13. 2+y? —27¢+2 =ce™. 14, x4 — x? = cy’. 

15. y=2/(1—22)'/2+ce-2/1-2)'",_ 16. (ay + 1)? = c(1 — 2%)y?, 
17. xy? — 2? = cy. 18. 25/2y3/2 — 73/%y7/2 = ¢, 

19. xy4 + 4y = cz. or ry3(x — y?)? = ¢. 

20. y = tan-'z —1-+4ce-tan™s, 21. y = 2sinz — 2 + ce-sing, 
22. x?y + 27 = cy. 

23. x3 — y*? = cy. 24. 3e3y +y =c. 

25. 2? + y? = c(a? + y*)etan'9/s + 3(y — 2). 

26.2 +y —4 log (22 + 8y +7) =c. 

27. xy(v2?+y? —c) +1 =0. 28. xy2(y? — x?) =. 

29. ; =logz +1 + cz. 30. (1 +2?+7%)!7 = tan! =o. 
31. xy? = 2zylogcy +1. The equation is isobaric when m = —1. 


DIFFERENTIAL EQUATIONS 
Le Swat 33. y(2a%y —3=c 
. wy? + (42 — 2a + 2)e7 =e. 36.242 = a(2z? +- 1) + ce, 
~ Yevelsy =. 37. x*y? + 23 =,ce*. 





38. (a? + y?)2 + 2ex(a2 + ¥) — ey = 0.° In polar coordinates 
p = ( (1 = cos 6). * F bs 
SECTION III-1 
3. xyy’?+ (a? —y —d)y’ —zy =0. 6. xy? + (k—x—y)y’ +y =0. 
4. yy + 2ay’ —y =0. T. 2cy2 = (8x — 1). 
5. y = ay’ +rVity®. ; 8. (Qxry’ = y)? = 823,-) © 
9. y” =0. This does not include the lines = c, which are parallel 


to the y-axis. For these, y’ = 0. The differential equation of 
these oo! lines is dx/dy = 0. . I ¢ 


10. ay’? — Qay’y!"(1 +) = (1 + y’2)? = 0. 

11. vyy”’ + cy? — yy’ = 0. 

12. 3y'y ea pee 4y'y""? Ss, by! ey — 0. 

13. (a) y/y'" = 3y'2 = 0.50) 4/4 = 03 | 

eh pey!/2 a (1 ak y'2)3 = 0. 15. (1 aie yy!” a” ay'y' = 0. 
SECTION III-2 

5. zy = c, equilateral hyperbolas. 

6. y2 + (1 — k)a? = c, central conics. 

7. log Vet ye = tan y +c, or p = ce9, loceritamald spirals. 

8. Same as Ex: 7, 9. p = ce+9, 

10. 4? = 2kx + c, parabolas. Ll, ay Cem 

12. 2% + y? — cy = 0, circles through the origin, with centers o on Ehe 

‘y-axis. “Also y =‘c. 

13. p(@ +c) +k = 0, reciprocal oe 

14. p =. ce0/k, logarithmic spirals. atta, 

15. p = ced/Vk, 

16. p = k(@ +c), spirals.of Archimedes. 

17. p =.csin 0, same family of circles as in Ex. 12. 

18. p? = csin 26, lemniscates. 

19. p = csin® (0/2), or p= c:1(1 — cos @), cardioids. 

20. p = 2c/(1 + cos @), parabolas with foci at the origin. 


SECTION III-3 


tt 4? — cB -a? =10. iy Peel aoe AR Sate a 
. dey +y2 =c. 9. y* = cx?. 10. aye” — ba? = ¢, 
. va 2) at age Bigaod ae: logy’ ="c — 22/7 a= 2) 9 


12, 
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V p* — a? — acos—\(a/p) = ad + ¢, or 
Ve+y —a —acos(a/V2 +) =a tan“(y/x) +. 


14, 22 + y? = c(my — 2). 

15. p = ce-™@, (compare Ex. 13). 

17. p = c(1 + cos@). 18. p = eVc—@ 19. p™ cosmé =c. 
20. 20 = log tan@é +c. 21. (p — 1/p) sind =c. 


ne) — a — e-Ri/L); (Ol) R= 


x 
. log = = 


SECTION IIl-4 
t 
ga —- fa bd =e, 


0 = volt, = 2 (el — 1), 


Ifk > 0, » and x grow indefinitely. 
If k < 0,» diminishes continually, approaching 0 asymptotically, 
a grows continually, approaching —v)/k asymptotically. 


a io 
Sai J, E(t)eRV/L dt; 





(d) ,= ee 


. 1.68 min.; 2.68 min.; 6 min. 


108 2. Pilot 
500% 372 /3 = 0.63. 


- & = @kt/(akt + 1). 








12. x =a — a/(2a°kt + 1)1/. 
14. x = a’kut/(akmpt + 1), where » = b/a = n/m. 
17. (6) (@+ oe (x — a)/r2 = c, or cos; — cOSO2 = 6. 
5 a hee i ee 
Y= aR Be ia e @teklh” "307: 
SS ail) 
oa ~ Bar = Ae +3095. = — SW = So | 
wilt P wis 
21. y = ~ BEI (a4 — Alc’ + 622?);. yo = — RET’ yo = — 6ET’ 
PR PP 
on iH Ble 4)7 OF gent ear 
5wl4 pee te 
23. y = — ayagy (wt — Ble + Px); yo = — aggep WO! = — dant 
SECTION IV-1 
4, y =cr,2+y =c. 5. y? = 2u(a + c)?. 6. 27 = cev — 5 
Jay —cyt1=0,¢+ytl=ce,x-—y—1=cco™*. 
8. xz? + y? + 4cx + 2c? = 0. 
9 (y — ay +x) =e, Ytay—2) =. 
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SECTION IV-2 
. 2% — Wy —c? =0. 4. (cx +c)3 = (y—c)2. 
. ry =Cxte. 6. 4(a?+y)3 = (22° +32ry+c)?. 
. 2y —cv? + 3c = 0. & 2 = 24 +e +e. 
. cry tar+c=0. 10. y — cz? + ac? = 0. 
SECTION IV:3 
1. y? — 2cr + ac? = 0. 3. y3 = 3cxz — C8. 
s —cy'(2y’ + 3) 4. y =c(x —c)?. 
d+y?)37? ? 5. cy —cy+ce=0. 
os c ; 6. 4y3 = c(38x — 2c)2. 
Yay * 7. y? =2cr +c. 
(x? + y? — 4c1)3 + 27ciy* = 0. 8. The circles (x —c)? +7? =e: 


SECTION IV-4. 





2. cx —cy+3=0. 3. c2(2? +1) — Qcry + y? = 1; 
4, ctx? — 2c(zy —4) + y? = 0. 9. cy? — cz? = q?. 
10. °2+y=c(x+y) —/4, 11. y =cr? + Cz. 
or (© — ci)? + (y — cy)? = ce; 15. &Y = ce™ + C2. 
16. ce = c(e? +1) +c’. 19. y2 —cxz?+ Cr =0. 
20. (x —c? ty =1—e. 
SECTION IV-5 
1. (x —c)? + y% =a’. 2. cy = C(x —b) +a. 
3. Cty ac 10. 4. 2+ c(@ — 3y) +2 =0. 
6. («@ —y+1)?+2c(a+y+1)+c =0. 
; : 
6. y? = cx? — ac/(c + 1), or = + a ale 
Cy C= 
7. y(l — cosa) =-c, y(1 + cosz) =c. 
8. (y—cx)? =1—-C. 
9. y—cxe — 2c = 0, y —cx + 2c = O. 
10, 4? = cz? + c*. 11. ca?’ —cy+2=0. 
12. zy -—cer +c? =0. 13. 2? — y? = Qcx + C2. 
14, Qy = afez+¢ — e-(#+e)], t(0) dp 
= Vi—K2 /k 15.0 - [oe _ 4, 
ee aa eV? — [f(o) P 
it ey y’ 2ky"? : 
17. x = 2k (tan ly ion ta) +o y= ewe or, if we put 


y’ = tan (t/2), «7 = k(t + sin t) + ¢, y = k(1 — cos 2), a family of cycloids 
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generated by a circle of radius k. If «=0 when y’=0, thenc=0. This 
makes the fixed point the vertex of the arch of the cycloid. The line, 
along the lower side of which the circle rolls, is y = 2k. 

18. The same family of cycloids as in Ex. 17. 


SECTION V-3 


1. ——— @ a ayieys oo v = 1. According as k is positive or negative, the curve 


is an ellipse or an hyperbola, having the fixed points as foci, and Vk 
as the semi-conjugate axis. 
2. 22 + y? = k, a circle. 
3. 2ry = a?, an equilateral hyperbola. 
4. (x — y)? — 2a(a@ + y) + a? = 0, a parabola. 
5. (a) (y — cx)? + 4c = 0, g.s.*, cy —1 =0, 8.5. 
(6) (« t+y —c)? = 4zy, g.s., ry = 0, ss. 
(c) @2 —cy+1=0,¢2.8., y? = 42, ss. 
(dd) (¥y —cr)?? = B+ ac’, g.8., b’x? + ay? = ab?, 8.8, 
(e) y+ 2x +e =0,2.8., 22 —y = 0, 8.5. 
(ff) 2+ y — 2Wry +2 = 1,28. (x? —1)(y2 — 1) = 0, 8.8, 


SECTION V.4 


. 443 = 97 +c)’, g.8., y = 0, cl. ; 
-y—yt=(c<+oc,¢8,y=I188,y =0,cl,y = 2 tL 
-ytert—y)+e(a—z) =0,¢.8., («+ y)? = 4ay, 28. 
§IV-1, 3. y2 — 1 = 0, 8.8. 

& 2 —y =0,88., y = 0, t.1. 
§IV-2, 1. x(x + 4y) = 0, 8.8. 
~Wat+y) =4 38,2 +y =0, ce. 
Ax’y +1 =0,88., ¢ = 0,1. 
ety =0,c.l. 
x§ — 817? = 0, s.8., c = 0, tl. 
ge + y? = a7, 8.8., 7 = 0,41, 

10.2? — 4a7y = 0, s:8;, « = 0) t.1 

§IV-3, 1. 2? — a%? = 0, 8.8. 

8. 92? — 4y3 = 0, 8.8. 

4. 443 — 27y = 0, 8.8., y = 0, 5.8. and t.1. 


* In the answers to the exercises of this and the next section, the fol- 


lowing abbreviations are used: g.s. for general solution, s.s. for singular 
solution, p.c. for particular curve, t.l. for tac-locus, n.l. for nodal locus, 


c.l. for cuspidal locus. 
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5. y —4c¢ = 0,8.8., y = 0, p.c. 

6. 23 — 2y3 = 0,8.8., y = 0, c.l. 

7. 3223 + 27y4 = 0, 8.8.,y = 0, t.1. 

8. 44? = 427 +51, 88.,y = 0, tL 
§IV-4,1. 2+ y? =1,88. 

2. y? — 12% = 0, 5.5. 

3. y — 2 = 1,8. 

4. zy = 2, 8.3. 


9. yt — 4a? = 0, s.8., y = 0, t.1. 

10. cy = 0, 8:8.,2 —y =,0, tl. 

11. 2? + 4y = 0,8.8., 2 = 0, 0.1. andp.c. 
19. 2? — 4y? = 0, 8.8.,y = 0, t.1, x =.0, p.c.andt.L 
20. x? + 2y2 -2 =0,8.8, y =0, til. 

§IV-5, 2. y? = 4a(a — b), ss. 

3. zy? —4 =0,8.8., x = 0, p.c. 

4. (x —y)(«@ + 38y) = 0, ss. 

5. (« + 1l)y = 0,88. 

8 y2 — 2? = 1,88. 
12. « — 4y = 0)8.8.; + = 0, p.c. 
13., 22? —*y? = 0, s.8., y = 0,.t.1. 


SECTION VI-2 
3. y = ci + cre" + cre. 6. y = ce? + coe + cse722-? 
4. y = cie® + ce7* + ce. 7. y= cie® + coe % + ce + eye, 
5. y = ce ce 3, 8. y= 'cie2/8 + coe-2/?: 
SECTION VI-3 
2. y = (cr + cox)e® + ce. 
3. y = ce + (C2 + cee + cave, 
4. y =c1 + (C2 + car)e%, 
5. y = c1 + (co + csv + car? )e™. 
6. y = ci + cot + cse* + cue. 


SECTION VI.4 


= ¢, cos 1/22 + c2 sin /22. 
ce* + coe * + c3 cos x + cy Sin a. 
= (¢; + cor) cos x + (¢3 + car) sin x. 


= + al cs cos vB + cs sin v3), 


ee Le 
e ece 
ll 


2 
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SECTION VI-7 


y = cye® + coe2t + em 220", 

~ ¥ = (C1 + com + cox")e™ + e-* (2023 — 2x5) /60. 
y = cie* + cre** + (cosx — 3 sin x)/10. 

y = (cr + cox)e* — e7 log (1 — 2). 


or 09 bo 


SECTION VI-8 
1. y = cie® + cre® — xer, 
é ce” + c2e* + ce + (9x? + 6x + 20) /27. 
3. y = (ci + cone” + cze** — (2a + 5)/4. 


bo 
< 
Il 


SECTION VI-9 


2. y =c,cosx +c. sin xz — cos z log (sec x + tan 2). 

3. y = ci cosx + c.sinz + cos log (csc x + cot x) — 2. 

4. y-= cie™ + cxe7* + (e% — e*) log (ce? — 1) — xe® + 1. 

5. y = ci cosx + cosin x + cs + log sec x — sin x log (sec x + tan 2): 
SECTION VI-10 

3. 4 = ci cos & + cp sine" a? — 72: 

4. y = (c1 + cox)e* + fe — f sing. 

5. y = cie* + c2e-*/? cos G /3 + a) — 2, 

6. y =c1 + c2e7* + 368% — 43/3 + 22?/3 — 1427/9 + (sine + 2cosx)/10. 

7. y = (c1 + cor)e* + (cs + cac)e + x7e7/8 + 4. 

8. y = cr + cre + ret /2— @® — 27/4 — Tx/4. 

9. y = (C1 + C2x) cosa + (cs + car) Sin Z — $2" COST. 


SECTION VI-11 


2. y = (ci coslog x + cz sin log x)x + csa-! + 5x + 22 log x. 
3. y = (c1 + cz log x)x-! — a“ log (1 — 2). 

4. y = c1(x + 1)? + c2(x + 1)3 + (82 + 2)/6. 

5. y = (x + 2)[c: cos log (x + 2) + casinlog (x + 2)] +o, +2. 


SECTION VI-12 


.y = ce + coe + (cos x — sin x)/10 + xe. 
. y = cie* + cre + c3 cos x + cy sin x — $e” cosa. 


be 
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-y = (cx + corde + 223 — 1247 + 36x — 48 — ze*/16 + ec /32 


—e sin x. 
y = (c1 + coe + cox?)e + xte*/24 — e*/8. 
y = Cy + coe + cre — 23/12 — x/8 — d2xe*/8. 
- y = (cr + cox)e® + (cs + cave + % COS Z. 
- y = (c1 + c log z) sin log x + (cs + cs log x) cos log x + (log x)? 


+ 2logz — 3. 


~Y¥ =r. + (co + cer)e* + 23/3 — 5x?/2 + 8x + log z. 
. y = ¢1 cos 2x + cy sin 2x + (1 — xsin 2zx)/8. 

.y =cicosx+csine + sinz log (tanz + seczr) —1. 
- Y = (cr + cox + c3x?)e® — x — 3 — x8e7/120. 

© Y = (cr + cor + cgx?)e™ + cye2% + 32/40. 

.y =c,cosx + cosine + (x? sinx + 2cos2x)/4. 


-y = (1 +c. log x)x + cgu—! + —— 


08. v. 


. y = ce” + c.e-*/2 Cos (8 a :) + xe*(x — 2)/6 


— (cos 2x + 8 sin 2x) /130 — 1/2. 


~ Y = (C1 + core? — Z sin x + 7 (622 + x4) /12. 


SECTION VI-13 


b= V6 + wo? / pe? cos [ut — tan“! (wo/ Oo) ]. 


. 8 = O0cos ut; 6 = “sin ut} 6 an ease 


. For (8), 0 = @e-# (re? M +2 sin m); — = et sin dt; 





6 =e (0 cos At + bee + °° sin m). 
For (9), 6 = we g-it cos (x = tan™ ); w= V+; 
6= oc sin Xf; 


V 26,2 2 
6 ee ee aN suse tee e-*t cos (x — tan7! ese =), 
0 


Gh = 6(1 + kt)e-™; 6 = wote™, 
the i sS [60 -}- (wo + k6y)t]e—*, = [wo = k (wo ao k6o)tle-*™, 

Tf 0) and wo + 8 have opposite signs, 0 vanishes when t = —00/(wo+k0o). 
It then changes sign and increases in absolute value until t = wo/k(wo+k6o), 
when dé/dt vanishes. From then on, 6 diminishes continually in absolute 
value, approaching zero asymptotically. 

If 4) and wo + k6 have the same sign, 6 does not vanish at a finite time. 
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When 4 and «w» have the same sign, @ increases in absolute value until 
t = wo/k(wo + k80), after which it diminishes continually in absolute value, 
approaching zero asymptotically. If @ and wo have opposite signs, 6 di- 
minishes continually in absolute value, approaching zero asymptotically. 


8.6 = [hy +k) + welt + {> — h)bo — wole™. 


C 
LO a rps 


2 


e* cos pt, if p ~ d; 
Paste itt if p =X 
2p u : 


In the latter case, the maximum value of the amplitude equals C/2pke, 
and is attained when ¢ = 1/k. The amplitude, from then on, approaches 
zero asymptotically. 

10. (a) A = 4, B = (6; — 60 cosh wL)/ sinh pL. 


6; sinh px + 6) sinh p(L — a) 
sinh nL 


(b) cq = 0, Cz = 60. *, 0 = 60e-#*, 
ee rori(80 — 41) i Sri Too 
Ti = To Fie eT 0 
ifs, = 0,6 = oe! seer (= — 2 
1 A) 


Amount of flow per unit area = W = —k d6/dr. 


I= 


Quantity flowing across surface of radiusr = 4r7r?>W = Arkiere 
s Uiaae 8) 
00 log T1 on at —O6o 
logr: —logro’ ° logri — logro’ 
at A ae logr ' 
log r1 — log ro iN 
hited the 2rkOo 
Quantity = 2rrW = er: 2 loers 
14. If 1 —k/h? = 2, u = c, cos pt + ce sin pt; 
if 1 —k/ = —?, w= cer + coe, 
15. The equation of motion along the rod is 


12. Cy = 


r = ro cosh wt + (2 5) sinh wt + 525 sin wt. 


If ro = 0 and v = g/2w, we have simple harmonic motion. 
The equation of motion in space is obtained in polar coérdinates by re- 
placing r by p and wt by 6. In general, a is the equation of a spiral. 


In the special case, we have the circle p = os sin 0. 
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16. 


17. 


DIFFERENTIAL EQUATIONS 
s —1 = (s) — l) cos (Vg/et). 
y = esec (ul/2) cos [u(x — 1/2)], w = VP/EL. 
Greatest value of y = e sec (ul/2); that of y’ = eu tan (ul/2). 


SECTION VII-1 





2. = Cie” =~ Core” —- a. 

8. y=ar +a +ztan1z) +2logVi+ 2. 
aoa = (cre ce" => a 

5. y = cie* + coe*logza +2 +3. 

6. y = cle + crxv’e? — x? — 2. 

Te Go cree. care? a i 

9:4 ="sec' x (c1e%* + coe) — seas 
10. y = (cz? + cox! — ax)er*. 
ls Gi) = Ge ae CHES FERS 


-Y¥ = C(cyx8 + coe) + 28, 


SECTION VII-2 





2. y = c, sin (sin x) + c& cos (sin x). 
3B. y=arV1l — 2 +e,(1 — 22) +241 —22V1 — 2sin— 2, 
1 1 it 
4,.y=c1 C08 55 me tT osing +a: 
5. y = ae z rer: Bree, 
SECTION VII-3 
1. y = cye® + c2(x3 + 322. + 62 +6) + 2. 
2. y = cre™ + coe**(4a3 — 4242 + 1502 — 188). 
3. y = (cie® + cre) /a. 4. y = exe + ¢o(x? — 1) + 2. » 
5. y = cie® + coe-* — log x. 6. y = (ci cosxz + cosin x)x? + 23, 
7. y = ce? +-coe-#*/2 —72 4-3/2. 8. Qy = x(cie™ + co — 2). 
9. y = C12" cos (ax + fs) 10. y = ci cos(n/x) + ce sin (n/2): 
1 es 
i. y = oe +ea(1 - saa toes 


12. 


a 


C=1)" 


1 h(n pa tO ‘). 


y = c1e* + Con? — we-*, 


SECTION VIII-2 


yy = C1 + coe? + a, - 4, yey dose L (eee, 
' Cubbies ine Genta = 6. y = log cos (x + ¢;) + ce. 
— 2% + (y — 2)? = 0. 
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SECTION VIII-3 


2. (@ —o)? + y? = co. 3. eY = 4acte®/(1 — aee*)?, 
4. ay + 2 = be. or eY = c* sec*{(cx + a) /2] 
5. (y—c)? =axr+b = 2c?/[1 + cos (cz + a)]. 


SoHE Cal et God) ee Le 


oP 8 bo 


andy = ax +b. 


SECTION VIII.4 


- logy = 8 + cn + co. 2. x2y!t = beas?, 
-y=ar+ob. 4. logy = c, + c2/z. 


SECTION VIII-5 


- (log x + 1)? + (y/xz)? = co. 2. y/x = log cos (ci — log x) + co. 
- dog z +c)? — y?/x* = ce. 4, xy? + logr = az?+b. 


SECTION VIII-6 


. oxy + y® = cz? + cor + €3. 


(x —I)y = 2? — 24 +1 + cre. 

zy = x? — 2x +c, log (x +1) + cz. 

zyV x? —1 =c; V2? —1 +c. log (x& + V2? — 1) +63. 
y? — Wey = 2? + 2sine + ce + co. 

x3y? = cya" + cot + Cz. 

(1 —2)y = 23 — x? + 2/3 +c1(4¢ — 3) + coe. 


. y = c,cos (1/z) +c2sin (1/z) + logz +c. 


xty = c,(1 — 5a + 102?) + c.(102* — 524 + 25), 


SECTION VIII:7 


y= Cre + core "s8, 

. ty = ce + (ce — ce, sin“ z) V1 — 2. 
. ¥ = c, COs a? + c2 8in 2 -F Cs2?. 

. tany =c, cotz + C2. 


SECTION VIII‘8 


 Y = ct + (cox + C52") e*. 


SECTION VII-9 


2. y = xlog [ciz/(c2 + 2)]. 3. log y = cie® + coe? + 2? + 2. 
4. y=cicotxr+e.(1—acotz). 5. yy? = ce + c22*. 
6. y? = er + cox + 24/6. 


oo 


a 


3 6 
yao( +54 o + 
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SECTION VIII-10 


y = cy — log cos (x + ¢2). 
y =, + c,sin2 + (sin! z)?. 


» (at+y)/(a —y) = e+) and y =c. 


(1 + w)y = cx + Cox + C3. 
(x — 1)5y = e1(x* — 6x? + 2a — 1/3 — 4a3 log x) + cor’. 


. logy =1+1/(cix + ca) 


. & =csec [c(x +a), 


or ev = 2c/[ec@te) — e-(z+a)] = ¢ esch [c(x + a)]. 


. Slogy = ce, + cor® + 8 log x. 9. y = 2? + c1e™ + ce: 

~ (2 —a)?+(y—e2)? =c3 and y=ar+b. 

. (e@—a1)? +exl(y —c3)? =cy and y=ar+br+e. 

. logy =cr +o? +a+ 2 log ez. 

. ey + ay? = ce +e, — r4/12. 

Sy=ata Ve —14+22/2. 16. y =e. + cxe1/7 + 1/2. 
. y = sin? x +c. cos x + ¢2 sin? x log (ese x + cot 2). 

. (a) The circles (x — ci)? + y? = ca, 





(b) the catenaries 2y = a[e(*-%)/4 + e—(z->)/a], 


. (a) Thecycloidsx — a = b cos![(b — y)/b] — V 2by — y?, 


(b) the parabolas (x — a)? = 2by — 6. 


. The central conics key? — c2?(x — a)? = k. 


. 2y = 


na/(a —x2)@D/" | na-/*(a — x) (mt) /n 2na i, 
Re Beene org Se geen pee + fae tox 1; 


+4ay = (a — x)? — 2a? log [(a — #)/a} — a, ifn = 1. 





. v =1d6/dt = V2ql (cos 86 — cos @). 
. (a) v = —k V2(a — x) /az. 


(b) t = (Va/2/k)(a cos! V x/a + Vax — x2). 

(c) a/2. 

(d) v = —V2gRh/(R +h); ifh = 0,v = —V2gR = —6.96 mi./sec. 
{Here R = 4000 miles, g = 32 ft. /sec.?] 


SECTION IX:3 


4-729 ayer 4-7+ ++ (3r — 2)a3r 

yr MOTs: (Gr)l Se} ‘) 
Qa | 2 Saf BB ees Br — Dat 
tole + or + Ao +... + 28 Ge han 


-Y=ot+cr + So + spe + 1)x3/3! + 2(co? + 1 + c12)24/4! 


+ 5eo?(2cr + 1)25/5! + - 
-y = a(l — 22? + 24) 
+ ei[x — x8 + 5/5 + 27/5-7 + 329/5-7-9 +- 
+ 822"+1/(2n — 3)(2n — 1) (Qn +1)+---], 
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SECTION IX:5 








fe eee eee +—; a 2 
@FDe—3) Say 
ee at te p= Se ee aie 
If s = —1, 2, 3, no particular integral of a a exists. 
47x8 42.7279 
E7c yr 2? oan ao 2)2z3r 
22x74 22.5277 
Hele ope a 
22.52 ++» (Br — 1)2z3rt1 
= fi Ee ee ee eee 
nirob @r+Iyl 
gst? (s + 3)xst5 


+GFDGFD GDC THC+HEHS) 
SiC + 1)(s +2)(8 +4)(¢+5)(8 +7)(8 +8) — 
4. y = A(6 — 8c + 32) + Bz. 
5. y1 = 1 — 2/2! +-22/4! —--- = cos V2, 
Yo = 01/2[1 — x/3! + 22/5! —--+ = sin /z. 
6. yi: = 1 — 32 + 822/1-3 + 323/3-5 + 324/5-7 +-- 
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4 


fred] 
neal 


+ 8a7/(2r — 3)(2r —1) +++ 


zV/2(1 — 2). 


i 
ie) 


1 or pe Eas eats _ 


a 
S 
ll 


5:9-13 
aloe? 22: (r= 5) 











sie YSIS r= 8) * 
wa eee e 2150002 (dn=7 Age... 
8 yi =14+5 ita i ee = (1 — 2)“, 
fia al 1e Fo nig SAM 
B1L14 +++ (3r+5) oy 4, 


. te 10-13-16: - + (8r + a 
9. See Bessel’s equation, §1X-10. 


Or tvs. 


| 
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x 1:4 1:4-7+ ++ (38r — 2) 
10) i a eae. a easyer mea , 
od 2 3 4 
At, ys = 1 — 304, y2 = 2[ 1 — fy at — gpa — oat 
1/2 = eth aes va. ..] 
~ Qr—D@r +1)” : 
~ Ceo OLne 9) ose 
Me Ve ae a BL fursle 11 an le 
B:5-7+++(2r—8)a-r 
(2r + 1)! 2 
# oaghsre cn 
13 Jeeae eee ee Sete pee ne Sc 
ee o.5 |! 24. 5.0 2rl5-9-13-- + (4r + 1) ’ 
x? xt 
ete ia ee dill ea 
yn wall +o5 + paz t 


yer 


a te ge 
Pras Serhan ee 





gr 
v 357 erp tl: 
B2z2 32. at 3?-5?-72- » - (2r — 1)? ; 
14. yi = ito heer aes TAG pEA\GEIn= Le ’ 
Y2 = er 
SECTION IX-6 
5 gst gst2 ests 
3. PI =a) Grp Greta t GHG etaR ~ ] 


If s is a negative integer, no integral of this type exists. 
If s is a positive integer, we can write it in the form 

PI ha gst geste 

rae ices (e+ DF~ Te + apt “| 
Comparing this with a(s!)? y,, we can replace P.I. with the poly- 
nomial 
zs 

=(— 1 ately 4 -z<+— ar Sees (pa |; 

ie., the pe of undetermined coefficients eae applies. 


x x6 
3.41 =1— oe ONE — Be73H2 + >+(-1)7 mG eae ey. 
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gq? 
t= yiloge+ 5 — CEP Otee pe 


(srn(1 tate $a 
; 
Tae ties 


YH 14+ 274+ 392? +--+ 4+ (r+ 1)e7 4+ 


y2 = yilog x — 2[1-2r + 2-32? + 3-423 +--+ + r(r + 1)atT +--+], 





By = 1-20 +S bf 
y2 = yilogx + 2(2 — 3)x — 3(2 +3 -)5 
+424+3+4-D)5 -.. 
SECTION IX-7 
2 yee | 2 (ays eat | 
we=ywler $27 f1+5- (G+ i) 
aC +3 eal sf 
8.= -FtGp- peg te t+ Se. 
y= yloge + [1+ - ao te)” 
+ (53 + org tip)” 
- (apa teeeat peat eee) te |. 
tno 'lga mae tmeoe eet] 
n=uberto[l+itoe soot meee ‘| 
5. y= -o+% - Ste eee me one, 
Sago pepe eae 
+ (aaa taga tiga)". 
6. yi: = 1 Qe 4+ 32? + 42% +o = 1/(1 — 2), 


Yy2 = 1+ 22 + 32%. 


330 
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DIFFERENTIAL EQUATIONS 


SECTION IX:8 


The answers, given for this set of exercises, are not unique. 
n n-1l 
F(1, 1 1,2), 2F( - 9? - 7 oy 5), 
ana (-"5-, -5+ 1,52"), 


9 2 
Limita, pol («, B, 4; ry ia): Limite, Bow 2F («, B, 2) ia). 


SECTION X:2 


. 2 = cer/¥, 3. 22 +4? + (2 —c)? = a. 4.2+y+2 =c2, 
. f(z)= —(+2)+k1+2), sin e—y(l—kV1+2) =cV142. 


SECTION X:3 


1. 2 —(y—c)? = 22. 2.2+y+2=ce. 3.2 —y—z=cr. 
,4 yt2 =cz*. 6. tan“ (y/x)+logz=c. 6. logr—a/yz=c. 
7. 2 —zlogy =c. 
SECTION X.4 
8. 2(x + y) =c(x +2). 4.24 4? =c(y+z2). 
5. ytz=c(z—2). 6. 2+ y+ 2 = cyt. 
7. cy t+yetz=crtytz). & (Yy+tz)/e+e+2)/y =e. 
SECTION X:5 
2. (a? + 2yz)e =c., 3. cy +yz+2 =c(x+t). 
4,.%¢-—ytz2=cly+z2~+i2). 
SECTION X-8 
1. yz t+er+ cry =c. 2.2+y =c(z+1)2. 
3. e(x + y2 +2) =c. 4.2% =2/(yta) +e. 
5. et(y +2) =c. 6. (a + y + 2)" =e, 
7. 2 + ay? + oz —t =c. 8. y/x + logz =c. 
9. (x—1)(y—1) (z—l)et*442#=c, 10. (&@ + 2y)(y — 2)? =e. 
11. (y + z)e**¥ = ct. 12. wz + yt = c(y +2). 
13° cy2) = cet se 14, kx — hy = c(lx — hz). 
16.2? =" cy*. 16. yt +24 + ¢4 + 4ay2t = cz. 


- 


. 2+ y? =¢1, tan 


NSAP w pw 
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SECTION X12 


~ 2 =ce/3 + cet — 6, y = —2cie4/3 — cre4/8 + det + 9 +9, 
+ & = (6c2 — 2c1 — 2cat)e* — Zcse—#/2 — 1, 


y = (cr + cet)et + cge#/2 — t/2. 


- © = (ci + cote! + (cs + cate + cost, 


2y = (cz — 1 — Cate’ — (cs + c4 + cate — 2 cost — 4sint. 


C2 — C1 C1 oo 2w cos wt 
. «= —>— cost — —~——sint 1/8 ee a 
2 GREE str) (a 1) 


= (Get $1) snot 
(90? + 1)(@? — 1)’ 
* ' % 2w COS wt 
y = ci cost + cesint + cre*/3 T a? + 1)? = 1) 
6? sin wt 


*Gar-= eed) 


SECTION X13 


~(e—yt=a, ety t2 = crt. 


a4 _ tans? = tans co or y 
ap a3 





e—y=a, Wty) -—P=c2 


y— ct, a --y? P= co. 
.2—-y=ae—t), etytt)(e —t)? = cx 
~2-y-t=a ?+y7 = cl? 

. eyst = c1, (x? + y?)3? = cp. 
-O+Y +P = cy, zyt = cr 

~e Py ec, 2 yt = c. 
~P@+y4+P =a, Y —2yt —f =e2: 

. TY = Cc, t* — 2ryl? — t* = cz. 


SECTION XI-4 


. y/z = c1, 2/x% = C23 or X/c1 = y/c2 = 2/cs, where only the ratios of 


the c’s play a réle. 


- ¥ = C12, By? + 2 = OZ. 


1/h 1/K 1 
=e = y— = ae where only the ratios of the c’s play a réle. 
1 2 3 
2+2=c, y+ 2 = cp. 


y = cn, xc? + y? + 22? = cy. 


-y=at, OTP +2 = cp 


y—xz=c(2—2), (@etytz)(y —2) = ce 
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SECTION XI-:7 


1. The path is a parabola lying in the vertical plane determined by the 
direction of the initial velocity. If the initial position of the particle is 
taken as the origin, and the horizontal and vertical lines of the plane 
through the origin are taken as the axes of x and y respectively, the equa- 
tions of the path are 


az =utcosa, y = vot sina — gi?/2. 


Or, eliminating t, we have 
y = xtana — gx?/2v)? cos? a. 
2. x = vo cosa(1 — e~)/k, y = (kvo sina + g)(1 — e~*) /k? — gt/k: 


3. kx = ak coskt + vocosasinkt, ky = vosinasin kt. 
Eliminating t, we have 


(x sina — y cos a)? + atk?y?/vo? = a? sin? a, 
an ellipse with its center at the origin. Since x and y are periodic func- 
tions, of period 21/k, the motion is periodic, the period being. independent 
of the dimensions of the ellipse. 


4, 2kx = ka(e* + e-*) + vo cos a(e — e“*), 2ky = vo sin a(e — e-*); 


or 
kx = ka cosh kt + vo cos a sinh kt, ky = vo sin @ sinh kt. 


Eliminating t, we have 
(x sin a — y cos a)? — atk?y?/v? = a? sin? a, 


an hyperbola with its center at the origin. 7 
5. p =acos(kt+b), q =asin (kt +b), r=c,k =c(C — A)/A: 
If p = po, g = Go, rT = To whent = 0, thena = V po? + gc’, 
b = tan(qo/po), Cc = 10, k = ro(C — A)/A. 
Angular velocity = Vp? + @ +7? = V pe + go? + 702, a constant. 
6. If the respective factors of proportionality are a’, b?, c?, the paths are 
given by two equations of the form 


x?/a? — y?/b? = c, and x?/a? — 22/c? = co. 
For the curve through the origin c: = c: = 0. Hence the path is one 
of the lines z/a = +y/b = +2/c. 
If x = Xo, y = Yo, 2 = 2 when t = to, the time is given by 
a is dx 
be Jao V(x? — acy) (2? — ac) 
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When c; = c; = 0, 


t 1 1 +1 : ~ #1 co -2). 
—tb = —[-— —-—H= rx —_—_-—- 

be \xo° 2 Yo 

mxX eH oe eH eH : 
eee Ht eta wnt) a cycloid. 


The initial position of the particle is taken as the origin. 


SECTION XII-1 


1. e(p —q) +z —y =0. 2. 2q? — Qrzp — a? +22 =0, 
3.z2=ap+y¢gtVp+¢@. 4. pg =z. 


5. (1 + q@)r — (1 + p*)t = 0, or par — (1+ p*)s = 0. 
6. r =0, ort = 0, orz = ap + yq — xys. To23 + pq = 0. 


SECTION XII-2 





2. zzp + yzq = zy. 3. yp — xq = y? — 2. 4.r—i=0:; 
—(@+u)s+yt = 254 (p ~ 9). 





SECTION XIII-1 


3. o(z? + y?, ry +z) = 0. 4. ¢(z+tytze+yt+2) = 
6. ety +2 =2d(xz — yz). 6. (x? — y? — 2, 2xy — 2) = 0. 


SECTION XIII-2 
2. [y +2 —Y(x) = 4y(xz) (a — y); 


a+z=0,2 —y = 0 special solutions. 
. a? + [z — yy(x)? = 1; c + 1 = 0 special solutions. 
.z=ysin(z/y) +¥(y); y — 2 =0, y + z = O special solutions. 
.2—yv(z) = [¥(z) + 2; y? + 42y + 42 = 0 special solution. 
(x2 — 2y, y2 — 4/2) = 0; z = 0 special solution. 
. VE — V2, V9 — V2) = 0; t = 0, y = 0, z = O special solutions, 
. o(tan-!z — tan-!y, tan“! z — sin~!z) = 0, 
za—y “z£V1l—2-2 
oro (FS, Fay’ V1 —2 422 
z—1=0,2+1 =0 special solutions. 
10. g[2y —z, Vlog (2 -—x—y)] =0;2z-z—-—y=0 special solution. 
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DIFFERENTIAL EQUATIONS 
SECTION XIII-7 
y = (b —x)(a + yz).* 3. 6z = (2x — a)? + bay +B. 
~ (ae +y +b? = (1 +a?) — 2). 


SECTION XIII-8 


- logz =ar+y/a+b. 3.z=alogrz+Vat—ly+t+b: 
. logz =acr+(at+I1/a)logy+b. 5. z2—a = brev/4, 

. 2r/az = log (x%y) + b. 7. logz =ar+a7y?+0. 

. 8logz = 8alogz — 2(a — y)3? +b; 


also (using Remark), 3 logz = 3y(a + logx) + (a + log z)? + b. 


. 22 = are + 2aye® + b. 


SECTION XIII-9 
ar t+by+V@e+C+ics8,2%+y+2=1,85. 


z= 
z=artbt+a+bcs, 2+ y? + 4 =0,8:8. 
z=axr+by+1/@ + 0), os., 27(2? + y?) = 423, 5s, 
z=arfby+a@+ab4+0',c8., 2 —azy + y? + 32 = 0,88. 


SECTION XIII-10 


. (1 /e — 1/y, 1/e — Ife) = 0. 2. 2 = catyVi-e, 

. Bu = xyz + o(y/2, 2/2). : 

.z=acr+by+ab,cs., ry +z=0,88. 5. z = crty)/2, 

- Glee — 48, ot — 24) =O, 7.z2=alogr+(ata’)y +b. 

. (a+1)@ —b)? =4(ar+y). 3 z=aVatyt+V1—a@V2—y+b. 


. 2 = aa? + (ay + D)2. 
~2=alogVa+y? + V1 — @tan-! (y/x) +b. 
Lat ty + 2 = 26(y/z). 13. (a — I)(ax+y+b)z2+1=0. 
~2=aryta@(xt+y) +0. 15. 2+Vat+y+22=al-ng(y/z). 
. 2az = (ax + y)? +5. 

_ f«-y ye 
-(c—usiatyt+z+u) = 9(2=4 at). 
.z=alogx+(a?+1)logy+b. 
. Blogz = 2(x + a)*? + 2(y — a)8? +B. 
.2Vae +1 = Qary+e?—yt bd. 
. 2 = alog Vx? + y? + (1/a) tan (y/z) + b. 


* Attention should be called to the fact that no unique answer can be 
given for a complete solution. Other forms, just as good as the ones given 
here, may often be found by selecting various forms for ¢. 
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22. (a — y2) = (x +b). 23, 22 + fz — d(x)? = 1. 
24. 3z = (« — a)? 4+ 3a2y + 5. 25. 9x'/sy1/3 — z = ag(y/z). 
26. The family of planes z = ax + Vk? — 1 — a? y +}; for b a fixed 


27. 
28. 


29. 


30. 


one 


Rm 9 bo 


constant, the corresponding planes envelop the cone 
(i? — 1)(@* + y*) — @ — 0) =0, 
whose vertex is the point (0, 0, b). 
The surfaces of revolution 2 = ¢(x? + y?). 
The family of planes z = ax + by + Me (k + c2)a? + kb? + k, where 
the constant product is equal to &, and the fixed points are (c, 0, 0) 
and (—c, 0,0). These envelop the quadric of revolution 


a/( +k) + (y? + 2)/k = 1, 


which is an ellipsoid or an hyperboloid of two sheets, according as 
k is positive or negative. 

The family of planes z — ax — by = (kab)!/3, These envelop the 
surface 27xyz = k. 

The family of planes z — ax — by = kab/(ab —a — 6b). These 
envelop the surface x!/2 + yi? + 2/72 = ki/, 


SECTION XIV-2 


-2=o(ytz) t¥(yt2z). 3. 2=¢i(y) + o2(y + 22) +¢s(y + 52). 
. 2 = oi(z) + doly — 2) + daly + 32). 


SECTION XIV:3 


.2=¢o(y+2z) +aly +2). 
.2= oly +z) + dx(y — 2) + 2gs(y — 2). 
~2=o(e ty) +2g2(2 + y) + os(x — y) + rgil(z — y). 


SECTION XIV:5 


.2= oly —2) + (Br + 2y) +4 8in (x + y) + (10zty + x) /80. 
.2= oy —2) +¥(y + 22) — 2y/2. 


SECTION XIV-6 


.2= oy —2) ber yy + 22) — poePtv — } cos (2x + y). 


z= e%dp(y) te yx + y) + Hin (e + 2y) — xer. 


SECTION XIV-7 


.2= o(y/x) + ¥(ry). 
. 2 = o(x*y) + ry (ay) + xy4/80. 
2=9(2? + y*) +¥@ — y). 
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SECTION XIV-8 


8. u = Ae sin ay, a > 0. 
4. u = Ae*t+”), a > 0; u = Act), a > 0. 


SECTION XIV-9 








nee SEA . ‘). 


Aaa * (sin an 








5 
(b) f(x) = (snes n3x + SS Se 5 ‘Yi 
bn = coe Geni) ee 
HOt a(S YMA 1 = (+ )eMA 
= i el ait fe Fg aon w otonnodd. 
_4/2sin2e , 4sin4e , | 2nsin 2nex 

(o) fe) = 2) PSR 4 SS pg ene] 
@) i@))= 2 [Sins +O sin oe + +: 


sisal ee 


vt) 
SECTION XIV-10 
3rz 


3.6= 400 [ weve sin na fb fe 9h at/a? gin —— 
qv a a 
+. 2¢-25h*et/a? gin Sax i. s -} 
a 


SECTION XIV-11 


4,2 = o(z2) +¥(e +y +2). 5. « = o(y) + v2). 
6. y = d(ax + by + cz) + ap(ax + by + cz). 


SECTION XIV-12 


8. 2 = d(x) + y(a) + zy?/8. 

4. z= $(z) + ¥(y) + xy?/4. 

5. z = o(y) teWly) + xy/2 — ay. 
SECTION XIV-13 

1. z = (x) + yy) + 42? log y + zy. 


- 2 = o(y + 3z) + ly — 2x) + xy/6 + 24/24, 
2 = o(y) + my) + ay? 


op 
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o(z + y) + ¥(zy). 

o(y) + 2y(y) + 32%y log x. 

oy +2) + eY(y — x) — yer, 
(zy) + rp(y/x) + (x — 1)y log 2: 
z"o(y/xz) + o™ p(y/z). 

z= o(y) + vy) log z + ay’. 

10. z = ¢(z7) +¥(e+y) + (e+ y) loge. 
11. e* = o(x) + yy). 


Zz 
z 
Zz 
Zz 
z 


tou ow uot 


Ge Ge Gale 


12.2=¢(2+y +o(ety) +iv(ety) 


13.yt+te(e@tytz) +ayaet+ytz) =0. 
14. y = o(z) + vz). 
15. 2 = eo(y) tewW(e) —ayt+er—-—yt+l: 
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